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Editors' Preface 

We three editors of this volume are former Ph.D. students of Professor Mircea Cohn at 
the University of Waterloo, Canada. Donald Grierson obtained his Ph.D. degree in 1968, 
Alberto Franchi in 1977, and Paolo Riva in 1988, and as such, we span almost the entire 
career of Professor Cohn at Waterloo. Even though we graduated during different 
decades in his life, we share similar views of Mircea Cohn as an educator, researcher and 
man. Together we recall that he was very firm in his resolve that we get the most out of 
the education he was facilitating for us. Together we agree that he was inspirational in 
his desire to have us carry out the very best research work we were capable of. Together 
we feel particularly fortunate to have had such a dedicated and distinguished individual 
as Professor Cohn as our Ph.D. research advisor. It is with great pleasure that we ack­
nowledge him as our mentor and friend. 

We began in 1989 to plan this volume as a tribute to Professor Cohn on the occasion 
of his 65th birthday in 1991. Upon contacting his many former students and research 
associates from around the world, we were not surprised to find that they too shared our 
feelings of respect and admiration for Mircea Cohn as an educator, researcher and man. 
More than 60 authors from 14 countries have contributed 38 papers on a range of subjects 
that mirror Professor Cohn's own research interests over the years. Twelve papers con­
cern reinforced concrete structures, six papers concern prestressed concrete structures, six 
papers deal with structural optimization problems, six papers investigate nonlinear 
material behaviour and, finally, eight papers concern structural engineering topics of a 
general nature. Most of the papers present original research results, while some papers 
present original retrospective overviews of specific subject areas. The editors believe 
that the collection of papers is an interesting and informative snapshot of progress and 
advances in structural engineering and mechanics into the 1990s. 

This volume is the proceedings of an international workshop on progress and 
advances in structural engineering and mechanics, convened in honour of Professor Mir­
cea Cohn at the University of Brescia, Italy, on September 26-27, 1991. 

June 1991 

xiii 

D. E. Grierson 
A. Franchi 
P. Riva 
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Professor Mircea Z. Cohn 

Professor Mircea Cohn is a distinguished engineer and scientist, and an old friend and 
colleague to the undersigned, and to most of the contributors to this volume. 

It seems particularly appropriate to celebrate his 65th birthday with an international 
workshop at which many distinguished contributions are being made. The contributions 
comprise 38 papers involving more than 60 authors from 14 countries, appropriately 
reflecting Mircea Cohn's international influence and reputation. 

That reputation began to be established in the very early 1960's when his publications 
fIrst came to the attention of research engineers in Western Europe and in North America. 
On the basis of this work he was invited to join, as a corresponding member, the fIrst 
North American technical committee dealing with plasticity in reinforced concrete. This 
was a committee of the American Concrete Institute, and the undersigned had the 
privilege of writing to invite Professor Cohn to participate in this work. 

Within a year, Professor Cohn and his family managed to emigrate from Romania, and 
arrived in Western Europe. He was then invited to come to Canada, and join the Faculty 
in Civil Engineering at the University of Waterloo, in Ontario, Canada. Waterloo was 
then a very young university which was trying to develop a strong, modern School of 
Engineering. Mircea Cohn obviously found Waterloo a hospitable and fertile environ­
ment for his work. He contributed signifIcantly to the development of teaching and 
research in Civil and Structural Engineering at Waterloo, and his own work flourished. 

As his research biography given in the following pages will attest, there are few research­
ers who have made so many and such signifIcant contributions, over so long a period of 
time, as Mircea Cohn. He has more than 150 research publications, has organized seven 
major scientific meetings, and has been the author or editor of ten books and conference 
proceedings. His contributions to structural engineering include service as a member or 
chairman of numerous committees dealing with specifIcations and codes of practice and 
as an expert consultant. 

xv 
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xvi 

As well as his contributions to the advancement of knowledge and of professional prac­
tice, he has also been a distinguished teacher. During his years as Professor at Waterloo 
he has taught structural engineering to generations of undergraduates, and he has super­
vised some 40 research students proceeding to Master's and Doctoral degrees. His stu­
dents have, in turn, made major contributions in many countries. As well, over the years 
Professor Cohn has collaborated at Waterloo with more than 20 Post-Doctoral Fellows 
and Visiting Professors from around the world. 

These proceedings are a celebration of Mircea Cohn's achievements and of the high 
regard in which he is held by practicing and research engineers in many countries. 

Douglas Wright 
President 
University of Waterloo 

June 6,1991 
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RESTRAINED IMPOSED DEFORMATIONS VERSUS LOADS 

SUMMARY 

Prof.Ir. Dr.Ing.E.h. Dr.Ir.h.c. A.S.G. Bruggeling 
Emeritus Professor University of Technology - Delft 

This paper critisizes the, in practice, generally applied method of the calcula­
tion of the effect of restrained imposed deformations on the structural 
behaviour. In practice these deformations are "translated" into loads. This 
approach is supported by Eurocode No.2 "Basis of design" articles 2.2.2 and 
2.3.3. This approach must be regarded as wrong. 
To prove this statement a tension member is subjected to a load in combination 
with a restrained imposed deformation. In the first part an engineering model of 
a tension member in structural concrete, in this case without artificial loading 
by prestressing, is presented. In the second part a method is proposed to 
calculate the combined effect of external load and imposed deformation. 

INTRODUCTION 

Generally, the following aspects of the behaviour of concrete structures are 
treated separately in codes of practice and standards: crack width, deformation, 
internal load, external forces. However, these aspects ar(~ closely related. The 
mean deformation of the tensile zone of beams governs the curvature of the 
beams. This mean deformation depends on the presence of cracks and especially 
on crack width and crack distance. The development of cracks depends on the 
cross-section of the reinforcement, the tensile strength of the concrete and the 
bond characteristics of the reinforcement. 
Crack width in concrete structures is often limited due to requirements of 
water-tightness, durability, e.g. The structures are subjected to external loads 
but in many cases also to restrained imposed deformations. The combination of 
requirements on crack width and the external effects, to which the structures 
are subjected, is often met in practice. However, no adequate measures are 
available for the designer to control these aspects adequately. This control is 
especially very important in the case of restrained imposed deformations. 
Without a clear information about the relationship between forces and elonga­
tion this control is rather impossible. In view of the development of the model 
"Structural concrete", which model was already - in status nascendi - proposed 
by the author on an Advanced Research Workshop on Partial Prestressing in 
Paris (1984), organized by Prof. Cohn, also an engineering model for a tension 
member in structural concrete was developed. 

D. E. Grierson et al. (eds.). Progress in Structural Engineering. 1-6. 
© 1991 Kluwer Academic Publishers. 
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The engineering model of the tension member, without artificial loading bj' 
prestressing, will briefly be introduced. It will be shown how this model can be 
used as a design tool to control the effect of restrained imposed deformations. 

THE ENGINEERING MODEL OF THE TENSION MEMBER 

The N -f diagram used in this engineering model can easily be drawn 11). 
In fact the necessary starting-points are: 

- The stiffness of the uncracli:ed member: 

(EA)cs = Ae·Ec{l + n·Q) 

Q = reinforcement ratio 
n = Es/Ee 

- The stiffness AB' Es of the bare reinforcement. 

- The steel stress Os.er - fully developed crack pattern: 

Os.er· = Oer!Q + 25 N/mm2 

Values of the characteristic tensile strength fet of concrete Ocr: 

at a short-term stress rate: Ocr = 1.09 fet 
at a long-term stress rate : Ocr = 0.87 fet 
at impact loading : Ocr = 1.30 fet. 

- The characteristic yield strength fsy. 

(1) 

(2) 

- Tension stiffening at (max. Just fully developed crack pattern. Tension 
stiffening is the reduction of the not obstructed elongation of reinforcement 
or prestressing steel due to the bond of these steel components to the 
surrounding concrete between two cracks. General case of bars (at.s = 1.7) or 
upper bars (at.s = 1.95). 
(max:::: 2.87 . 10-& Os.er (general case) and Emax:::: 2.5 . 10-6 Os.cr· (upper 
bars). 

The N-( diagram can be drawn as follows (see Fig. 1): 

a. Draw the two lines with angles Ac·EeO + n.Q} and As·Es with the abcis. 

b. Determine the point A with the coordinate As·Os.ct' on the line, with the 
angle As·Es. 

c. Draw an horizontal line AC in point A. 

d. Mark point B on this line: BC = ACiat.s. 

e. Draw a line in point B parallel with OA (or from B till E, e.g.). 

Remark: The points 0 and F are in fact only of scientific importance. In the 
engineering model only the line OA and point B counts. 

Explanation 

The limitation of the mean crack width Wcr. in the ease of a just fully 
developed crack pattern. depends on the requirements, which are valid. 
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As.tsy ---- ----------

FE=BA 
AC I BC = a.t.s 

C 

o E(l/I) 

Fig. 1 Graphical display of the force-elongation relationship of the 
engineering model 

One can write the formula for Wcr' as follows /11: 
Wcr = Ctl_k·Os,cr(Os.cr - 25)}1il (3) 

With C1 = 2/0 +N)/8 C·EsIN1 (4) 

C only depends on the bond-slip relationship lcs.x = C·bxN. 

Nl = 1I1+N (5) 

3 

N1 depends on the position of the reinforcing bar in the cross-section or the 
type of prestressing steel (wire or strand). 

Characteristic bond -sliI! relationshiI! 

Bars - general case: C = 0.38 fcclI; N = 0.18 (fccil = fcc + 4 N/mm2) 

Upper bars C = 0.32 fcclI; N = 0.28 

N1 Cl 

Concrete strength fcc - 20 25 ao 35 40 50 N/mm2 

Normal reinforcement 

·General case 0.85 1.93 1.64 1.43 1.28 1.15 1.00 x 10-6 

·Upper bars 0.78 6.88 5.94 5.24 4.71 4.29 3.65 x 10-6 

Background information is presented in a recently published book on "Structural 
concrete". 
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This combination results in more complex calculations. The aim of this example 
is to show how load and restrained imposed deformation mutually influence the 
structure. 
The case of a tension member in structural concrete without artificial loading 
by prestressing is chosen to avoid unnecessary complications. 
The relationship between load N and deformation E of this tension member is 
given in Fig. 2. This relationship is identical with the N-E relationship of 
Fig. 1. 

N 

E(l1I1 

Fig. 2 N-E diagram of a tension member in reinforced concrete 

Load N is a centric tensile force introduced via both ends of the tension 
member. 
An imposed deformation may be caused by a drop of temperature. Normally the 
tension member will shorten. If, however, this shortening is impeded by struc­
tures, to which it is rigidly connected, restraining effects - tensile forces - will 
occur. In this case it is assumed that the imposed deformation has the 
magnitude E1. This deformation E1 is fully restrained. Therefore the effect is a 
tensile force related to the restrained deformation E1. 
The relationship N-E will be determined if the tension member is also subjected 
to this restrained eff¢ct. 
Fig. 2 explains how this determination can be carried out graphically. 
One starts with point A on the diagram. In this case the coordinates of A are 
the tensile force NA and the elongation Ex. 
The line OA is drawn. The angle (EAh of this line with the horizontal axis is a 
measure of the stiffness of the tension member under a tensile force NA. On 
the horizontal axis the elongation (Ex - £1) is determined. From this value a 
vertical line is drawn. The. point of intersection of this line with the line OA is 
B. 
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The tensile force corresponding with B is NB. NB is the tensile force exerted in 
both ends of the tension member if the restrained imposed deformation Is E1. 

The total tensile force in the tension member is NA. The tensile force in this 
member, resulting from the restraining effect. has the magnitude: 

(NA - NB) = E1(EAh 

The external tensile force in addition to this restraining effect is NB. 
Because the stiffness of the tension member is (EAh the elongation of the 
member due to this force NB is: 

(Ex - E1) = NB/(EAh 

The sum of both effects is a tensile force NA and a corresponding elongation 
(partly restrained) Ex. 

Fig. 3 shows the result of an investigation when such a tension member is 
submitted to two restrained imposed deformations Ell and £12. 

Diagram 0 is the original N-E diagram (£1 = 0). 
Diagram 1 represents the relationship between the external force N and the 
elongation E if the restrained imposed deformation is Ell. 

Diagram 2 is identical with diagram 1. The restrained imposed deformation is 
£12. 

The diagrams are determined with the graphical method of Fig. 2. 

NBC NB1 NB2 

Fig. 3 N-£ diagram for an external tensile force under different restraining 
effects 

Fig. 4 shows the relationship between the external exerted tensile force NB and 
the corresponding tensile force (NA - NB) resulting from the restraining effects. 
This figure shows very clearly that the magnitude of the tensile force in the 
tension member resulting from the restraining effects depends strongly on the 
magnitude of the externally exerted tensile force. 
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Fig. 4 Relationship (NA - NB)-NB from Fig. 3 

CONCLUSIONS 

This example therefore illustrates very clearly that: 

1. It is impossible to "translate" in a simple way - by the assumption of a 
stiffness - a restrained imposed deformation into an (imposed) load. In 
reality this problem is much more complex because in beams the magnitude 
of the stiffness not only differs over the length of the beam, but again 
depends on the magnitude of the load. In 11) a method is given for 
determining this stiffness in structural concrete beams. 

2. The magnitude of the "imposed" load decreases considerably as the load 
increases. The sensitivity of a structure to the magnitude of restraining 
effects also decreases with increasing load. This decreasing sensitivity of a 
structure for restrained imposed effects is very important because the 
magnitude of imposed effects is, as a rule. not easy to predict. One should 
always take into account a large dispersion in the magnitude of imposed 
effects such as those caused by solar radiation, settlement of supports and 
also by creep and shrinkage of concrete. 

3. It will be clear that in the ultimate limit state, assuming sufficient rotational 
and elongational capacity of structural elements, these restraining effects are 
mostly of minor importance compared with the magnitude of the external 
loads (see Ul and U2 in Fig. 4). Therefore it is a wrong approach if 
restrained im- posed deformations are "translated" into loads, taking into 
account the rele- vant stiffness factor, generally of the homogeneous 
uncracked tension member. 

4. It should be clearly stated, for example in standards, how the designer 
should tackle the problems concerning restrained effects. 
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1. Introduction 

For buildings, two levels of loading are in general of primary interest: 

W w - the maximum service or working load 
W f - the factored or maximum load 

Structural engineers attempt to satisfy the following overall load criteria as effectively and 
economically as possible: 

---- (1) 
---- (2) 

where: WI identifies that load level at which a structural serviceability requirement 

is fITst violated, and 

Wr is the computed resistance or load capacity 

Life is, of course, somewhat more complex than this. First, many possible combinations of 
load have to be considered. Second, all structural serviceability and structural safety criteria 
have to be satisfied at all levels of structural response-that is, for the overall structural 
system, for the various structural sub-systems, for all components, for all elements and their 
critical sections, and for all the materials involved at the material level of response. 

In more general terms, structural design might be considered to be the comprehensive 
satisfaction of the following algorithm: 

~ ~ [(Rm US )]~max 
~w ~c w c ~'''w $ 

, ,C min 

7 

D. E. Grierson et al. (eds.), Progress in Structural Engineering, 7-30. 
© 1991 Kluwer Academic l'ublishers. 

---- (3) 



www.manaraa.com

8 

where: 1: 
w 
c 
Rm 

RS 

~ 
$ 

:::> 

indicates that each and every relevant situation must be considered 
represents a specific level of loading 
represents a specific combination of loads 
represents the computed or model response for the situation involved 
represents the specified or desired response for the situation involved 
represents benefits 
represents cost 
indicates that the LHS must be better than or at least comparable to the 
RHS of the conditional equation. 

Clearly the conditional criteria (1) and (2) are merely two simplified and specific versions of 
the general criterion (3). 

Developing a comprehensive set of design criteria for both structural serviceability and 
safety is relatively simple. In Table 1, for example, a comprehensive set of necessary 
design criteria is shown for an essentially flexural structural system. The structural design 
process is necessarily complex because of the variety of types, levels and combinations of 
loading and the number of perfonnance requirements that have to be satisfied. 

Structural design, however, can and should be an organized and orderly process involving 
the systematic satisfaction of a set of conditional equations. Satisfying each of these 
conditional equations entails detennining the likely performance (based on some code­
approved behavioural model) and demonstrating that this performance is better than or at 
least consistent with the limit of perfonnance desired (code specified, owner prescribed or 
otherwise defined). It is customary to refer to each of these conditional equations as a limit 
state for structural design. 

The foregoing represents an attempt to describe the structural design process 
comprehensively and to categorize the intent of a structural design code. The primary 
objective of this paper is to discuss current Canadian design procedures with the intention of 
assessing the potential for applying plastic analysis in the design of R.C. buildings. 
Although explicit reference is made to the Canadian situation, much of what follows also 
applies elsewhere. 
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Table 1: Structural Serviceability And Safety Criteria 

Level of Relevant 
response constitutive Limiting states Comment 

relationship 
Structural Structural 

Serviceability Safety 

System Wvl1. l1.s <L\ w- W:>Wf The distribution, 
combination and 

Sub-system l1.s/s < l1. sis magnitude of loads 
Wvl1. w - a Wr >Wf and displacements 

are not necessarily 

Component Wvl1. l1.w S;l1.a W.j>Wf the same for each 
level of response. 

Element 1 Mv9 Ww S; wa 9 S; 9max 

Section1 Mv~ Mw<Mp Mr~Mf 

Material2 fve fw<fp £ ~£max 

Notes: 
1. For essentially flexural structural systems. This is an oversimplification as all 

stress resultants require similar criteria to be satisfied. 
2. For all materials, e.g., concrete and steel in reinforced concrete. 
Notation: 

W 
M 
l1. 

w 

represents load 
represents bending moment 
represents deformation 
represents crack width 

9 represents rotation 
~ represents curvature 
f represents stress 
£ representsstrain 

and subscripts 
a represents allowable or specified 
w represents the working load or maximum service load 
p represents the limit of linear elastic proportionality 
r represents the resistance or capacity 
f represents the factored condition. 
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2. Design Effectiveness 

Irrespective of the various possible combinations of loading, there is at least one critical 
(Le., minimum) level of combined loading at which structural failure (or loss of structural 
integrity) actually occurs: Wmmin. Similarly, there is also at least one minimum level of 
loading for which structural serviceability is fIrst violated: Wlmin. Note that different load 
combinations may be involved. Given that W w is specified, the ratio of the minimum failure 
load and the service load can be referred to as the true index of safety for the structural 
system. That is: 

Wmmin 
True Load Safety Index = ~ 

w 

This index could be disassembled as follows: 

Where each of these load ratios represent the following: 

~min 

Wmmin 
D Wrmin 

is the ratio of the factored or maximum design load to the 
maximum service or working load. Both W f and W w are code 
specific and this ratio could be referred to as the code ratio. 

is the minimum value of all the computed magnitudes of the 
resistance of the structural design, Le., a design value dependent 
on load combination. 

is the amount by which the minimum resistance that the system 
has been designed to resist exceeds the requisite factored design 
load. This ratio must be greater than 1.0, but the amount by 
which the ratio exceeds 1.0 represents over-design or reserve 
load resistance. This could be called the designer ratio. 

is the ratio between the actual critical failure load and the design 
value for system capacity. This ratio represents the actual 
reserve strength that the as-built structural system possesses. It 
could be called the model ratio. 
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The nature of each of these ratios is illustrated in Figure 1, where the as-designed 
performance and the actual structural response are shown for a representative, statically 
indeterminate flexural system. The true load safety index can therefore be said to be made 
up of three load ratios, all of which are greater than unity. Clearly, the numerical value of 
this load safety index could be used as a measure of the structural effectiveness of a design. 
For an effective desi~n it could be postulated that, since W f / W w is code specific, both 
W mmin / W~ and W rmin / W f should be greater than 1.0, but both ratios should be as low 
as possible. Each of the three load ratios needs to be individually examined. 

3. W r / W w-The Code Ratio 

This ratio is readily quantified, as it is simply the code-specified maximum loading divided 
by the code-specified maximum service or working load. In other words this ratio 
represents the proportion of load beyond the service load that the structure must be designed 
to accommodate in order to meet code-sanctioned safety requirements. This ratio is 
independent of the designer and analysis procedures. 

In accordance with current code [1] procedures in Canada, this ratio can be expressed as 
follows: 

where 

and 

Wf aDD + "f\II[aLL + aQQ + aT T] 
Ww = D + 'I'[L + Q + T] 

D, L, Q, and T represent dead, live, seismic or wind, and thermal effects 
respectively, 

y is an importance factor 
'I' is a load combination factor 
a is a load factor 

By far the most common consideration in the case of flexural systems involving beams and 
slabs, is the following situation: 
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w- LOAD 

ACTUAL 
RESPONSE M 

CODE 
RESERVE 

MODEL 
RESERVE 

WW-1---+~------~~­
I 

I 
I 

I 
I 

,/ "-DESIGNED 
I RESPONSE 

Wm = !!L X W, X Wm 
Ww Ww Wf W, 

= CODE X DESIGNER X MODEL 
RATIO RATIO RATIO 

6 - DISPLACEMENT 

Figure 1: Structural System Response 
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This ratio is very important for the designer because it quantifies precisely the range within 
which use can be made of any inelastic, non-linear capabilities. Obviously, response up to 
and beyond W w must be linear and elastic to satisfy the general requirements for repeatable, 
acceptable and calculable service load response. Conversely, there are economic incentives 
for the structure to have a maximum strength greater than but as close as possible to Wf' 

For any load combination on an essentially flexural structure, there is some load level at 
which some critical section first undergoes flexural yield, i.e., there is flexural yield at some 
section, j say, where the moment My is reached before flexural yield occurs anywhere else, 
hence Wy1 ' By definition this occurs when the tension reinforcement yields in tension. It is 
at this stage that significant levels of inelastic deformation are initiated for the system or sub­
system level of response, but note that inelastic response of the concrete can be initiated at 
moment levels less than My. This load level (or the associated overall load factor) can be 
used as a design operator to identify when system inelasticity is initiated, e.g.: 

where 

and 

represents the amount by which W yl must be greater than the 
design working load to ensure that all considerations of structural 
serviceability are met. A value that is often mentioned [2] [3] as a 
suitable minimum is 1.20. 

is indicative of the "room" available within which it is economical 
and possible to capitalize on any non-linear, inelastic capabilities of 
the structure. 

It is instructive to assess the extent of this "room" and to comprehend the impact of changes 
to the codes in recent years. Consider Table 2, which lists the numerical factors in various 
codes over the last 20 years. Figure 2 provides a graphic indication of the changes to the 
dead and live load factors. This figure clearly demonstrates that if W yl / W w is limited to 
1.2 for example, then the room available for utilization of flexural inelasticity has been 
significantly reduced with each successive code. For example, a structure with comparable 
values for dead and live load (L / D = 1) would in 1990 have less than 40 per cent of the 
"room" available in 1970. This action on the part of the code-writing agencies will have had 
an important impact on the potential for using inelastic methods of analysis and design. 
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Table 2: Codified Load Factors And Moment Or Material Multipliers 

LOAD 

Gravity Deadload D 
Gravity Liveload L 
Wind Q 
Seismic Q 
Thermal T 

Stress Resultant 
Material SteeVConcrete 

................................ ----------

NBC NBC 
1965 1970 
1.5 1.5 
1.8 1.8 
--- ---
--- ---
--- ---

0.9 0.9 
N/A N/A 

CSA 
1973n7 

1.4 
1.7 
1.7 
1.8 
1.4 

0.9 
N/A 

· · · · · · · · · 

LOADFAcroR 
NBC NBC NBC NBC 
1975 1980 1985 1990 
1.4 1.4 1.25 1.25 
1.7 1.7 1.5 1.5 
1.7 1.7 1.5 1.5 
1.8 1.8 1.5 1.5 
1.4 1.4 1.25 1.25 

0.9 0.9 N/A N/A 
N/A N/A 0.85/0.6 0.85/0.6 

1970~ ~l.ri.(!!IQlil.---•• - •• - •••• --·-.j.···-··-··-···· ._ ....... . 

---~~====~~~---------: ------------

1.0 

I.JD • RatD of live to Dead Load 

I···· NBC 1965170-- CSA 1973177· ... NBC 1985190 I 

Figure 2: Inelastic Response Domain 
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4 • W~min / W r - The Designer Ratio 

The designer ratio indicates the amount by which the structural designer has chosen to 
overdesign the system for structural safety. Given that the designer used current code­
permitted design procedures to evaluate W? then it is solely the designer's responsibility to 
decide on the magnitude of this ratio. While the ratio cannot be numerically less than 1.0, 
the amount by which the ratio is greater than 1.0 indicates the reserve that has been 
provided. In general, there will be numerous values for W? I Wf - each greater than or 
equal to the minimum value and each involving a different combination of loads. 

The margin by which these ratios exceed 1.0 indicates the extent of designer-induced cost. 
Included in this margin are the following: 

i. Rationalizations such as those made in the choice of the number of bars and the 
size of bars to meet the computed values for tension, compression, diagonal 
tension and torsional reinforcement. 

ii. Rationalizations such as those made in detailing and laying out reinforcement­
for example, the choice of one size of bar for top steel and another single-size 
bar for bottom reinforcement. Another example is the attempt to standardize. 
simplify and replicate reinforcement layouts. In general, the avoidance of error, 
speed of placement and simplification are, in relative terms, more cost effective 
than minimizing the volume of steel. 

iii. Rationalizations such as those made in order to maintain member dimensions, 
e.g., width and depth of beams, shape and size of columns, etc, and minimize 
formwork costs. 

iv. Simplification of design calculations, for instance by ignoring the contribution of 
available compression reinforcement in beams. 

The net effect is to increase most, if not all, values for this index. However, these indices 
are amenable to optimization and, provided that the appropriate objective function is used. 
the designer can operate on these indices in order to minimize and equalize the values for 
W? I W f. The actual magnitude of this index will of course be project and designer 
dependent, but it would not be unrealistic to expect a minimum value of about 1.05, i.e., a 5 
per cent reserve. The average value of all W? I Wf values would be somewhat larger and, 
the more complex the structural system. the greater the average value is likely to be. 
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Two additional points need to be made with regard to the designer ratio. First, there are 
really two designer ratios. Whereas W? ! W r is an index of safety, the ratio Wyl! W w is an 
index of serviceability. With the latter ratio, it is necessary but not sufficient for W yl to be 
greater that W w. To satisfy all relevant serviceability criteria, it is likely that this ratio would 
have to be greater than 1.2, as indicated previously. Second, in certain circumstances, one 
or more serviceability considerations, e.g., a stringent deflection limit, can raise the value of 
the ratio W~ ! Wr. 

5. W mmin I W~min-The Model Ratio 

This ratio is indicative of the reserve in load capacity due to conservatism inherent in 
current, code-permitted, design procedures. Note that the minimum value for load capacity 
and the minimum value for the design load capacity do not necessarily occur for the same 

loading combination and that there may be other values for W m! W?that can be evaluated. 

One problem in evaluating this ratio is establishing a value for the numerator. The actual 
value for W rnmin can be established by destructive testing which is feasible in only a limited 
number of situations. However, a lower-bound estimate of W m can be obtained by 
analysis. Of course, this analytical procedure must be somewhat more sophisticated and 
more accurate than the code-permitted design procedure that has been used to establish W? 
Before considering what analytical procedure could be used to evaluate W m' consider the 
model used to evaluate W? in the current Canadian Codes. [1] 

5 .1 W~ For A Statically Determinate Flexural System 

In a statically determinate flexural structure, e.g., a simple beam, the maximum capacity of 
the system is realized when the maximum flexural capacity of the single critical section is 
attained, i.e., W nnin occurs when M =~. Moment and load values are proportional, and it 
follows that: 

and 

Wmmin _ ~ _ Wm 
•• .0 -yD- •• .D 
w~in "'I' w; 

i.e., the model ratio 

i.e., the code ratio 
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and vi; Mr. thd' . Wf = Mr I.e., e eSlgner ratto. 

In accordance with current code procedures the flexural capacity of a singly reinforced, 
under-reinforced rectangular concrete section may be determined as follows: 

where: a = CPs As fy d 
CPc bd fc'.85 

and CPs, CPc are multipliers or material strength factors. Currently values of 0.85 and 
0.6 are used for steel in tension and concrete in flexural compression 
respectively (see Table 2). The effective stress-strain relationships are 
shown in Figures 3(i) and 3(ii). 

Although this probabilistic approach is used in much of the Western world, the use of 
material strength factors introduces at least two serious anomalies. 

The first anomaly involves the strain distribution at limiting flexural strength. Not only is 
there a very low probability of this strain distribution ever occurring, but it is essentially a 
fiction. On the other hand, if we acknowledge that design at this load is always fictitious, 
then, in relative terms, the mechanics associated with CPs = 0.85 and CPc = 0.6 constitute a 
fairy tale. 

The second anomaly concerns the actual magnitude of~. It is so low that certain problems 
arise. Compare the value for Mr with the corresponding value for My, i.e., when flexural 
yield of the tension reinforcement occurs. Given that CPs = 0.85 and CPc = 0.6 are predicated 
upon a low-probability event and given that we are attempting to calculate what is likely to 
happen, it is appropriate to presume that the specified materials have been used. Therefore, 
a reasonably accurate estimate of My may be obtained as follows: 

where: 

and 

My = As fy (d - kd/3) = As fy d (1 - k/3) 

k=...Jn2p2 + 2np - np 

n=Es/Ec 

p=As/bd 
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fp 
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.85fy 

ACTUAL M 

'~'-'-'-'--<Xl 

'''-MODEL (SAFETY) 

CPs =.85 

(i) FOR REINFORCING STEEL IN 
TENSION AND CONSTRAINED 
COMPRESSION 

f 

f~ 

MODEL (SERVICE) 

:·tC-·-·-('85CPCf~,.OO3) 
I MODEL (SAFETY) 

.003(1-/3) .003 

CPc = 0.60 
.65 !S /3 !S.85 

(ii) FOR CONCRETE IN COMPRESSION 

Figure 3: Material Constitutive Relationships 
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It follows that Myl My= cl>s(l - a/2d) I (1 - k/3). For 400 MPa reinforcement and various 
types of concrete, the variation in Myl My values in tenns of p is shown in Figure 4. It will 
be noticed that not only is Mr less than My but it is usually much less than My. For 
example, for a reinforcement ratio of 1 per cent and 20 MPa concrete, My is only equal to 
0.75My- What this means with regard to the design response ofthe member and the actual 
response of the system is shown in Figure 5 and 6(i). 

D Clearly Mm>My>Mr>Mrand thus Wmmin>Wyl>Wr >Wr. Given the need for a safe and 
conservative method of calculating Mr, this result is not unexpected. However, since the 
probabilistically derived factors of cl>s and cl>c are predicated on a very low probability of 
occurrence, it follows that in the relatively unlikely event that the load attains the W r level, it 
is highly likely that the actual response will be nominally linear elastic, i.e., before flexural 
yield. In fact, given that the designer ratio is greater than 1.0, and that the concrete quality 
is probably better than the specified 28-day strength, it is highly probable that when W = 
Wr, both system and section response are still well within the pre-yield range. 

To evaluate a lower-bound version of the numerator in the designer ratio, one could do one 
of the following: 

i. let W m be associated with Mr computed on the basis of cl>s = cl>c= 1, or 

ii. allow for any strain hardening of the steel and more accurately model the 
properties of the concrete, and then evaluate Mm and hence W m using a more 
sophisticated procedure than that currently specified in the code. This is 
relatively simple to do. 

The value for the code ratio, Mm I Mr, can then be evaluated and, not unexpectedly, will be 
seen to be significantly greater than 1. Some of this reserve provides for the effects of poor 
quality materials and poor workmanship, or both. Whether the magnitude of the Code ratio 
is correct is not the main issue. Of greater importance is the methodology, in particular the 
use of the material factors, cl>s and cl>c. 
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5. 2 W~ for Statically Indeterminate Flexural Systems 

In non-seismic regions, it is unlikely for the present and foreseeable future that codes would 
permit limit design procedures to be applied to reinforced concrete structural systems in 
general. At present, beam systems-such as continuous beams (some bridges), one-way 
slab and wall systems and beams in braced or partially braced structures-are generally 
acknowledged to be amenable to an elastic-plastic design procedure. In all these systems or 
SUb-systems, given the practicalities of construction (uniformity, symmetry, etc.) and the 
nature of the loads (distributed), there will usually be two, at most three, plastic hinges that 
can form because the target failure mode will be partial collapse due to a beam mechanism. 
Accordingly, this discussion can be limited to the beam systems or sub-systems mentioned 
above. 

The moment-curvature relationship is code prescribed to be either a tri-linear (allowing for 
uncracked response) or a bi-linear relationship, with a flat-top region having a plastic­
moment value of Mr and a limiting curvature of ~f It follows, therefore, that some degree 
of inelastic response could be used to evaluate Wr . In fact, the Canadian Code explicitly 
permits up to 20 per cent moment redistribution in beams. Values for W? could be 
established and, provided there is adequate ductility and W rmin > W r, the design would be 
acceptable. 

Consider, however, what the behaviour of this structure is likely to be if the actual load level 
approached Wr-a relatively improbable event. The combination of detrimental influences 

comparable in effect to <l>s = 0.85 and <l>c = 0.60 is highly improbable. Because a statically 

indeterminate system has more than one critical section, it follows that a statically 
indeterminate system must have a lower probability of failure than a statically determinate 
system. First, all the critical sections cannot be similarly and equally affected. Second, the 
first or even the second critical section to attain flexural yield would not necessarily be the 
section affected by the code-specified amount. Thus it has to be acknowledged that, in 
general, current code procedures produce reinforced concrete structures with different 
degrees of probability of failure. 

Again, compare the likely behaviour of a structure as W tends to Wr. Because My is greater 
than Mn and because there is a much greater probability that My rather than Mr approximates 
the actual yield moment, it follows that first yield (at the sagging section or at one or both of 
the hogging sections) actually occurs at a load level significantly larger than that predicted by 
the relevant Mr value. 
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Similarly, the second and third critical sections to attain flexural yield will do so at moment 
levels much closer to the computed yield moment values than their Mr values. Consider the 
representative situation illustrated in Figure 6(ii) where the overall load-displacement 
relationship for the code model (~s = 0.85 and ~c =0.60) and the likely elastic-plastic system 
(~s = ~c = 1) and the "actual" response are shown. 

In this figure, first yield is shown to occur before the code model attains maximum strength, 
i.e., the load level at Y 1 is shown to be less than the maximum load at R and less than W f. 
Now, given that two or at most three hinges can occur and that the designer ratio is greater 
than 1, it is likely that in many instances Y1 will occur at a load level greater than Wf. In 
those instances where flexural yield does occur before We, there will not be much post-yield 
defonnation before the W f load level is reached. In general, it is unlikely that a plastic hinge 
will occur within the range of the design loads. 

Irrespective of how Wmmin is determined, it is evident that we currently have a situation 
where: 

i. any statically indeterminate structure will have a larger reserve against overload 
safety than a statically indeterminate one, and 

ii structures have a very low probability of ever reaching flexural yield before the 
overload level of W f is attained. 
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6. Serviceability Considerations 

All relevant structural serviceability criteria need to be identified and satisfied and, in recent 
years, a great deal of work has been done in this regard. Only two issues are considered 
here: the limit state for concrete in flexural compression, and the limiting value for bending 
moment. 

6.1 The Limit State for Concrete in Flexural Compression 

The Canadian Code does not explicitly specify a limit for flexural compression under service 
loads, apparently for two reasons: current practice (largely the load and material factors) 
makes it unnecessary, and it would cause needless complication. 

Burnett and Kelly [4] reviewed the situation and argued that there was a need for explicit 
satisfaction of this limit state. They recommended that a proportionality limit of 0.55fe' be 
used, i.e., fp = 0.55fe' in Figure 3 (ii). 

Some idea of the complication that would be caused by introducing explicit satisfaction of 
this limit is evident in Figure 7. This figure shows, for a singly reinforced rectangular 
section (fe' = 25 MPa, fy = 400 MPa) and varying amounts of reinforcement, the variation 
in the value of the following moments: 

Mr the maximum, code-based value ($s = 0.85, $e = 0.60) and the value of this 

moment if $s = $e = 1. 
Mps, My the proportional limit for a flexural section that undergoes yield of the tension 

reinforcement while the concrete responds linearly elastically 

Mpc the moment value when the concrete attains its proportional limit for flexural 
compression. 

This figure clearly demonstrates that 

i. Mpc is usually less than Mps and at flexural yield (My) the concrete in flexural 
compression can be expected to exceed its proportional limit. As is also well 
known, the response of the concrete does not make much numerical difference to 
the computed value of My here; Mps and Mr (for $s = $e = 1) are comparable in 
value. 
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ii. At service load, it is necessary that fc < 0.55fc' and, at all critical sections, 
Mw < Mpc. If it is assumed that Mr is indicative of the factored load level, i.e., 
Wf, and that the dead load and live loads are equal so that Wei Ww = 1.375 (see 
Figure 2), then it is evident that the concrete compression criterion for structural 
serviceability could sometimes have a significant effect. The lower the specified 
concrete strength, the more important this consideration and the greater the 
influence that this design criterion will have on the relative values of Mr and Mf 

D and hence, Wr and Wf. 

Over the last twenty years-as the load factors on dead and live loads have been reduced 
and as the use of high-tensile reinforcement has increased-the relative significance of the 
behaviour of the concrete has increased. This issue should be addressed, as it can and 
should have an impact on design. It is certainly a serviceability consideration that can and 
will constrain the utilization of inelastic redistribution. 

6.2 M orM y r 

Since the numerical value for My is much greater than the code-based value for maximum 
moment, Mr, there is some confusion as to which value of moment to use as the operator for 
serviceability, i.e., the moment value that identifies Wy1 ' It is conservative and perhaps 
consistent to use Mr; however, there are probabilistic and pedagogical reasons for not doing 
so. Theoretically, the probability of the load reaching the service load level is 100 per cent. 
Moreover, numerical accuracy is more important under service loads than at the factored 
load level, where safety is the principal objective. There is little reason to presuppose that 
the various factors used for safety have any statistically consistent bearing on serviceability 
considerations. Instead, each serviceability criterion needs to be defined and considered 
within the appropriate statistical context. The use of My rather than Mr would probably also 
lead to a better understanding of the potential for inelastic redistribution and limit design 
loads. 
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7. Conclusions 

This paper has reviewed current Canadian design practice for reinforced concrete and 
assessed the potential for properly using limit design procedures. The design code is seen 
to be a very substantial obstacle. Changes in the code over the last 20 years have greatly 
reduced the potential for limit design procedures. 

The following situation now prevails: 

i. Inelastic response is explicitly used at the material and section levels of response, 
but it is only indirectly used at the component and higher levels of response. 
This practice may be numerically convenient but is not conceptually consistent. 

ii. The load factors for overload safety have been consistently reduced, with the 
result that both the incentive and the potential for using inelasticity have shrunk. 

iii. Although the introduction of the material factors <Ps and <Pc and their specified 
values may simplify the numerical calculation of a conservative value of 
maximum moment, this approach has some serious drawbacks: 

• The value for Mr is so low relative to My that the probability of a 
structure ever actually experiencing any post-yield behaviour before the 
factored design load is reached is extremely small. 

• The mechanics of response at or close to Mr are a distortion and a fiction. 
The strain distribution, if not impossible, represents an extremely 
improbable situation. 

• Because the limiting coordinates, i.e., Mr and <Pr, are the operating 
unknowns for each critical section, we are developing designers whose 
experience with reinforced concrete is based largely on a fairy tale. From 
a pedagogical point of view there are serious drawbacks to using a 
distortion to define the so-called balanced section, to evaluate the neutral 
axis position and to provide a basis for calculation of inelastic ductility. 
There must surely be a better way to develop a "feel" for concrete design. 

• From a quantitative point of view, the disparity between Wmmin and 
W~in is so great (i.e., the code ratio is so much greater than 1) that the 
effort and ingenuity spent on minimizing the designer ratio (W~in / W f) 
is disproportionate. It is comparable to a game in which the players and 
their skills and equipment are far superior to the quality of the rules. 
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Both the structural designer and the educator face a real dichotomy. It must be 
acknowledged that many, if not most, problems with reinforced concrete buildings involve 
serviceability-especially durability and longer-term performance. Much greater emphasis 
needs to be placed on serviceability provisions. Pre-yield response should be computed 
explicitly and relatively accurately. There is also a need to improve the design reserve 
against poor performance at the service load level with regard to repeated loading, wear and 
tear, deformation and durability. All these calculations entail linear elastic response and a 
knowledge of the actual limits to this response. 

A better understanding is also needed of the manner in which the structural system is 
performing when the maximum design load is applied. If design procedures predicate that 
the structure has not undergone flexural yield when the design load, Wf, is applied, then a 
knowledge of the actual magnitude and mechanics of failure becomes superfluous. Taking 
this point even further, one might even be tempted to ask why the codes bother with 
ultimate-strength theory: we might be better off restricting design to pre-yield response. A 
much better approach would be to address the non-linear, inelastic capabilities of reinforced 
concrete in a more rational, conceptually consistent and comprehensive manner. 
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REVIEW OF COARSE SOFTENING ANALYSIS OF FRAMED CONCRETE 
STRUCTURES 

By Peter LeP Darvall, Professor and Dean of Engineering, Monash 
University, Clayton, Victoria, 3168, Australia 

ABSTRACT 

"Coarse" softening analysis of concrete structures relies on the primary 
assumptions that softening occurs over a finite hinge length and that the moment curvature 
or torque-twist relationship for any section may be closely described by a multi-linear 
curve. Results from several series of tests demonstrate that these are good 
approximations. A hinge length of O. 75d is recommended for first draft computations for 
flexural softening. 

Singularity difficulties with stiffness coefficients may be eliminated by ensuring that 
equilibrium states (eigenvectors) of the stiffness matrix for members with softening hinges 
are consistent with the presumed stiffnesses. The direction dependency of hinge stiffness 
must be taken into account. Resolution of the computational problems implies a reduced 
equivalent hinge length ratio for small values of the softening or hardening parameter a (ie 
in situations near perfect plasticity). There is also a problem of path dependency in 
deformations involving the softening state. The critical softening parameter may be 
determined for a hinge at any location in a framed structure. 

In elastic-plastic softening frames a steeper softening slope reduces both the number 
of hinges formed before collapse and the collapse load. When axial load (stability) effects 
are included, the absolute values of critical softening parameters are reduced. Shakedown 
loads may be severely reduced by the presence of significant residual moments and only 
very slight softening. For unidirectional dynamic loads there is a critical softening value 
for the resistance function of the structure which depends on the nature of the dynamic 
load. For reversible loads the softening hysteretic behavior of each hinge is reflected in the 
overall response and a critical ground excitation frequency may be identified for a given 
softening slope and peak load/yield load. 

INTRODUCTION 

In recent years there has been a good deal of attention paid to ways of including the 
strain-softening behavior of concrete in analysis of the high deformation response of 
concrete structures. Softening is most evident for steel-concrete composite beams, over 
reinforced beams, axially loaded or prestressed members (particularly short columns) and 
is probably common at beam-column joints in reinforced concrete frames. Ideally, it 
should be possible to predict the full-range response, up to and beyond the maximum load 
capacity until considerable damage has occurred, for structures under all kinds of loading, 
based on the material properties and structure geometry. Softening research has taken 
three main lines: 
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• Laboratory investigation of softening in simple structures. 
• Mathematical modelling of strain softening concrete and simple structures. 
• Examination of structural implications using certain simplifying assumptions drawn 

from laboratory studies. 

Some ingenious mathematical models for softening have been presented, including 
the imbricate model, the crack band model, the fictitious crack model, continuum damage 
mechanics with layered finite elements and the self adaptive model (e.g. 1-5, 15, 17,25). 
Difficulties have been encountered with strain localisation instabilities and erratic 
convergence of finite element solutions, reflecting the commonly held view that strain 
softening is inadmissible in conventional continuum mechanics. Nevertheless, good 
agreement of predictions from mathematical models with results from tests on simple 
softening structures has been possible (4). 

The author and his co-workers have concentrated on laboratory investigations to 
provide a better understanding of the overall behavior of softening regions of flexural or 
torsional elements (softening hinges), and on the use of justifiable approximations to make 
tractable the analysis of framed concrete structures in the softening range, in order to reveal 
the implications of softening. In these "coarse" methods of analysis for softening, the 
primary assumptions are that softening occurs over a finite hinge length, and that the 
moment curvature or torque-twist relationship for any section may be closely described by 
a multi-linear curve such as shown in Fig. 1. 

M or T 

elastic 
EI 

plastic 

reloading 

second 
softening 
a2 EI 

Figure 1. Model for Moment-Curvature or Torque-Twist 

SOFTENING HINGE CHARACTERISTICS 

Several series of tests have been conducted in displacement control to advanced 
curvatures to determine the hinge parameters of plastic plateau length (rotation capacity), 
hinge length and softening slope of reinforced concrete beams. Mendis (23) tested 19 
rectangular beams of overall depth, D, of 18 cm and varying spans under both single 
midspan loading and two-point symmetrical loading, to examine hinges in varying and 
constant moment regions. Tse (31) tested 26 simply supported and 4 two-span rectangular 
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beams with D ranging from 23 to 35 cm using both single point and double point loading. 
Sanjayan (28) examined 9 beams of depth 26 cm with column stubs under extreme 
reversible loading for softening in both positive and negative bending. Foo (14) tested 25 
beams of 30 cm depth with varying degrees of prestressing. Finally, Lee (19) tested 23 
rectangular beams and 4 T and L beams into the softening range in torsion. 

Rows or arrays of specially designed inclinometers were used to measure the hinge 
characteristics in detail. Fig. 2 is a photograph of a typical flexural hinge in a constant 
moment region, and a shear-crack hinge or wedge hinge in a region of shear (moment 
gradient). Fig. 3 shows for one of the beams tested by Foo how the rotation 
measurements near the mid-span load point during softening indicate clearly the hinge 
length into which rotation is concentrated. For a flexural hinge this hinge length varies 
little with depth. For a wedge hinge the hinge length result depends on the depth at which 
rotations are measured. Fig. 4 shows a typical moment-curvature curve for a hinge region 
and Fig. 5 shows a typical torque-twist curve. (At the constant displacement rate applied, 
the duration of these tests was approximately 30 minutes.) Straight lines have been fitted 
to the experimental points. These lines define the extent of the plastic plateau, and the 
softening slope. 

Figure 2. Flexural and Shear-Crack Hinges 

Rotation Capacity 

This parameter has been the subject of much research for over three decades. The 
research on softening as described led to values for <Py and <Pu, the curvatures at the 
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beginning and end of the plastic region. Empirical expressions for <Pu were derived. The 
beam variables of tension and compression reinforcement ratio, binding ratio and effective 
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depth/span ratio affect the rotation capacity in well-known ways. The plastic rotation 
capacity for torsional members was minimal, with beams entering into relatively severe 
softening after the "cracked-elastic" stage. 

Hinge Length 

Empirical expressions for hinge length l p to one side of a maximum moment point 
show dependence on the same major variables: reinforcement percentages and shear-span 
ratio. The hinge length varied between 0.4d and 1.ld for flexural members, where d is the 
effective depth of a cross-section, and between 0.36Pc and 0.57 Pc for torsional members, 
where Pc is the perimeter of the gross concrete section. For flexural members an average 
value for hinge length of O.75d could be assumed for "first-draft" computations. Greater 
precision from predictive methods is hardly justified at present, though it would be prudent 
to use upper and lower bound values. Once the hinge length has become clear at the end 
of the plastic plateau, it varies little with further deformation even in reversible loading. 
Fig. 3 exemplifies this. The hinge length decreases with increasing degree of prestress. 

Softening Slope 

For flexural members, the initial softening slope was in almost all cases less than 
1 % of the elastic (loading) slope. The second distinct softening slope was of the order of 
3% - 6% of the elastic slope. The softening slope is steeper with increasing reinforcing 
index, axial load or prestress, and is shallower for increased binding reinforcement. 

For torsional members, the first softening slope is often steeper than the second 
softening slope, both being considerably greater than for flexural members. The major 
(second) softening slope is generally in the range of 15% - 75% of the cracked elastic 
slope. 
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FOUNDATIONS OF COARSE ANALYSIS OF SOFTENING OF 
STRUCTURES 

Stiffness Matrix 

In previous papers (11, 12) it was shown how the assumption of a finite hinge 
length over which softening occurred, while the adjacent region unloaded elastically, 
allowed the determination of stiffness coefficients for flexural members with softening 
hinges. Similarly, stability functions may be derived for members with axial load and 
softening hinges (23, 24). In tum, the conventional direct stiffness method then becomes 
possible for the elastic-plastic-softening analysis of plane frames. As has been shown (28) 
computational difficulties similar to those experienced by others may be encountered when 
stiffness coefficients including softening are considered. Resolution of the problem is 
made possible by reference to an appropriate physical model. 

Sanjayan (28) considered in detail the stiffness coefficients for an element with a 
softening hinge at one end. Fig. 6 shows the basis for the computation of coefficients for 
a hinge length £ p (hinge length ratio hi = £ pfL), for one element displacement. Actions, 
Ai, are related to displacements, Dj, by 

[1] 

~ __ L_'E_I ______ _ 

Figure 6. Basis for Determination of Stiffness Coefficients 



www.manaraa.com

VI 

~-20 
c :;: 
Ul 

-40 

8 

iif' 
Ii 3 .... 
C 
Gl 
'0 
lE 
Gl 0 

8 
VI 
VI 

~ -3 
t 
~ 

-8 

-3 -2 -1 0 1 2 3 

Hinge Parameter,a (a) 

-- --- .I~ /---
/ 

5" 

Hinge Length Ratio hi aO.2 
a.! --0.0027 

-0.05 o 0.05 

Hinge Parameter,a (b) 
rE 0.4 

il : [, , , , I , , , , I , , , ,~, , , , I , , , , I , , , , I 
-3 -2 -1 0 1 2 3 

Hinge Parameter,a (c) 
Equivalent Hinge Length Ratio, Discrete Model 

lE 0.4 

ii : t" , , I , , , , I , , , y , , , I , , , , I , , , , I 
-3 -2 -1 0 1 2 3 

Hinge Parameter,a (d) 
Hinge Length Ratio, Distributed Model 

37 

Figure 7. Behavior of Stiffness Coefficients and Valid Hinge Length Ratio, hi. 
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Graphs of the element stiffness coefficients Sij are shown in Fig. 7(a) for hi = 0.2 
and varying softening parameter, a. When a = 1 S11 = S22 = 4 and S12 = 2. When a >1, 
the case is one of a stiffening section (gusset) in the hinge length. When a < 0, softening 
is occurring. Fig. 7(a) shows that the coefficients become singular at aS2 = -1.4348, the 
critical softening parameter for the fixed ended element with a softening length at one end 
(see next section). For a < aS2, the structure is unstable. An enlargement of the graphs 
near a = 0 in Fig. 7(b) shows another singularity at asl = -0.0027. 

The problem is one of inadmissible equilibrium states (20), where the direction 
dependency of hinge stiffness is not taken into account. For deformation from point P in 
Fig. 8, PQ and PR are valid paths with softening and unloading stiffness respectively. 
Path PS with softening stiffness is inadmissible. If an eigenvector of the stiffness matrix 
is a displacement shape which within the hinge length contradicts the assumed stiffnesses, 
a false indication of instability, a negative eigenvalue, is obtained. For concrete, path PR 
represents closing cracks. 

M 
A 
,-----~ 

o 
Figure 8. Direction Dependency of Hinge Stiffness 

The singularity effect is most pronounced for S22, so Sanjayan (28) studied 
equivalent lumped stiffness models such as shown in Fig. 9, for displacements Dl = 0 and 
D2 = 1, for small negative and positive values of a. Table 1 shows the results for all 
sixteen possible combinations of spring stiffness, when a = -0.05, and assuming hi = 0.2. 
From the 9 admissible equilibrium states in Table 1, the equilibrium state containing the 
least total spring rotation is chosen, and is shown in Fig. 9. One fourth of the hinge 
region is unloading. The length of the softening hinge region is htL = 3/4hiL and the 
element stiffness matrix would have to be adjusted accordingly for hi = 0.15. For < !lcr, 
the critical softening parameter, there are no admissible equilibrium states. 

By repeating this examination for different small values of a, the equivalent 
admissible hinge length ratio near the singularity point was found to be as shown in Fig. 
7(c). When admissible hinge length ratios are used, the singularities in the stiffness 
coefficients are avoided. Likewise, the distributed stiffness model may be analysed for 
admissible equilibrium states and the permissible hinge length ratio is shown in Fig. 7(d). 
The presumption of a point hinge for plasticity, and a finite length hinge for softening, has 
a necessary transition stage for stable computations when a is small. Subroutines in which 
stiffness coefficients are computed must contain checks for admissibility and adjustments 
where necessary. 
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Figure 9. Four Point Lumped Stiffness for Softening Hinge 

Table 1: Equilibrium State Analysis of a Member with Softening Hinge 

Type of Stiffness 
No Spring Stiffness Resulting Spring Rotations Coefficients x EIIL Outcome 

Kl K2 K3 K4 Sl ~ &.3 ~ &rOT Sl1 S12 S22 

1 0 0 0 0 -0.13 0.05 0.24 0.42 - - - - Inadmissible 
2 0 0 0 · 0.G2 0.18 0.35 -0.03 0.58 -0.42 0.06 3.21 Admissible 
3 0 0 · 0 -0.04* 0.14 -0.02 0.49 - - - - Inadmissible 
4 0 0 · · 0.20 0.35 -0.02 -0.03 0.60 -0.63 -0.13 3.03 Admissible 
5 0 · 0 0 -0.11 * -0.004 0.26 0.44 - - - - Inadmissible 
6 0 · 0 · 0.13 -0.01 0.44 -0.03 0.61 -0.68 -0.06 3.16 Admissible 
7 0 · · 0 0.06 -0.01 -0.02 0.56 0.65 -0.72 -0.03 3.33 Admissible 
8 0 · · · 0.64 -0.04 -0.04 -0.05 0.77 -1.38 -0.59 2.76 Admissible 
9 · 0 0 0 0.01 * -0.01* 0.18 0.36 - - - - Inadmissible 

10 · 0 0 · -0.002 0.20 0.36 -0.03 0.59 -0.73 0.05 3.21 Admissible 
11 · 0 · 0 0.003* 0.11 -0.01 0.46 - - - - Inadmissible 
12 · 0 · · -0.03 0.67 -0.04 -0.05 0.78 -1.69 -0.48 2.92 Admissible 
13 · · 0 0 0.01 * 0.0005* 0.18 0.36 - - - - Inadmissible 
14 · · 0 · -0.02 -0.03 0.69 -0.04 0.78 -2.09 -0.34 3.10 Admissible 
15 · · · 0 -0.01 -0.02 -0.03 0.69 0.74 -2.62 -0.13 3.31 Admissible 
16 · · · · 0.09* 0.08* 0.06* 0.05* - - - - Inadmissible 

* Non-confonrung resulttng rotattons 
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Mendis (23) encountered a problem with negative eigenvalues in a stable structure 
when considering softening hinges on both sides of a load point. The problem may be 
eliminated by moving the joint to one end of the softening region and applying the 
appropriate fixed end moments from the load. Alternatively the eigenvectors may be 
checked for admissibility with the assumed flexural rigidities and appropriate adjustments 
made. 

Path Dependency 

Fig. 10 shows a member with a softening hinge for which displacements Dl = 1 
and D2 = -1 are prescribed. Three cases are considered: 

Case 1: Dl = 1 and ~ = -1 are applied simultaneously. 
Case 2: Dl = 1 is applied first, followed by ~ = -1. 
Case 3: ~ = -1 is applied first, followed by Dl = 1. 

The three paths for the hinge region are shown in Fig. 10. 

D1 ( oEI -1----

Path 1 

Figure 10. Path Dependency in Softening Analysis 

Path 3 

The example demonstrates that though the total end displacements are identical, the 
final state of the hinge in the moment-curvature diagram depends on the deformation path 
followed. In the analysis of framed structures, the end displacements of a member during 
each step are assumed to happen simultaneously as in path 1. This topic remains for 
further research. 

Critical Softening 

Critical softening is that value of the softening parameter, a, for a hinge at which the 
structure as a whole cannot sustain increased load(s), however redundant the structure may 
still be. Critical softening parameters have previously been computed (by hand) for two­
span beams and single bay portal frames (6,7). Fig. 11 indicates the critical softening 
parameter for the first formed hinge in a portal frame with fixed-end columns. In general, 
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each member of an indeterminate structure has a "soft point" where the critical softening 
parameter has a member minimum. The critical softening parameter of a hinge is reduced 
if plasticity or softening exists elsewhere, or if real binges are introduced. The parameter 
is approximately proportional to 11m = lplL, so that means whereby hinge lengths are 
increased wil1lead to greater reserves of overall strength. For more complex structures, 
computer structural analysis based on stiffness matrices for elements with softening hinges 
may be used to determine the critical softening parameter at any required hinge point (12). 
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Fig. 12 shows the basis for the calculation of the critical softening parameter in 
torsion at the wall hinge of a right angle balcony beam, assuming behavior is otherwise 
elastic in bending and torsion (19). For neutral equilibrium at critical softening, 8Ft = 0, 
and the three equilibrium equations are: 

The three compatibility equations are: 
(i) Rotation at C due to incremental twist of member AC is equal to the rotation due to 

incremental curvature of member BC 
(ii) Rotation at C due to incremental twist of member BC is equal to the rotation due to 

incremental curvature of member AC 
(ii) Vertical deflections at C calculated from the incremental curvatures of members BC 

and AC are equal. 

Using normal moment-area methods we find the critical value of a, the softening parameter 
as 

-I 
a =----~--------~~p----__ --~-----

cr 3/ 3(1+ EI 12 J 
GK 1 2 GK 1 

1- 1 

EI 2 4(1+ EI 12 J(P +P)_3/3 
GK I 1 2 1 

1 

+1 -I 
1 p 

(2) 

Though the EL shaped balcony beam is not a particularly realistic example, the 
method for computation of Cler has been illustrated. For the more general case of a curved 
balcony beam, a similar equation could be derived where the constants in the equation for 
acr would become integrals. 

A similar method can be used to determine the Cler values for other structures. 
However, the procedure will be very tedious when the structure has a high degree of 
statical indeterminacy. The solutions obtained for various critical softening parameters 
depend on the location of hinges and the sequence in which they form. 

SOME STRUCTURAL IMPLICATIONS OF SOFTENING IN ELASTIC­
PLASTIC-SOFTENING FRAMES 

Static Loads 

Computer program PAWS ("Plastic Analysis with Softening") was developed from 
ULARC (33), employing stiffness matrices for elements with softening hinges as described 
(12,23). In this analysis the total response of a structure with plastic-softening hinges to 
increasing load will be a series of linear stages, each of which is terminated by any of the 
following: 

• any hinge location reaching the end of the plastic range and becoming plastic; 
• any hinge reaching the end of its plastic capacity and beginning to soften (or harden); 
• any hinge unloading elastically from the plastic or softening range. 
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One case of particular interest is that of critical softening of the first hinge, as 
defined earlier. Program PAWS may be used to fmd the critical softening parameter for 
any hinge location in a frame structure by trial and error. 

Fig. 13 shows the sway response of a two-storey frame with vertical loads applied 
and then horizonta1loads increased to collapse. Various values of softening parameter and 
rotation capacity are used. 

The critical softening parameter for the first formed hinge in the beam at node 12 
was found to be -0.0824 (m = 15 for the whole beam). When the stiffening effect of the 
upper storey is removed, acr = -0.0625 for this hinge, confirming the theoretical value 
obtained from equations presented previously (6,7). 

It can readily be seen from Fig. 13 how a steeper softening slope reduces both the 
number of hinges formed before collapse and the collapse load. An increase in rotation 
capacity before softening has the opposite effects. The order of hinge formation may be 
changed by changing the softening slope [see curves (li) and (iii) of Fig. 13]. 

The computer program will also provide results for the post-collapse behavior while 
deformation is still increasing, until near the snapback phase. 

The presence of significant axial force in a softening member raises the possibility 
of double or interactive instability, ie instability from large axial forces as well as from 
softening. Elastic-plastic analysis for the non-linear effects of axial force and joint 
displacements was extended to include softening through the use of stability functions and 
modification of the element-stiffness matrix for the P-~ effect. The computer program 
SOAPS ("Second Order Analysis with Plasticity and Softening") was developed and 
applied to various frame examples (23, 24) to assess the effects of stability and/or 
softening. 

When stability is included, an elastic-plastic or elastic-plastic-softening frame may 
exhibit an entirely different pattern of hinge formation. The absolute values of critical 
softening parameters for hinges are reduced, and the number of hinges formed before 
collapse may also be less. 

Repeated Loads 

The computation of the response of reinforced concrete framed structures under 
severe repeated unidirectional loads to shakedown or incremental collapse involves 
consideration of the softening portion of M-q, curves unless extended plasticity can be 
guaranteed at all relevant hinge locations. In this analysis suitable assumptions, verified 
by tests, must be made on the unloading and reloading path from the softening curve (Fig. 
I). The effect of softening on shakedown loads may be quite dramatic if significant 
unfavourable residual moments (such as from differential settlement) are present (9, 10). 
For frames, softening of only 1% (of the elastic stiffness, a = -0.01) may lead to 
shakedown loads which are very little more than the first yield load for some load 
combinations (9). 
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Computation of the response of concrete frame structures to dynamic loads causing 
responses near collapse requires consideration of softening in addition to plasticity and 
hysteresis. The nature of the softening part of the resistance function of a concrete 
structure may be found using the softening characteristics of the most highly stressed 
regions (hinges). For simple structures under unidirectional dynamic loading a critical 
softening parameter at which collapse will occur may be identified and depends on the 
severity of the applied load as represented by the ratio of maximum applied force to 
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maximum resistance (or by energy of impulse to maximum elastic strain energy), on the 
plastic plateau length (ductility), on any limit to the softening region, and on duration of 
load in the case of a rectangular load function. Conversely, for a given softening slope, a 
critical severity of load, critical plateau length, or critical duration of load may be identified. 

A steeper softening slope increases the maximum displacement for a given dynamic 
load, increases the time to maximum displacement, and decreases the amplitude of residual 
elastic vibration. For critical softening, there is no residual vibration. 

The criterion for structural response to enter the softening range may be expressed 
in terms of severity of load and length of plastic plateau (ductility). 

For reversible dynamic loads the hysteretic behavior of softening hinges (28) is 
reflected in the overall response of the structure (21, 26-29). Fig. 14 provides some 
information on the response of the frame of Fig. 13, with vertical loads only, to the EI 
Centro 1940 SOOE ground motion, multiplied by a factor A. = 1.39. The primary hinge 
properties are shown, together with the yield status of post-elastic regions at various times 
and the progressive moment-curvature relationship for the softening hinge at node 12. By 
varying the hinge parameters and the factor A. it was found that when the maximum 
curvature was limited to a specified value the maximum A. was sensitive to the softening 
slope. Since the softening slope is steeper for members with significant axial load (eg 
prestressed members), this sensitivity is of particular importance in these cases. Softening 
demands significantly more ductility for the same load factor when compared to plastic 
behavior. 

For softening frames under regular (sinusoidal) loading, a critical ground excitation 
frequency may be identified for a given softening slope and peak load/yield load. 
Conversely, for a given excitation frequency and load severity, there is a critical softening 
slope. The regular ground motions of the great Mexican earthquake of 1985 appear to 
have revealed this behavior involved in the collapse of many buildings (22). 

CONCLUSIONS 

1. It is appropriate to consider the softening of concrete structures at different levels of 
mathematical sophistication. "Coarse" methods of analysis are based on the 
primary assumptions of a finite hinge length and a multi-linear moment curvature 
relationship. 

2. Series of tests indicate that these assumptions are reasonable in many situations and 
should lead to useful results. Different values for hinge length and softening slope 
may be used to find bounds for the response of softening structures. 

3. Computational difficulties with stiffness coefficients for elements with softening 
regions may be overcome by reference to appropriate physical models. Admissible 
equilibrium states for small values of the softening parameter may require a reduced 
hinge length in computations. 

4. The matter of path dependency in the softening region is yet to be properly 
resolved. 
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5 . A critical softening parameter is associated with every hinge location in a softening 
structure. 

6. Computer programs such as PAWS and SOAPS employing stiffness matrices for 
softening elements are useful tools to reveal implications of structural softening. 

1. A steeper softening slope reduces both the numbers of hinges before collapse and 
the collapse load. 

8. Quite small softening parameters may lead to large reductions in static collapse and 
shakedown loads in indeterminate beams and frames, especially when unfavourable 
residual moments are present 

9. Stability functions for softening elements have been derived and allow consideration 
of double (material and geometrical) instability. The inclusion of stability effects 
reduces the critical softening parameter for any hinge, and may also reduce the 
. number of hinges formed before collapse. It may also lead to a different order of 
hinge formation and large reductions in collapse load. 

10. For dynamic loads, the resistance function for a framed structure may be derived 
from the hysteretic behavior of its softening elements. For any type of excitation, 
critical softening parameters may be identified and for specified softening 
characteristics a critical excitation frequency exists. The introduction of softening 
in the hysteretic behavior of hinges is as significant as the introduction of stiffness 
degradation as far as the maximum response of a structure is concerned. 
Consideration of softening should be an essential part of inelastic dynamic analysis. 
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Introduction 

In the design of concrete structures, the criteria of strength 
and serviceability must be met. It is of equal importance that a 
structure be economical to construct and maintain. Current design 
codes require strength design, supplemented by checks for service­
ability. 

For the design of continuous concrete structures, most design 
codes prescribe an elastic analysis which is based on a constant EI 
for prismatic members. Such analysis may be followed by a limited 
amount of moment redistribution. 

However, flexural cracking of the concrete members results in a 
drastic change of the flexural stiffnesses which are no longer 
constant along a member's length. For this reason the actual moment 
distribution often differs considerably from that calculated by a 
linear elastic analysis. To predict the actual distribution of the 
internal forces, tension stiffening must be incorporated so that the 
varied stiffness along a member due to cracking is properly modelled. 
Since the moment distribution after flexural cracking is largely 
governed by the stiffness after cracking, substantial redistribution 
of moments is possible. 

The are several advantages in designing for a redistribution of 
moments. 
(1) Less reinforcing steel is placed in the negative moment zones, 

thus reducing the magnitude of the internal compression force. 
This is especially beneficial for narrow webs of T-sections. 

(2) Reduction of congestion of bars over supports of continuous 
T-beams. 

(3) Savings of reinforcement as there is no need to design for the 
full moments of the moment envelope obtained for different 
loading patterns. 
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One argument against high amounts of moment redistribution is 
that steel stresses may become excessive at service load which may 
lead to wide cracks. However, the literature on tests that were 
properly designed for moment redistribution, does not confirm this 
belief. Many examples may be cited in which high percentages of 
moment redistribution occurred due to flexural cracking and without 
excessive steel stresses and crack widths at service loads. For 
example, Macchi (1965), Dilger (1966) Bachmann (1970), Taerwe and 
Espion (1989). 

An extensive review of the available literature (Cohn 1979) 
reveals the factors which are important for successful redistribution 
of moments. It is clear that the most important parameter is the 
rotation capacity of critical sections which depends primarily on the 
reinforcement ratio «p-p') and on the concrete strength. Dilger 
(1966, 1967), Bachmann (1970), and Langer (1987) recommend that the 
calculation of the ultimate rotational capacity should be divided into 
two cases. First, when only flexural cracks develop and second, when 
both flexural and shear cracks develop. The former is typified by 
small plastic zones which result in small ultimate rotations. The 
latter is associated with large plastic zones and large rotations. 
Once shear cracking has occurred the force in the diagonal compression 
strut results in a decrease in the internal compression force and an 
increase in the internal tension force at each section, except at 
points of maximum moment. The increase of the tension force is 
dependent on the inclination of the compression strut. This effect is 
more commonly referred to as the shift in the tension force. After 
yielding of the longitudinal 
tensile reinforcement the shift 
in the tension force increases 
the inelastic zone, thus 
increasing the rotational 
capacity as shown in Fig. 1. 

Other parameters that are 
important for large moment 
redistribution to be achieved 
include adequate shear resist­
ance at critical sections and 
proper anchorage lengths for 
longitudinal reinforcement. 
Several examples may be cited 
where premature failure occurred 
due to inadequate shear resist­
ance. For example, Corley 
(1966), Hawkins et a1 (1965), 
Langer (1987). Dilger et a1 
(1967) recommended extending 
part of the longitudinal rein­
forcement in the negative moment 
zone past the elastic point of 
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contraflexure no matter what the position of the point of 
contraflexure after moment redistribution. The anchorage length must 
of course include any shift in the tension force due to shear. 

Moment redistribution in current design codes 

A survey of current design codes reveals that design codes which 
allow only small amounts of redistribution are cautious and suspicious 
of nonlinear methods of analysis and possess a strong reluctance to 
stray from the classic linear analysis. Hopefully it is apparent that 
the actual load history of a member can only be achieved through a 
nonlinear analysis. Therefore it should not be surprising to find 
that the more progressive and informative design codes allow higher 
amounts of moment redistribution and recommend a variety of analysis 
methods. 

For example. the current Japanese standard (1986) allows only 15% 
moment redistribution and states that" nonlinear structural 
analyses are reasonable ones. but they remain unestablished as 
generalized design theories .... meanwhile. there exists a general store 
of experience and established reliability in linear analysis. which 
may be used for design." 

An example of a more progressive attitude in the design of 
concrete structures may be found in the draft of the 1990 CEB Model 
Code. Three methods of analysis are recommended to determine the 
effect of design loads: 

(a) linear analysis followed by limited redistribution 
(b) nonlinear analysis 
(c) plastic analysis 

In determining an appropriate amount of redistribution to impose 
on the linear solution. nonlinear effects due to cracking and the 
importance of properly designing for shear and anchorage are stressed. 

A redistribution of 30% can result after cracking owing to the 
reduction of stiffness due to cracking between zones in the span and 
over the supports. 

In principle. all consequences of the assumed redistribution and 
of the possible dispersion should be taken into account in the 
calculation at all stages of the checking procedure. 

These consequences concern shear. the anchorage and cracking. In 
particular. the lengths of the reinforcing bars must be sufficiently 
long to prevent any other section from becoming critica1." 

A summary of the limitations imposed by several current design 
codes with respect to moment redistribution is presented. The 
reduction coefficient R is used to make comparisons between codes. 

m 
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I Japan Standard Specification for Design and Construction of 
Concrete Structures - 1986, Part 1 (Design) 

R > 0.85 m- p-p' ~ 0.5 Pb 

where P - ratio of tension reinforcement 
P' - ratio of compression reinforcement 
Pb - balanced reinforcement ratio 

II German DIN 1045-78 

R > 0.85 m-

III American ACI 318-89 

R - 0.8 + 0.2 (~) 
m Pb 

p-p' < 0.5 Pb 

IV Canadian CSA A23.3-M84 

V 

R - 0.7 + 0.5 (c/d) > 0.8 m 

where c/d - neutral axis depth ratio 

British BS 8110:85 

Reinforced Concrete R - 0.4 + c/d ~ 0.7 m 

Prestressed Concrete R - 0.5 + c/d ~ 0.8 m 

In structures over four stories in height in which the structural 
frame provides the lateral stability, the reduction in moment should 
be restricted to 10% - ie: R > 0.9 m-

VI First Draft to the 1990 CEB Model Code 

R - 0.44 + 1.25 (c/d) m 

R - 0.56 + 1.25 (c/d) m 

f' - 12 - 35 MPa c 

f' - 40 - 60 MPa c 

For continuous beams and non-sway frames 

R > 0.70 m-

For sway frames 

R > 0.90 m-
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VII Danish DS 411-86 

R > 0.34 
m 
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where W 

wb 

reinforcement index 
reinforcement index under balanced condition 

The most liberal of the above codes is the Danish standard which 
allows a maximum of 66 percent moment redistribution. At first this 
may seem a little excessive, however it must be remembered that the 
ratio of service to ultimate load is not constant from code to code. 
In a recent paper Taerwe and 
Espion, (1989) reported laboratory .£0.6 

tests which achieved moment 
redistributions of plus and minus 

I­
Z 
W 
U 0.7 
u: 

40 

eEe 90. f~' 40- 60 MPa :: 

/ eEe 90. f~ • 12- 35 MPa Q: 

'1"\-+'\ es ellO REINFORCED 30 i 60 percent without yield of 
reinforcement at service load. 
Time dependent effects caused 
yield, however the authors reported 
that this does not automatically 
produce large deformations and 
crack widths since compatibility of 
forces and deformations must always 
be maintained at each section. It 
should be remembered that in most 
situations the maximum redistri­
bution required lies between 25 
and 30 percent so that span and 
support sections contain equal 
amounts of reinforcement. 

u-

S \ \/) CONCRETE ~ 
\ \ es 8110 PRESTRESSED ii: 

~ 0.8""""--...... '<::'"-+, ' CONCRETE 20 ~ 

t -r ___ "" \ \, ~ 
:l / \- ~.. \ 0 
~ AC! 318-89 \ __ CSA-A23.3 ~ 
~0.9 \ -..., l0!z 

~ \ w 

~ \ ~ 
::E 1.0 L--L--..L--,J--'---:-'-:-"'-..,:<--~--l ° 

0.7 

Fig. 2 
c/d or 
design 

c 
d 

Moment redistribution vs. 
(p-p')/P b for different 
codes 

A comparison of the different codes is shown in Fig. 2. 

Analytical Model 

Having determined the important factors for moment 
redistribution, an analytical method must be developed to include 
them. It is interesting to note that many of the methods that have 
been developed for the non-linear analysis of continuous concrete 
structures totally ignore the effects of shear and the shift in the 
tension force. To ignore the effects of shear leads to correct 
results only for long slender members, in which no shear cracking 
occurs; otherwise unrealistic results are produced. 

In nonlinear analysis problems an iterative solution is most 
often used. For each iteration a linear displacement analysis is 
performed. 

In the present investigation a secant modulus method is used to 
achieve convergence. The structure is considered to be an assemblage 
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of prismatic beam elements. Each element is subdivided into a number 
of segments for which a flexural stiffness, EI, and a shear stiffness, 
GA, are determined. From the segment stiffnesses an equivalent 
stiffness is determined for each element. Details are provided in 
Sveinson (1989). 

It has been well-documented in the literature that the flexural 
behaviour of reinforced and prestressed concrete members with flexural 
cracks may be accurately modelled by using a moment-curvature 
relationship. The flexural stiffness of each segment is determined as 
the slope of the moment-curvature relationship 

[1] M 
EI - -

1/1 

Unlike structural steel, the curvature along a concrete member 
can be subject to sizeable variations due to cracking. Therefore, in 
analytical solutions it is assumed that an average value of curvature 
is assigned to a finite length of the member. Within each finite 
length, the following assumptions are made: 

(1) Plane sections remain plane. 
(2) Near perfect bond exists between concrete and reinforcement 
(3) Axial force is constant. 
(4) Mathematical models chosen for the stress-strain 

relationship of concrete and steel are representative of the 
material behavior, including tension stiffening. 

For this study it is assumed that the magnitude of the axial 
force is zero. However, in prestressed concrete and compression 
members axial forces must be considered. 

Material behavior 

For the stress-strain relationship of the concrete in compress­
ion, Hognestad's (1951) well-known parabolic-straight line relation­
ship is assumed (Fig. 3a). 

For the ultimate concrete compression strain, £ ,the relation­
ship proposed by Dilger (1967) is based on the w8¥k of Rusch and 
Stock1 (1963) and on test results of The University of Calgary: 

[2] £ cu [4.5 -
f' (MPa) 

c 
35 )] 

k is a stirrup distribution coefficient relating the width of the 
s 

section and the stirrup spacing, defined by 

[3] 
(b - s/2)2 

k _ _w"----::-_ 

s b2 
w 
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For concrete in tension, a 
linear relationship is assumed 
until first cracking, followed 
by a descending branch in order 
to model the effects of tension 
stiffening (Fig. 3(b». In this 
figure f is the tensile 
strength gf the concrete and k 
is a factor which is assumed to 
be 1.0 in the present analysis. 

The stress-strain relation­
ship for mild steel is modelled 
as shown in Fig. 4(a), after 
Park and Paulay, 1975). 

For cold rolled reinforcing bars 
or prestressing steel the 
expression by Dilger (1966) is 
adopted, see Fig. 4(b): 

[4] 

where 

[5] 

f f m 
f - ES + 0.002 (-! ) 
s s fO. 2 

1n (f ) - 1n(0.002) 
m - -----p~----------1n(l.1) 

Shear stiffness 

After diagonal tension 
cracking the shear stiffness, 
GA , is reduced similar to the 
fl~xural stiffness, EI. Dilger 
(1967) showed that an accurate 
prediction of the shear strain 
of a web with shear cracks, may 
be derived from the truss model 
of Fig. 5 as follows: 

f I -------/------c 
/ : 

_u / : 
I Ec~ I _t'[2EC_(~n '" '" w c - c Eo Eo 

Q: 
l- I (f) 

: Eo = 2f~ I Ec 
I 
I 

(01 Eo Ecu 
STRAIN 

~ fct 
fc = Ec Ec $ Ict ~ Ec - ErJ I 

(f) Ic = k fet 1- Eru- Er (f) 

w 
Q: 
I-
(f) 

(bl f ru 
STRAIN 

Fig. 3 Stress-strain relationship 
for concrete (a) compression, 
(b) tension 

co co 

I, 

~ ,,­
co I, 
-' w 
W 
I-
en 

, , 
I , 

'l"rkl(E,-E,hl'2 , 
I, '[60(Es-Eohl'2 , 

• CE,-Eohll60-klll " 
2 (30kl ] 

t,u(30E,",II-60Es"-I' 
k • EI" 15 tl' , 

CQ I LJ---------,t:=~::=:==:::;l 
£,h ElY 

STEEL STRAIN E, 

STEEL STRAIN 

Fig. 4 Stress-strain relationship 
for reinforcing steel (a) mild 
steel (b) cold-rolled steel 

[6] 
-1 f 

1 - tan {f tanD + cv } 
sv sin8cos8 

The strain in the vertical stirrup, f ,may be determined by sv 

v-v 
[7] 

cr s 
E SV - (-A---) oEd 

v s v 

57 
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To determine the strain in the diagonal compression strut, ECV' 
the stress-strain relationship for concrete in compression may be 
used. The stress and strain in the compression strut become, 
respectively 

[8] 

[9] 

V 
fd - b .d • sinO.cosO 

w v 

E 
CV 

f 
E [1 j 1 (f~ )] 
o 2max 

f is the compressive strength 2max 
of the diagonal strut (see Eq. 12). 
The shear stiffness may now be 
determined from Hooke's law 

[10] GA 
r 

V 
'"( 

Fig. 5 Truss model for shear 
deformation 

The shear strain '"( and the resulting shear deformation is 
normally small and therefore neglected. However, in beams subjected 
to high shear stresses it may be significant as demonstrated later. 

Angle of the compression strut 

Several proposals have been put forward for determining the angle of 
the compression strut, O. Most theories tend to assume that the value 
of 0 remains constant throughout the load history of the section. 
Many design codes recommend a simplified procedure where 0 - 45 0 • 

Collins and Mitchell (1980) set forth a series of equations for a more 
accurate estimate of the angle O. Based on their Compression Field 
Theory the angle 0 of the compression strut is determined by 

[11] 

where E is the 
x 

[12] l' n 

(1' /f')35 
10 + ~n,,:,,-,...:c:::----:,-:-_ 

(0.42 - 50 E ) 
X 

longitudinal tensile strain at mid-depth 

V u 
-~ 

w v 

and 

Equations (11) and (12) may be solved interactively until the 
angle 0 is found. The compressive strength in the strut, f2 ,may max 



www.manaraa.com

be determined by 

f' 
[13] 

f _ c 
2max 0.80 + 170 f1 

where f1 is the principal tensile strain defined as 

[14] 
f + 0.002 x 

For practical situations the value of f may be taken as 0.002. 
x 

Modelling the shift of the tension force diagram 

59 

The shift in the tension force due to shear cracking has the 
effect of increasing the plastic length and thus the plastic rotation. 

The effect of the shift is incorporated in the analysis through 
an adjusted stiffness. Using the truss analogy to model the behaviour 
after diagonal tension cracking the force in the compression strut is 
associated with axial force N which depends on the shear force V and 
the angle 9 (see Fig. 6): v 

[15] N 
v 

V 
tan 9 

Balancing the axial force, 
N results in an increase in 
tXnsion force by Nvf2 and a 
decrease in compression force by 
Nvf2 at a section. However, it 
is important to note that the 
internal moment remains the 
same. 

FORCES DUE to 
EXTERNAL LOADS 

INTERNAL 
FORCES 

Fig. 6 Internal forces and strains 
in cross-section with shear cracks 

In the present method the shift is accounted for in the following 
manner. First, the flexural rigidity, EI, is determined from the 
moment-curvature relationship. Then the steel strain f and concrete 
strain f at the level of centroids of the tension aiid compression 
zone areccalculated, as well as the magnitude of the resultant comp­
ression force ~c and the total tension force ~T. The force ~c 

includes compression steel, if any, and ~T includes the force in the 
concrete in tension (c.f. Fig. 4b). With this information the follow­
ing axial stiffnesses, EA in tension and compression are determined: 

[16] 
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[17] 

The change N.J2 in the compression and tension zones then leads to the 
changes in s~rain at the level of the respective centroids: 

N 
[18] 6E 

v 
s 2(EA)T 

N 
[19] 6E 

v 
c 2(EA)C 

These strain changes result in the new curvature 

[20] 
1 + 6E ) + (E . 6E )] "'new - Z [(ES S C C 

and a new flexural rigidity 

[21] (EI) M 
new - '" new 

The term z in Eq. 20 is the internal lever arm (see Fig. 6). As 
alluded to earlier the increase in the tension force considerably 
increases the rotational capacity of a member and thus contributes to 
the moment redistribution. 

Analysis 

In the displacement method of analysis the actions, {A}, at a 
sections are determined by, 

{22} 

where, {A } 
r 

{A} - {A } + [A ]o{5} 
r u 

actions occurring in a fully restrained situation 

[A] actions occurring due to a unit displacement u 

(5) - actual displacements 

The actions [A ] are directly related to the flexural stiffness, 
EI, while the displ~cements, (5), are related inversely. The adjusted 
stiffness, (EI) after shear cracking, is smaller in magnitude than 
the original vff~e. Thus, the displacements are increased and the 
actions [A ] and (A) are affected accordingly. 

u 

It is well known that in regions of maximum moment, the angle 8 
gradually changes from the value calculated by Eq. 11, to 8 = 90· at 
the point of maximum moment. To properly model the change in angle 0 
in the vicinity of max M (eg. at intermediate supports) the angles 8 
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in the segments adjacent to the 
point of max M are assumed as 
shown in Fig. 7. 

8 '1 a 
I • Ian 2d 

d ~'Ian-I k 
2d 

The above mentioned theor­
etical considerations have been 
coded in Fortran 77 to produce 
the computer program NONARCS 
(NONlinear Analysis of Rein­
forced Concrete Structures). 

83 lon-I 2.!L 
2d 

1: 8 FROM EQ. II 

Fig. 7 Angle e in the vicinity of 
points of maximum M 

Comparison of nonlinear analysis with test results 

To demonstrate the validity p i 
of the proposed analytical H2 Al. 
method, a series of test beams ('IL:j~~~IOmm~~24~5~~~Kl~_~~I07~4f1oCJ?J 
were analyzed. The two two-span t ~LL-
reinforced concrete beams ~1250--25001---1250---j 100 

recounted here are part of a ' I 
series of beams tested for -11-----II'~==~;;;::::::t 2 -18_ I 1210-

1 
2-18_ 

moment redistribution by Dilger -690---l ~=::: 
(1966). The beam designated H2 ! ! 
(Fig. 8a) was designed for the , H4 p ~1 
elastic distribution of moments, -y~ 

while the beam designated H4 (bllk:j~~~IOmm~'~(!!l17~8*~~~Kl~ ... ~n@~II33~~u 75 

(Fig. 8b) was designed for, and '!' I 'i -11-100 
achieved, a redistribution of I ~ 2-12_ 

moments of 50 percent. Both F==' j.-870::::::::j 2-12 .... 
840 -..j I' 2 - 20 .... beams were subjected to high . 2-18 .... 

shear stresses. Figs. 9 and 10 
demonstrate that both the Fig. 8 Geometry and reinforcement of 
deflections and distribution of Dilger's (1966) beams 
moments were predicted accurate-
ly by the program NONARCS. Note 
the difference in deflection when only flexural behaviour is 
considered. Additional comparisons between theory and tests are given 
in Sveinson (1989). 

Moment redistribution in continuous T-beams 

A study is now presented to demonstrate that a higher degree of 
moment redistribution than those allowed in the Canadian Building Code 
may be achieved for normally reinforced sections. The T-beam shown in 
Fig. 11 was analyzed. In accordance with CSA-M84 the slab thickness 
and effective flange width are taken as 150 rom and 2000 rom, 
respectively. 

The beams were subjected to three different live loads, 
corresponding to roof, office and storage areas. In keeping with the 
National Building Code of Canada (1990) the live loads were taken as 
1.0 kPa, 2.4 kPa and 7.2 kPa, respectively, For the beam spacing of 
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600 
600 

--TEST 
500 I 500 I 

---- NONARCS 

I d I 400 I £.- 400 
~ I z , I ~ ~ o 300 I (0) ~ 300 /J '" 0 
..J 

I 
I 

I /J 200 I 

//'5 
--TEST H2 

--NONARCS 
FLEXURE 6 SHEAR 

(b) 

--TEST H4 

---NONARCS 
FLEXURE 6 SHEAR 

----- NONARCS 
FLEXURE ONLY 

'" 0 
-'200 

100 SUPPORT 

O~-L~ __ ~~ __ ~~~~~ __ ~-L~ __ ~--' 

-140 -120 -100 -80 -60 -40 -20 0 20 40 60 80 100 120 
600 

---TEST 

500 ---- NONARCS 

~400 
, 
0300 

'" o 
-'200 

100 

~12'-:0~-tOO':-:--....J_80'-:--ro-'---_.J.4O---'-:--"'--,L--':---'--"----'--'--.-l 

MOMENT- kNm 

Fig. 9 Comparison of computed and 
experimental load-deflection curves 

Fig. 10 Comparison of computed 
moments with test results 

4.40 m and a superimposed dead load of 1.0 kPa, the total dead load 
was established to be 23.2 kN/m. The live loads, shown in Table 1, 
were calculated by considering the reduction factors for tributary 
areas. 

2 Live load (kN/m ) 

Live load/dead load 

Table 1 

Live Loads 

Beam A 
(Roof) 

4.4 

0.10 

Beam B 
(Office) 

10.2 

0.44 

Beam C 
(Storage) 

36.1 

1. 56 

Note that for Beam A the live load is rather small. Therefore, 
Beam A was only designed and analyzed for full load on all spans. For 
Beams Band C the four loading arrangements shown in Fig. 11 were 
analyzed and the resulting bending moments are listed in Table 2. 
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Table 2: Reinforcement and factored moment resistance 

Beam 

AO 
A30 
A40 

BO 
B30 
B40 

CO 
C30 
C40 

Supports Band D 

Steel Area 
Tension Compo cld 

2 2 mm mm 

1500 300 0.201 
1100 300 0.155 

900 300 0.135 

2000 300 0.265 
1300 400 0.174 
1200 400 0.164 

3500 800 0.402 
2300 800 0.258 
1900 800 0.210 

In a study of this type 
there is always the question as 
to what values should be taken 
for the material resistance 
factors. In laboratory tests 
where all material properties 
and section parameters are 
closely controlled it is custo­
mary to set all factors to 
unity. However, in actual 
structures the performance may 
be significantly altered by 
uncertainties in material and 
section properties. For this 
investigation the material 
strengths were taken as their 
factored values in both design 
and analysis so as to represent 
a worst case scenario. The 
specified concrete compression 
strength and yield strength of 
steel in tension and compression 
were taken as 30 MPa and 400 
MPa, respectively, and according 
to the Canadian Code CSA A23.3-
M84 the resistance factors for 
concrete and steel are, respect­
ively, ~ = 0.60 and ~ - 0.85. c s 

Support C 

Steel area 
M Tension Compo cld M r r 

kNom 2 2 kNom mm mm 

202 1000 400 0.143 149 
154 700 300 0.116 102 
127 600 300 0.107 90 

262 1300 200 0.182 178 
177 1300 300 0.187 177 
150 800 300 0.125 114 

427 2800 400 0.360 351 
296 1800 600 0.218 238 
249 1700 600 0.207 226 

J t L i. 7350 , i 7500, i ' 7500 
10 t I 7350 '1 

(0) BEAM SPANS 

j. 

spa I ,2.000 I 150 

V/@a ; 
~11-400 

4400 • i . 4400 
I 

.j 

:(d) LOADI~G i CASE 2 i i 
l . , I • 

!""'" , 'i'" "" , '1 1" , , , , "'i 
Ie) LOADING iCASE 3 ii' 
1 . , , 
"""'" ii""" "'+ fI LOADING CASE 4 

Fig. 11 Beam geometry and live 
load cases 
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For flexural strength design the tensile strength of concrete, 
fct' is ignored, yet it is accounted for in calculating flexural 
cracking and in the flexural stiffness. 

Based on elastic analyses, Irrcher (1983) and others reported 
that the effective flange width over the intermediate supports of 
continuous beams is considerably smaller than in the positive moment 
regions. Also, in actual structures, differential shrinkage and 
pre-loading during construction may generate tensile stresses as high 
as the concrete tensile strength. For this reason, the modulus of 
rupture for the negative moment regions was taken to equal zero, while 
in the span sections its value was taken as 3.0 MPa. Each of the 
continuous beams were designed for three percentages of moment re­
distribution, namely 0%, 30% and 40%. Table 3 shows the factored 
negative moment resistances for each beam at the support. The 
postscripts 0, 30 and 40 refer to the percentage of design moment 
redistribution. Note that for Beam B30 only supports Band Dare 
designed for 30% redistribution while for support C the moment 
redistribution is zero so that all three supports have the same 
factored flexural resistance. 

Table 3 

Elastic bending moments (in kNom) under factored moments for 
the loading cases of Fig. 11 

Load 
Beam Case 

A 1 

B 1 
2 
3 
4 

C 1 
2 
3 
4 

M1 

146.8 

183.5 
109.5 
163.6 
217.2 

310.8 
86.3 

297.3 
367.9 

MB M2 

207.6 73.6 

259.5 92.1 
200.9 105.5 
271.1 108.1 
213.1 29.4 

439.6 156.0 
263.4 198.0 
474.6 216.7 
299.9 -50.5 

MC M3 MD M4 

145.4 73.6 207.6 146.8 

181. 7 92.1 259.5 183.5 
211.0 105.5 200.9 109.5 
135.7 29.7 216.8 200.6 
150.4 129.0 216.3 102.6 

307.9 156.0 439.6 310.8 
395.5 198.0 263.4 81.3 
169.4 -32.6 311.1 363.2 
213.4 267.3 309.5 71.6 

A nonlinear analysis was performed using the program NONARCS. 
The relevant output is summarized in Table 4. 

In order for moment redistribution to be deemed successful the 
behaviour must not only satisfy the strength but also the 
serviceability criteria, 1. e. the deflections and the crack widths 
must be within allowable limits. The crack widths may be assumed to 
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Table 4 

Computed moments and steel stresses under serVLce and factored 
loads 

Load Load{l) Shift K 
ae .. Pattern Level coca 
1.0 1 no 134 

f no 187 
1.30 153 

f no 153 
1.40 f 108 

f no 131 
80 no 167 

f no 234 
s no 128 
f yes 204 

no 177 
f yes 254 

4 no 153 
f no 205 

830 s no 138 

840 

4 

co· 

2 

4 

C30 

2 

4 

2 

4 

f yes 171 
no 129 

f yes 165 

f 
s 
f 
s 
f 
s 
f 
s 
f 
s 
f 

• 
f 

• 
f 

• 
f 
s 
f 
s 
f 

• 
f 

• 
f 

• 
f 

• 
f 

• 
f 

• 
f 

• 
f 

no 149 
yes 174 
no 119 
yes 164 
no 142 
yes 177 
no 127 
yes 155 
no 154 
yes 179 
no 116 
yes 153 
110 314 
yes 459 
GO 215 
yes 304 
no 342 
yes 453 
110 218 
yeo 458 
GO 288 
yes 307 
yes 188 
yeo 257 
yes 297 
yes 322 
GO 241 
yes 308 
DO 238 
DO 280 
yes 180 
yes 247 
yes 244 
yes 299 
DO 187 
yes 271 

SIlPl'ORT II 

f 
o 

230 

340 

300 

221 

167 

231 

200 

272 

254 

294 

234 

302 

269 

327 

245 

243 

165 

266 

167 

331 

214 

340 

276 

340 

247 

340 

233 

K 
com 

~ 
0.43 

1.0 

1.03 

0.89 

0.78 

0.97 

0.78 

0.97 

0.93 

0.98 

0.93 

1.18 

1.03 

1.19 

1.02 

1.07 

0.71 

1.06 

1.07 

1.04 

0.87 

1.09 

1.04 

1.12 

0.99 

1.20 

1.09 

0.85 
0.91 
0.95 
0.74 
0.67 
0.64 
0.86 
0.90 
0.82 
1.02 
0.85 
1.17 
0.93 
0.96 
0.71 
0.66 
0.83 
0.82 
0.73 
0.80 
0.72 
0.77 
0.73 
0.68 
0.81 
0.77 
0.74 
0.66 
0.70 
0.72 
0.90 
1.04 
1.03 
1.15 
0.91 
0.95 
0.92 
1.53 
0.83 
0.70 
0;90 
0.98 
0.79 
0.68 
1.01 
1.03 
0.69 
0.64 
0.86 
0.94 
0.65 
0.63 
0.79 
0.90 

Ke. - IIOIIeDt at Met.lon fro. DODl.lnear analyst. 

f. - tenslle steel .tres. at a.nlee load 

- serv1ee 

f - factored 

0.676 

1.0 

0.882 

0.650 

0.491 

0.679 

0.588 

0.800 

0.747 

0.865 

0.688 

0.888 

0.791 

0.962 

0.721 

0.715 

0.485 

0.712 

0.491 

0.974 

0.629 

1.0 

0.812 

1.0 

0.726 

1.0 

0.685 

92 
136 

76 
104 

83 
99 

123 
170 
139 
186 

92 
137 

99 
168 
129 
170 
164 
175 
96 

128 
101 
134 
107 
125 
106 
133 

92 
120 
94 

119 
242 
287 
292 
357 
157 
226 
196 
265 
217 
240 
240 
254 
133 
188 
147 
202 
US 
236 
216 
247 
136 
174 
149 
197 

SUPPORT C 

f 
o 

233 

272 

340 

242 

274 

249 

194 

253 

227 

189 

197 

334 

333 

256 

262 

232 

281 

226 

186 

314 

340 

193 

211 

340 

330 

242 

227 

K 
~ 
K 

r 

0.91 

1.02 

1.10 

0.96 

1.04 

0.77 

0.94 

0.96 

0.99 

0.72 

0.76 

1.10 

1.17 

LOS 

1.04 

0.82 

1.02 

0.64 

0.75 

1.01 

1.07 

0.79 

0.85 

1.04 

1.09 

0.77 

0.87 

0.81 
0.93 
0.67 
0.77 
0.73 
0.67 
0.90 
0.94 
0.89 
0.88 
0.99 
1.01 
0.85 
1.12 
0.94 
0.94 
0.92 
0.83 
1.04 
0.95 
0.87 
0.89 
0.78 
0.69 
0.68 
0.63 
0.99 
0.88 
0.81 
0.79 
1.00 
0.93 
0.94 
0.90 
1.17 
1.33 
1.16 
1.24 
0.89 
0.78 
0.77 
0.64 
0.99 
1.11 
0.87 
0.95 
0.93 
0.77 
0.69 
0.62 
1.01 
1.03 
0.88 
0.93 

SUPPORT D 

f • 
7/y 

0.685 

0.800 

1.000 

0.712 

0.806 

0.732 

K 

136 
192 
153 
153 
113 
134 
169 
237 
129 
200 
155 

234 

343 

317 

219 

169 

202 
196 

0.571 153 199 
231 

0.744 141 278 
175 

0.668 116 228 
156 

0.556 124 244 
163 

0.579 124 243 
169 

0.982 146 310 
173 

0.979 119 252 
158 

0.753 120 253 
157 

0.771 121 256 
160 

0.682 317 246 
459 

0.826 210 161 
306 

0.665 228 175 
456 

0.547 286 221 
404 

0.924 284 326 
311 

1.0 183 209 
250 

0.568 204 230 
304 

0.621 204 233 
286 

1.0 242 340 
283 

0.971 177 242 
234 

0.712 187 258 
227 

0.668 194 241 
262 

K 
com 
~ 

r 

0.95 

1.0 

1.06 

0.90 

0.76 

0.7S 

0.88 

0.99 

0.88 

0.92 

0.95 

1.15 

LOS 

LOS 

1.07 

1.07 

0.71 

1.07 

0.94 

1.05 

0.84 

1.03 

0.97 

1.14 

0.94 

0.91 

1.05 

0.87 
0.93 
0.97 
0.74 
0.71 
0.65 
0.86 
0.91 
0.83 
1.00 
0.91 
0.91 
0.92 
1.07 
0.72 
0.59 
0.74 
0.78 
0.73 
0.75 
0.74 
0.79 
0.75 
o.n 
0.76 
0.79 
0.70 
0.73 
0.72 
0.74 
0.91 
1.04 
1.00 
1.16 
0.93 
1.46 
1.17 
1.31 
0.'2 
0.71 
0.'8 
0.95 
0.83 
0.98 
0.13 
0.92 
0.69 
0.65 
0.8S 
0.89 
0.76 
0.73 
0.79 
0.8S 
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0.668 

1.009 

0.932 

0.644 

0.497 

0.594 

0.585 

0.818 

0.671 

0.118 

0.115 

0.912 

0.741 

0.744 

0.753 

0.724 

0.474 

0.St5 

0.650 

0.9S9 

0.615 

0.676 

0.685 

1.000 

0.712 

0.759 

0.709 
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vary with the tensile stress in the reinforcement at the critical 
sections. 

It may be seen in Table 4 that for Beam A the steel stresses 
under service load reached the factored yield stress ¢ f = 340 MFa 
for 30% redistribution, yet for Beams Band C yield wfs Ynot reached 
until 40% redistribution was attained. The reason for this is that 
shear cracking and the resulting shift in the tension force did not 
occur in Beam A. However, shear cracks developed in Beams Band C. 
It has been well documented (Langer 1988) that once shear cracks occur 
the deformation capabilities of sections become greatly enhanced. 
Langer states that the plastic capacity generated by the shift in the 
tension force produces the predominant portion of the plastic 
rotation. 

Figure 12 depicts the relationship between load and moment 
throughout the load history for beams BO and B40. It is obvious from 
Fig. l2b that the redistribution of moments starts well before 
yielding of the steel. 

1.0 
(0) (b) 

1.0 
BEAM BO BEAM B40 

0.8 0.8 

SPAN 1 

.. 0.6 0.6 
~ 

"' 
~ 04 0.4 

0.2 0.2 

Fig. 12 Relationship between load and moment (a) beam BO-load case 
one, (b) beam B40-load case two 

Serviceability 

To establish a relationship between the moment redistribution and 
steel stress under service load, all the computed steel stresses at 
the critical sections under the different loading cases for the beams 
analyzed are plotted in Fig. 13 as a function of M 1M i' where M is 
the factored moment resistance and M i is the elcfstfc moment ubder 
factored load. The following equatiZ,n is generated from a linear 
polynomial regression analysis (Sveinson, 1989): 

M M 2 
[23] 1.6 - 1.3(Mr ) + 0.4 (~ ) 

ei Mei 
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With ~ - 0.85 we obtain: 
s 

[24] 
f 

s 
f 
Y 

M 
r 

1.4-1.1(M: ) + 0.3 
el 

1.1 

1.0 •• ~ ~. I 

0.9 '. ~ 
. ~ ;;EQ.2. 

~Q8 

M 2 ~ 
r ' (_) ~ 0.7 

Mel 
O~ 

. . . ~. '. ~ I ••• 
.1 

'. 

For design Eq. 24 may be simplified: Q8 
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:, 

[25] f 
s 

0.6 f (1 + R) 
y 

O·~'';:'----;0-;; .• ----;0~.7'-;;';0.8'----;;0.9;;-~1.0~-;,7., --;,-:-.2 -'~3-:-I:1.4--:-:!1.' 
Mr/Mel 

where R - 100(1 - M 1M .). r eA; 
Fig. 13 Steel stress vs. M 1M • r eA; 

For zero percent redistribution f - 0.6 f in Eqs. 24 and 25. 
This corresponds to the steel str;ss underY service conditions 
recommended by CSA-M84 (Clause 10.6.4) in lieu of more detailed steel 
stress calculations. 

It is interesting to note that for the different nonlinear 
analyses performed, the maximum midspan deflections remained 
relatively constant for each loading arrangement, regardless of the 
amount of moment redistribution. This observation may at first seem 
surprising, however it must be remembered that as reinforcement is 
removed from the negative moment zone it is being compensated for in 
the positive moment zone. 

Proposal for moment redistribution in CSA-A23.3 M95 

Engineers have traditionally been taught that the distribution of 
moments in an actual structure follows the distribution of moments 
obtained by an elastic analysis with I - I . However, this only 
applies to structural steel and to a very fig~~ed number of concrete 
structures where the relative stiffness remains constant throughout 
the structure as well as through the load history. 

Hopefully, this investigation has shown that the nonlinear nature 
of concrete structures results in moment distributions which may vary 
significantly from the elastic distribution without excessive steel 
stresses, crack widths, or deflections. 

It has been suggested here and elsewhere that the subj ect of 
moment redistribution must be divided into two categories: (1) beams 
without shear cracks and (2) beams with shear cracks. Remembering 
that shear cracks did not occur for Beam A and that steel stresses 
reached the factored yield stress ~ f for 30% redistribution the 
following percentages of moment redi~tlibution are proposed for the 
next edition of the CSA Building Code. 

[26] R 
R 

45-75 cld ~ 25 
60-100 cld ~ 35 

no shear cracks 
shear cracks 
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The ratio c/d maybe taken as the value after moment 
redistribution. 

In the absence of an axial force diagonal cracking may be assumed 
to develop under a shear force (c.f. Eq. 11-30 of CSA-MB4): 

[27] v - 0.2~jf' b d cr c w 

Compared with other design codes (e.g. CEB BS B110) , CSA-MB4 
gives very little information about the factors which influence the 
redistribution of moments. Future editions of the CSA should reflect 
the importance of adequate shear reinforcement, proper anchorage 
lengths of the longitudinal reinforcement, and should explain the 
increased deformational capacity when diagonal tension cracks due to 
shear are present. 

Based on the material presented, the following revisions to 
CSA-MB4 are proposed. 

(1) Clause B.4 Redistribution of Moments in Continuous 
Prestress and Nonprestressed Flexural Members. 

Except where approximate values of bending moments 
are used, the negative moments calculated by 
elastic analysis at the supports of continuous 
flexural members for any assumed loading 
arrangement may each be increased or decreased by 
not more than, 

R - 45-75 c/d ~ 25% if shear cracks do not occur 

or, 

R - 60-100 c/d ~ 35% if shear cracks do occur. 

The shear force at formation of shear cracks is 

v - O.njf' b d cr c w 

The modified negative moments shall be used for 
the calculation of moments at sections within the 
spans. 

(2) Clause 10.6.4 Crack Control Parameter 

When the specified yield strength, f , for tension 
reinforcement exceeds 300 MPa, cro~ sections of 
maximum positive and negative moments shall be 
proportional so that the quantity z, given by 
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does not exceed 30 kN/mm for interior exposure and 
25 kN/mm for exterior exposure. The calculated 
stress in the reinforcement at specified loads, 
f (MPa) , shall be computed through a rigorous 
afialysis. In lieu of such computations, f in the 
positive moment zone may be taken as 60%s of the 
specified yield strength, f. For beams designed 
for redistributions exceedirfg 10 percent the steel 
stress shall be calculated through a nonlinear 
analysis. In lieu of such computations the 
following equation may be used to compute f 

s 

f - 0.6 f (1 + R/lOO) s y 

where R is the moment redistribution in percent. 

(3) Section NB.4 of the Explanatory Notes on CSA-MB4 should be 
altered as follows: 

Redistribution of elastic bending moments can 
occur prior to yielding as a result of the change 
in stiffness due to flexural cracking in the span 
and over the supports and prior to failure as a 
result of inelastic deformations. 

Adequate shear reinforcement must be based on the 
shear force producing the maximum effect between 
the elastic and redistributed value. 

Anchorage lengths for the longer bars in the 
negative moment zone must be based on the elastic 
point of contraflexure and must include any shift 
in the tension force due to shear. 

Rotational capacity of a section may be determined 
by integrating curvatures over an appropriate 
length and must incorporate any shift in the 
tension force due to shear cracking. 

Conclusions 

This study shows that it is possible to allow a larger percentage 
of moment redistribution than what allowed in the present Canadian 
Building Code (CSA A23.3-MB4), particularly in continuous members 
where shear cracks have formed. A proposal for the relevant clauses 
is presented for discussion. 
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ELASTIC RATIONAL ANALYSIS AND TESTS OF UNBRACED CONCRETE 
FRAMES 

INTRODUCTION 

by Richard W. Furlong 
E.C.H. Bantel Professor of Engineering Practice 

The University of Texas at Austin 

Members of reinforced concrete structures "shall be designed for the maximum effects 
of factored loads as determined by the theory of elastic analysis" to satisfy Section 8.3.1 
of the ACI Building Codel . However, at any failure limit state, it is known that the 
actual distribution of forces in a structure will differ significantly from that indicated by 
elastic analysis. The inelastic redistribution of forces under excess loading tends to 
permit the frame to sustain limit loads greater than those suggested from elastic analysis. 
One detrimental influence from inelastic response due to excess loading is the reduction 
in member stiffness and potential instability of concrete frames as the mass of a structure 
is displaced laterally toward an unstable overturning mode of failure. Section 10.10 of 
the Building Code requires designers to consider both local and overall instability of 
concrete structures rationalized in terms of beam-column effects on compression 
members. If first order elastic analysis is to serve as the basis of design, Section 10.10.2 
permits the use of an approximate evaluation of compression member (and of frame) 
slenderness effects by means of moment magnifier factors in Section 1O.ll. 

For individual columns in braced frames, moment magnification procedures of Section 
10.11 are easy to visualize, almost intuitively logical. The coefficient Cm, which reflects 
the shape of the column bent by applied load, and the critical column thrust Pc, which 
reflects slenderness, are readily understood for individual columns. If framing and 
loading conditions indicate that little or no moment should exist in an individual column, 
the use of a minimum eccentricity in accordance with Section 10.11.5.4 is straightforward 
without complication. 

For columns in unbraced frames (frame stability) the use of moment magnification 
procedures is less apparent and logical. Lateral sway of unbraced frames is resisted by 
flexural restraints at beam and column joints throughout the frame. Consequently, it is 
necessary to accumulate influences from every beam and column joint in order to 
evaluate total sway sensitivity and strength. The intuitive logic of load paths and element 
response is less apparent when the procedure indirectly must take into account changes 
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in stiffness for individual columns and beams at joints as lateral forces move each level 
with respect to other levels. Still less apparent is the need and the amount of magnified 
moment in beams when the moment magnification factor is expressed as a ratio between 
column axial forces. Details regarding the role of creep under sustained load, minimum 
eccentricities, and required limit load combinations of factored thrust and moment for 
design are not obvious or intuitively apparent. Determination of strength requirements 
to resist second order displacements of unbraced frames can be perceived from a rational 
analysis of the second order displacements more logically than from magnification 
procedures. 

RATIONAL ANALYSIS OF UNBRACED FRAMES AT LIMIT LOAD 

The Commentary to ACI 318-891 in Section 10.10.1 suggests that a second order 
analysis which includes the effects of sway deflections and inelastic material response will 
produce approximations more accurately and probably more appropriately than the 
magnification procedures. Any "complete" second order analysis procedure would 
require modification of the stiffness properties of frame members and an adjustment of 
the geometric relationships among members in response to loads incremented until the 
structure ceases to resist loading. Such a "complete" analysis would be needed for every 
possible sequence of loading that possibly might cause structural failure; a requirement 
far too cumbersome for conventional design practice. 

A simplified second order analysis for predicting failure conditions completely enough 
for purposes of design can be based on customary elastic analysis computer software2,3,4 

if the stiffness properties of frame members are taken to be low enough slightly to 
overestimate any detrimental effects of inelastic displacements under applied factored 
(limit) loads. Such a second order analysis will produce adequate (safe) moment maxima 
at the ends of columns and beams directly as output without the need or complexities of 
additional moment magnifiers for unbraced frames. It will be safe if overall detrimental 
effects of displacements are overestimated. It will be reasonable and it will lead to 
efficient design, if the amount by which detrimental effects are overestimated is not 
excessive. 

An illustration of analysis for the strength limit of an eccentrically loaded column 
appears in Fig. 1. The solid, heavy line of the graph indicates actual values of thrust P 
and moment M at the base of the column as the force F is increased until the graph 
intersects the limit strength interaction diagram for the column. The long-dashed lines 
are graphs of predicted values for P and M at the base of the column if initial material 
stiffness E. and uncracked concrete cross section moment of inertia 19 were used in the 
analysis. The shaded portion between the long dashed lines and the straight, constant 
eccentricity line represents second order moments caused by the displacement of the 
loading point as the force F is increased. The short-dashed lines show results from an 
elastic analysis that uses a reduced cross section stiffness value aEI,. A 'safe' capacity 
for design of the column will be estimated if the reduced aElg graph intersects the limit 
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Fig. 1- Secondary Forces on a Beam Column 
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strength graph at a value of axial force lower than the value for which the actual behavior 
graph at the limit state of strength intersects the interaction diagram. If the estimated 
capacity is too large, the estimated capacity would be higher than the actual value, and 
a structure so designed would be under-strength. Inelastic response is concentrated near 
the base of the column of Fig. 1. Similar zones of inelastic response occur at ends of 
beams and columns at the most highly stressed joints in a moment-resistant frame. 

The second order effect of displacement can be estimated with a P-Delta procedure 
suggested by Adams and Wood3 and extended as described by MacGregor and Lai4. The 
procedure can be described with the column of Fig. 1. At any level of force F, the 
vertical component PI acts with a lateral component HI. The displacement YI is computed 
as a function of the force HI and the material and geometric properties of the column. 
There will be an extra amount of moment PIYI in addition to the value of the column 
length L times the force HI. The extra moment PIYI can be divided by the column length 
L to obtain a dummy horizontal force H' that, if added to the initial force HI in the initial 
analysis, would have given the total moment at the base of the column. The extra 
moment will create extra deflection, and an iterative process is apparent. The analysis 
of relatively stiff structures will require only the first iteration, as there will be little, if 
any, increase in the horizontal forces due to lateral displacement. The iterative process 
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is complete when there are no changes in horizontal force. The joint moments from the 
'final' iteration represent the correctly augmented values, including second order effects. 
These moments without further magnification can be superimposed with gravity load 
requirements to determine maximum values for design. If the iteration does not 
converge, the structure is unstable. 

A unique mass of a structure to be considered during the required horizontal force 
event is not specified in any of the building codes or specifications for design. Indirectly, 
there are minimum requirements for occupancy loads, there are live load reduction 
factors, and there are several required combinations of factored loads. In most cases the 
amounts of axial force Pu for which columns must be designed is determined not from 
analysis of an indeterminate frame, but from unit loads applied story-by-story to 
contributing areas that are supported by each column. Certainly, a cautious and safe 
procedure for design could use as the mass of the structure in place during the horizontal 
force event the sum of all required design thrusts pu. The actual structural mass 
probably will be smaller than the amount of all design thrusts acting simultaneously, but 
secondary moments will not be sensitive to small variations in the mass of a stable 
structure. Further refinement of the design secondary moments downward more 
accurately to reflect the actual probable mass of the structure during the horizontal force 
event must await statistical documentation more precisely to define the probable mass. 
The sum of values Pu, factored axial load currently required for design, is the best 
estimate of mass consistent with current building codes. 

In summary, a rational analysis for the design of buildings, braced or unbraced, is 
possible with first order elastic analysis computer software readily available. The rational 
analysis includes the following steps: 
1. Determine factored design thrust values P u for every column. 
2. Determine factored moment values Mu for response to gravity loading. 
3. Determine factored moment values Mul for response to required lateral loads with the 

mass of the structure taken as the sum of factored values P u while incorporating second 
order joint displacements using reduced EI values for frame components. The second 
order effects can be determined using an iteration of elastic analyses for the secondary 
effect of lateral displacements. 

STIFFNESS REDUCTION COEFFICIENTS 

The Commentary to ACI 318-89 contains in Section to. to the suggestion that beam 
stiffnesses of 0.5EJg taken together with column stiffnesses equal to E.,Ig (0.2 + 
1.2ptE.lEc) will produce acceptably safe estimates of forces to be used for strength design 
of members. Columns must contain at least the minimum reinforcement ratio Pt = 1 %, 
and the ratio between steel and concrete material stiffness will be about 8. Thus, a 
stiffness reduction coefficient of a = 0.3 could serve as a safe lower bound value for all 
columns in order implicitly to satisfy the recommendations of the Commentary to the 
Code. It may be argued that an analysis based on column stiffnesses 30% of the nominal 
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values and beam stiffnesses 50 % of the nominal values will reflect for gravity loading 
column moments lower than those most likely to occur under service loads for which 
response traditionally has been reflected by analysis with the nominal stiffnesses of the 
members. 

The Building Code equation (10-11) for effective EI values in the moment magnifier 
process permits a coefficient of ex = 0.40 if the effect of creep is ignored. The neglect 
of creep with (jd = 0 is accepted explicitly as part of the advice for determining effective 
length factors k for columns in unbraced frames. During the design process, the use of 
the same coefficients both for beams and for columns would not distort analysis of 
gravity load response as does the use of ex factors for beams different from ex factors for 
columns. The specific values ex that can be recommended for rational analysis in design 
must produce safe results when coupled with Code-specified strength analysis procedures. 
Frame response studies with ex = 0.4 for all members has been made, and results have 
been compared with test data. 

LABORATORY TESTS OF INDETERMINATE FRAMES 

Data regarding actual strength of unbraced concrete frames is limited, as few limit 
load tests of indeterminate structural systems are made outside of laboratories. Reports 
of frame testsS,6,7,8 include 7 structures with column loads plus horizonta1loads and 13 
structures with column and horizonta1loads plus beam forces. The limit strength of each 
of the frames for which test data are available was estimated analytically using reduced 
member stiffness values for all members. The capacity limits of cross sections were 
determined for the full nominal dimensions and material properties reported for the 
laboratory specimens. Strength reduction factors cf> = 1 were used for analytic 
predictions of frame capacities. 

Concrete stiffness was taken to be Ee = 57000 .lfe' as recommended by ACI Code 
Clause 8.5.1 for normal weight concrete. The highest reported value of yield strength 
for reinforcement was used for the strength analysis of those frames for which a range 
of values fy were reported. A short program for personal computer equipment was used 
to determine the bending capacity of cross sections subjected to any amount of axial 
force. Since the influence of displaced 'gravity' loading on test frames was taken into 
account, the estimates of limit load on test frames did require an iterative procedure with 
a step-by-step linear analysis of response to lateral force. 

Cross section strength was estimated with the rectangular stress block pro- cedures 
satisfying Clause 10.2.7 of the ACI Code!. All material strengths were taken from the 
reported values with capacity reduction factors cf> = 1. 

The process of analysis for limit loads from a second order procedure requires more 
than simple superposition of responses to diverse load cases. One sequence of loading 
can produce failure mechanisms different from those from other sequences for application 
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of limit forces. The 7 frames5 that were subjected only to axial forces and a sway force 
were tested with controls that kept constant the ratio between the axial forces and the 
sway force. Consequently, for these simple 4-member frames, all 4 comer regions of 
theoretically equal strength should fail simultaneously from the same combination of limit 
thrust and moment. Results of analysis and from test data for the 7 frames are listed in 
Table 1. In theory, there was no post-yield redistribution redundancy for these frames. 

In contrast, there were 5 frames6, also with 4 members, but the beams for these 
frames were loaded in addition to the column forces and sway force. Beam bending 
moments at the "leeward" comers away from the sway force were increased by the sway 
force while moments at the other comers were decreased by the sway force. Eventually, 
the stiffness of "leeward" comers decreased when limit loads were approached. The 
opposite comers provided a redundant, reserve resistance that delayed actual failure in 
the laboratory. The analytic estimate of strength as reported here did not recognize the 
reserve, post-elastic response to load, but the analytic 'failure' loads are those which 
would cause the first cross section of the frame theoretically to exhibit crushing spalling 
failure. Results from analysis and from observed results for the 5 frames are displayed 
in Table 2. 

Eight 4-column, 2-beam frames were subjected to column loads, beam loads, and a 
lateral force7•8• These frames contained several sources of post-elastic reserve strength 
after the first region theoretically should reach failure. Again, analytic estimates of 
strength were taken to be the loads associated with the first region to reach a crushing­
spalling stage of response when procedures of ACI 318-891 Section 10.2.7 were used to 
estimate strength. Analytic estimates of the first failure load on these 8 frames are 
tabulated with test results in Table 3. 

The Table 2 summary of data from frames6 that were loaded with "gravity load forces 
P and B before lateral force H was applied contains also the estimates of first failure 
loading if the ratio among beam loads B, column loads P and lateral force H had been 
held constant during the tests. During actual testing, the "vertical" forces were held 
constant while the lateral forces were increased until the frames ceased to resist lateral 
force. 

Predictions of the capacity to resist lateral force on the frames already loaded with 
about 60% of their axial force limit cannot reflect overall safety when compared directly 
only with the observed lateral force limit. Such a comparison will reflect only the safety 
of frame capacity available after 60% of the column resistance to axial force had been 
used. In order to obtain an overall reflection of safety, each of the frames from Ref. 6 
and Ref. 7 were assumed to have been loaded with all forces increased in the same 
proportions as those that were reported to be the test forces at the failure state of each 
test frame. For purposes of estimating and comparing overall strength, the ratios HIP 
and B/P were held constant even though the actual test procedure involved a constant 
ratio B/P while the sway force H was increased until failure. 
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DISCUSSON OF ANALYTIC PREDICTIONS 

Table 1 displays the results from studies of failure load estimates including second 
order effects when 2 sets of effective stiffness reduction coefficients were used. In one 
set, the value of Ol = 0.3 was used for columns and Ol = 0.5 was used for beams. In 
the second set, Ol = 0.4 was used for ALL members. With the first set, the ratio 
between measured strength and calculated strength varied from 0.89 to 1.42, averaging 
1.11 with a coefficient of variation equal to 0.17. When BIg values were reduced with 
the constant ratio Ol = 0.4 for ALL members, ratios between measured strength and 
calculated strength varied from 0.87 to 1.51, with an average value of 1.10 and a 

TABLE 1 

Breen and Ferguson Frames - Ref. 5 

y=HL[-~++~ 
12 E 

Q = 1 __ p_L.;;;;;ft:~c~+_~.u:B 
12 E 

Column bars 4 #3 
Beam bars 8 #4 

Frame f' c fy 

Ksi Ksi 
BF1 3.98 55.6 
BF2 4.17 59.1 
BF3 3.20 56.4 
BF4 3.81 57.0 
BF5 4.06 52.1 
BF6 3.70 52.1 
BF7 2.99 55.4 

Average 
Standard Deviation 

L 

in 
84.0 
84.0 
83.2 
44.9 
44.9 
44.9 
43.2 

.... ---- 84 in-----t~ 

3.19,4, or 5 in 

r4in 4in 
L L All members b = 6 in 

~~ 

/ 

oc.beam =0.5 oc.beam =0.4 
oc.col =0.3 oc.col=0.4 

HIP Pmeas I beam Q Peale 
MeasP I Q Pie: Pmus CiiCJ5'""" ea PM'''' 

K inA4 K inA4 K 

0.02 37.5 16.0 5.48 30.0 1.25 12.8 5.22 31.7 1.18 
0.06 25.0 16.0 2.37 21.7 1.15 12.8 2.30 22.7 1.10 
0.02 31.0 8.1 6.78 20.9 1.42 6.5 6.83 20.4 1.51 
0.04 55.0 30.1 1.97 61.8 0.89 24.1 1.89 63.1 0.87 
0.12 42.5 30.1 1.41 37.6 1.13 24.1 1.38 38.2 1.11 
0.04 55.0 30.1 1.92 59.6 0.92 24.1 1.85 60.8 0.90 
0.04 40.0 8.1 3.20 40.0 1.00 6.5 3.47 37.8 1.06 

1.11 1.10 
0.17 0.20 

1.000 ksl = 6,896 MPa 1.000 k = 4,448 KN 1.00 In = 25.4 mm 
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coefficient of variation equal to 0.20. The constant value ex. = 0.4 produced results 
which differed from measured results by ratios that averaged slightly higher than those 
estimated with ex. = 0.3 for columns and ex. = 0.5 for beams. The small differences may 
not be significant with only 8 sets of values. Certainly, an average difference less than 
2 % is not significant for predictions of concrete structures in general. A constant value 
ex. = 0.4 was used for all subsequent studies of frame response. 

The results of studies for the 5 frames of Ref. 6 are listed in Table 2. Limit strength 
analysis was performed for limit loads applied in the same sequence as that used for the 
physical tests, i.e., gravity forces were applied and held consistent while horizontal forces 
were increased until failure of the frame. Ratios varied from 0.94 to 2.30 with a 
coefficient of variation equal to 0.55, suggesting that the analytic procedure was not 
accurate at all. Analytically, after a "hinge" formed at the leeward columns, frame 
stiffness decreased too much for the windward column to maintain the horizontal force 
while gravity loads were held constant. Reports of the tests indicated that some residual 
strength remained in the frames with vertical loads in place after leeward columns had 
developed hinges. Additional horizontal forces were resisted before failure occurred. 
It is apparent that reducing all of the member stiffness values to 40% of the gross EI 
values was a greater reduction than the real frames experienced. Actually, 90% or more 
of the flexural load resisting capacity in joints was consumed before any horizontal forces 
were applied. This comparison between measured and calculated horizontal forces 
reflects only the amount of strength remaining after vertical loads were in place, and the 
scatter among strength prediction ratios should be expected. 

In order to study the relative strength of frames overall, the ratio between loads P, B, 
and H analytically was held constant at the ratio reported from tests just before the failure 
of each frame took place. Results from the "Proportional Loading until Failure" study 
are shown in Table 2. For this study of overall frame behavior, the ratios between 
measured total failure load and calculated total failure load varied from 0.98 to 1.25 with 
a coefficient of variation equal to 0.09. The one frame for which an "unsafe" strength 
estimate was made had the lowest value of concrete strength. 

The 8 frames with 4 columns reported in Ref. 7 and Ref. 8 reflected significantly 
more reserve redundancy than did any of the 2-column frames. Results displayed in 
Table 3 for analysis of behavior under the same loading sequence as that used in the tests 
took as the strength limit the "first yield" forces on any member of the frame. The ratios 
between measured first yield load and calculated first yield load varied from 0.90 to 2.50 
with an average value of 1.71 and a coefficient of variation equal to 0.45. The one 
"unsafe calculated load involved the one frame for which the second order stability index 
Q was highest, but unlike the frames from Table 2, the concrete strength value was 
nearly the highest value for any of the frames. 
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TABLE 2 

Rad and Furlong Frames - Ref. 6 
yp 

All Members 6 in wide 

Column Bars 4 #3, Grade 75 H 
Beam Bars 4 #4, Grade 60 

except 
RF2 with 4 #3, Grade 75 

4" all beams 
t :l 

Only RF45" 42" 
Only RF3 5" t t ~ Corner moments M 

Frames 1,2 & 5 M =16B, M =10.5H 
Q .. 11 [ 1 - 34.5(P+B)lE) 

Frames 3 & 4 M .. 16.6B, M =10.88H 
and M =10.12H 

Q ... 11 [ 1 -15.8 (IP)/E) 

~""~~""" I ~:-,,,,, :-,,,~ 
28·.....l.- 28" +- 28· 

84" 

Analysis with oc. .. 0.40 all members P & B Constant Propornonal LoaOing 
Increase H to Failure until Failure 

Frame f' 't BlP HIP I Hmeas Q H calc Hmeas P Q P calc ~eas c col 11 calc 
mea, 

calc 
ksi inA4 Ie. k Ie. Ie. 

RF1 3.15 1.00 0.02560.0400 12.8 2.0 2.44 0.96 2.06 54.0 1.93 44.1 1.22 

RF2 2.90 1.00 0.02560.0239 12.8 1.1 2.10 1.17 0.94 46.0 2.16 47.0 0.98 

RF3 4.46 1.18 0.03300.0433 25.0 2.5 1.89 1.50 1.67 57.7 1.89 51.0 1.13 

RF4 6.60 0.83 0.0280 0.0195 12.8 1.7 1.96 1.21 1.40 87.0 1.96 77.0 1.13 

RF5 3.55 1.00 0.02560.0383 12.8 2.3 2.62 0.91 2.30 60.0 2.01 48.1 1.25 

Average value 1.72 1.14 
Std. Deviation 0.55 0.09 

1.000 le.si = 6.896 MPa 1.000 Ie. .. 4.448 KN 1.00 in .. 25.4 mm 

The point at which calculations suggested initial failure corresponded to the same point 
that was actually observed to yield first in only 2 of the 8 frames. Instead of an overall 
and constant reduction in stiffness as assumed for analysis, the actual frames developed 
local regions of cracking and yielding which produced failure modes different from those 
predicted from elastic analysis of the artificially "soft" structures. Columns actually 
experienced initial yielding in 5 of the 8 frames, whereas the analysis suggested that 
beams would be the first point of yielding in 6 of the 8 frames. It is apparent that beams 
in the real frames lost more effective stiffness than did the columns under significant axial 
forces which restrained cracking and tension yielding of column bars. 
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TABLE 3 
Ford, Chang, and Breen Frames - Ref. 7 & 8 

All Members 6 in wide 
P 1.23P B B P O.77P 

H __ ~~::::~B~M~2::::~~::::'~B~M~4~::::~::::::BM=6::::::::~ T 4" 

42" C1 

~~----~~-+----7T------~B~M3~----on----~~~-----M 
""~I"" "]'" 

84" 84" .·4 84" 

Beam Bars 4 #3 @ 52 to 57 ksi except FCB8 and FCB9 with 4 #4 and 2#3 @ 64 ksi 
Column Bars 4 #3 @ 52 to 55 ksi except Col C4 with 6 #2 @ 52 to 55 ksi 

and FCB7 & FCBB with 4 #3 @ 71 to 74 ksi 

P and B Constant, H to 1st Yield Load Proportions Constant 

Frame f'c B H Q Hcalc Hmeas Calc P B/P HIP P calc P meas meas -- Spot meas --
ksi k k Hcalc (obs.) k P calc 

FCB1 3.00 0 6.30 1.89 2.96 2.13 CI3T 60.0 0 0.105 44.8 1.34 
(C13 B) 

FCB2 3.39 1.5 4.00 1.79 1.60 2.50 Bm1 rt 60.0 0.0250 0.067 44.0 1.32 
(C13 B) 

FCB3 3.36 0 7.20 1.77 3.97 1.81 Bm1 rt 60.0 0 0.120 43.0 1.39 
(C13 B) 

FCB4 3.76 1.75 2.50 1.95 1.78 1.40 Bm1 rt 70.0 0.0250 0.036 50.0 1.40 
(Bm1rt) 

FCB5 3.74 1.75 2.70 1.96 1.78 1.52 Bm1 rt 70.0 0.0250 0.039 48.0 1.46 
(CI4B) 

FCB6 4.00 -2.1 2.16 2.31 0.63 1.59 Bm41t 84.0 0.0250 0.025 72.8 1.15 
(Bm5lt) 

FCB7 6.12 1.15 2.63 2.42 2.91 0.90 Bm1 rt 107.0 0.0107 0.025 90.5 1.18 
(Bm1rt) 

FCB8 6.17 1.6 7.17 2.31' 4.00 1.79 CI4B 103.5 0.0155 0.069 83.0 1.25 
(CI3Tl 

Average 1.71 1.31 
Std. Deviation 0.45 0.10 

1 k - 4.448 kN 1 ksi = 6.896 MPa 1 in - 25.4mm 

A second study was made for failure loads overall with the ratio between loads H, B, 
and P analytically held constant at the ratios which were reported just prior to the limit 
load state. Results shown in Table 3 display ratios between measured limit loads and 
calculated limit "proportional" loads varying from L 18 to L 69 with a coefficient of 
variation equal to 0.16. The average value of 1.42 in these 4-column frames is 
noticeably higher the similar average of 1.13 for 2-column frames. 
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RECOMMENDATIONS FOR AN ELASTIC ANALYSIS P-DELTA METHOD 

Among the 20 tested frames that were analyzed for calculated strength with rational 
P-Delta second order displacements determined with member stiffness taken as 40% of 
the nominal values Elg, 17 resisted loads higher than calculated limit values. In the 
analytical studies which employed proportional loading until the first strength limit of any 
member was reached, the average ratio between measured capacity and calculated limit 
load was 1.12 for the 12 frames with 2 columns, and the average ratio was 1.42 for the 
8 frames with 4 columns. Safe designs can be determined with linear elastic programs 
that incorporate a second order P-Delta analysis if all member stiffnesses are reduced to 
40% of their nominal, uncracked values. The amount of safety against lateral buckling 
increases with the number of columns and the associated degree of indeterminacy for the 
frame. 

It is recommended that provisions of the ACI Building Code specifically permit for 
unbraced frame design the use of elastic, P-Delta analyses with member stiffness values 
reduced to not more than 40% of their uncracked nominal values Eelg. Furthermore, it 
is recommended that a frame stability capacity reduction factor be allowed to increased 
from the current value of 0.7 in a 2-column structure to a value of 0.9 if there are 10 or 
more columns. 

The following expression for effective flexural stiffness in the calculation of limit 
response to factored loads on unbraced frames is suggested: 

EI = <P ex Ee Ig with [1] 
ex = 0.4 
<P = 0.66 + (Number of Columns) I 50 < 0.90 [2] 

Frame analysis for the effects of gravity loading without lateral force can employ the 
same values for member stiffness. The relative values of member forces will be the same 
as those derived with customary nominal EI values for uncracked stiffness, since ALL 
member stiffness values are modified by the same ratio. 

It is possible that concrete structures could be shown to possess strength adequate for 
the required gravity plus horizontal force condition without revealing that the frame 
contains individual columns too slender to resist gravity load conditions alone. Columns 
too slender to resist gravity forces in the "braced frame" condition can be identified by 
height-to-thickness ratios9• Ifthe ratio Llh exceeds 8 for an interior column or 12 for an 
exterior column, each should be checked for strength as a column in a braced frame using 
ACI Code Clause 10.11.5.1. 
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NOTATION 

B concentrated transverse force on a beam. 
Cm factor reflecting the curvature of a compression member in ACI Eq(10-7). 
e eccentricity of axial force, e = M/P. 
E Young's Modulus of Elasticity. 
Ee Modulus of Elasticity for concrete. 
Es Modulus of Elasticity for steel. 
F Force. 
fy yield strength (stress). 
f e design compression strength of standard 6-in (250mm) concrete cylinders. 
H horizontal (lateral) force. 
H' lateral force which produces overturning moment equal to that caused by lateral 

displacement of structural mass. 
HI initial value of applied lateral force. 
Heale calculated lateral force which produces first failure zone in a frame. 
Hmeas measured lateral force which produced first failure zone in a frame. 
I moment of inertia of a column cross section. 
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NOTATION (continued) 

I.o. moment of inertia of a column cross section. 
Ig moment of inertia based on exterior gross dimensions of a cross section. 
k coefficient of column length to indicate effective distance between hinged ends. 
L length of a beam or column. 
M moment. 
Mu factored moment (required for strength). 
Mul factored moment for strength to resist lateral load. 
P column force, axial load. 
Pc slenderness index strength, taken as Euler load with no material yield limit. 
P calc calculated axial load on reference column. 
P meas observed axial load on reference column. 
Pu factored axial force required strength. 
PI initial value ofaxal force. 
Q amplification factor for lateral force effect from displaced building mass. 
y displacement in direction perpendicular to column. 
YI initial value of displacement y. 
a flexural stiffness reduction factor. 
{3d creep coefficient equal to ratio between permanent and design values of P. 
'Y coefficient of axial force on reference column. 
PI ratio between area of reinforcement and total area of cross section. 
!p capacity reliability reduction factor. 
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ON SHEAR FAILURE OF Ric THIN-WEBBED BEAMS 

LIMIT AND EVOLUTIVE ANALYSES : A CLOSE CONTEST 
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The authors are very glad to dedicate this paper to Professor Mircea 
Cohn, as a sign of recognition to him and to the Canadian School for 
their contributions to RC nonlinear analysis. The authors take this 
opportunity to recall some results recently obtained in ~lan,during 
Professor Cohn's last stay as Visiting Professor (Spring 1990), and 
which have been only partially published so far. 

SUMMARY 

The nonlinear analysis of a few RiC double-tee beams recently tested by 
Regan and Rezai-Jorabi is here performed by means of a NLFE code based 
on an incremental-iterative procedure, and of a Limit-Analysis approach 
based on the assumption that stirrups yield first and that the stress 
field in the web is characterized by a diagonal compression field. Both 
approaches fit more than satisfactorily the test data and both produce 
numerical results which show remarkable agreement, not only globally, 
but also locally. 

1. INTRODUCTION AND NATURE OF PROBLEM 

Concrete behavior is characterized by various important nonlinearities 
regarding both solid undamaged concrete and cracked concrete. With 
reference to damaged concrete, a few mathematical models for crack 
formation and propagation, and for stabilized cracking (see for 
instance [2] and [10] for aggregate interlock) have recently become 
suitable for introduction into existing F.E. codes. 

85 
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The constitutive laws regarding each type of nonlinearity may in 
principle be used in an "evolutive" analysis, as well as in a "limit" 
analysis, in the latter case with more limited results, but with far 
less numerical and computational effort. 

To what extent two very different approaches agree in the 
modellization of a well defined structural problem is the aim of this 
paper, where the ultimate analysis of regularly cracked RIc thin-webbed 
beams failing in shear is performed in parallel by means of a NLFE code 
(evolutive analysis, see also [9,11]) and a truss-and-tie model (limit 
analysis, see [5-8]), in order to investigate the stresses and strains 
at impending collapse in shear of a few RIc double-tee beams recently 
tested by Regan and Rezai-Jorabi [14] at the Polytechnic of Central 
London (Fig. 1). In both approaches, the so-called Rough Crack Model for 
aggregate interlock is used [2,10]. 

In the NLFE code (which is basically an improved version of ADINA) 
concrete behavior is modeled via a hypoelastic constitutive 
relationship in the principal directions of the stresses, according to 
an orthotropic formulation. In tension a bilinear law is adopted in the 
directions of the principal tensile stresses, with a rising branch 
followed by a falling branch (Fig.2). The latter has to be adjusted 
according to mesh size in order to have an objective description of the 
material in case of strain softening. What is interesting here is that 
aggregate interlock is activated as soon as the principal tensile 
stress goes to zero (at the end of the falling branch). Afterwards, the 
above stress becomes negative, if a crack slip or an "equivalent" 
shear strain is born along the planes at right angles to the direction 
of the original principal stress (see Section 2). Of course, in this 
case the crack reference system is no longer a "principal system" since 
shear stresses occur in the cracked planes, as we have already said. 

In the limit analysis, a modified truss-and-tie model is used: 
reinforced concrete is represented via a system of concrete struts in 
compression and steel bars in tension; beam failure is assumed to be 
caused by stirrup yielding and strut collapse (in shear and 
compression) at the end sections of the struts. Both strut flexural­
stiffness and aggregate interlock in the web are introduced, as well as 
stirrup-to-concrete bond. The stress field in the web is assumed to be 
characterized by a diagonal compression, not aligned with the shear 
cracks. Here crack displacements are not constant as in [5,6,7], but 
are variable along the shear cracks in the web (see Section 3), as 
already assumed in [8,9], but a more realistic distribution is adopted 
for the interface displacements, in order to consider the pinching 
action of the longitudinal bars (when flexure-shear cracks occur). 
Moreover, the dowel action is introduced in a more consistent way (see 
[8]) and the shear transmitted by the top uncracked flange (Case II, 
flexure-shear cracks) or by both flanges (Case I, web-shear cracks) is 
introduced too. 

The results obtained with the two theoretical approaches show good 
agreement and fit Regan and Jorabi's test results, with reference to 
the ultimate loads and to the directions and values of the stresses and 
strains (smeared cracks included). In both approaches, the crack 
orientation is assumed to be "fixed", whilst a certain amount of crack 
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1~ 4 stirrups ~6 plus 4~12 

Fig.1 Details of the beams tested by Regan and Rezai-Jorabi [14]: 
beams 1-3. Flange stirrups ¢ 6 spacing 100 mm in beams 1-3; 175 mm in 
beams 4-6; 70 mm in beams 7-9. 
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Fig.2 Constitutive law for concrete subjected to a tensile strain, 
strain softening and aggregate interlock included: E~=on/h (h=mesh 
size [11]); Egr=On/s and ygr=Ot/s (s=crack spacing); 0n,Ot=crack opening 
and slip; Egr and ygr smeared strains. (a) curves of the normal stress 
and of the strain ratio; (b) curves of the normal and shear stresses. 
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rotation always occurs, because of the formation of new micro- and 
macro-cracks associated with the evolution of the stress and strain 
field, at increasing loads. 

2. EVOLUTIVE ANALYSIS AND CONCRETE CRACKING 

A NLFE code comparable to ADINA was adopted in the investigation of the 
evolutive behavior of beams 1,4 and 7 tested by Regan and Rezai-Jorabi 
([14], see Section 4 and Fig.l). The code is based on an incremental­
iterative procedure running on a 80386 PC. The beams were modeled as 2-
D elements (plane stresses), with the flanges reduced to 2-D elements 
lying in the longitudinal mean plane. Isoparametric elements with 4 
nodes and 4 integration points were used for the modelisation of the 
web and of the flanges, while truss elements were adopted for the 
stirrups and main reinforcement. The typical mesh is shown in Fig.3, 
where the truss elements coincide with the vertical sides of the 
concrete (isoparametric) elements, and the vertical truss elements over 
the end supports also include the end blocks of the beam. The dashes 
represent the main reinforcement. 

In fitting Regan's test results, the load is applied by increasing 
the vertical displacement of the top fiber of the mid-span section: the 
program stops automatically when the corresponding mid-span force 
becomes stationary, because of the yielding of the main reinforcement 
or the crushing of the top fibers in compression. 

As regards the behavior of the materials, an elasto-hardening law 
was introduced for the reinforcement (Et =1/40 Es' according to test 

data), while concrete was modeled as an orthotropic material, with the 
axes of the orthotropy coincident with the directions of the principal 
stresses. 

In compression-compression the uniaxial stress-strain law for each 
principal direction is based on the uniaxial law in simple compression, 
but the strength parameters are increased according to the 2-D failure 
envelope [1]. 

In tension-compression, the type 
introduced for compression-compression 
compressive direction. In the tensile 

of stress-strain law already 
is still applied in the 
direction, a stress-strain 

bilateral law (as shown in Fig.2) is adopted, where the peak value 

depends on the failure envelope. The same holds for tension-tension and 
for pure tension. 

As for pure tension, the initial rising branch up to the peak (0 = 
c 

f ct ' EO= fct/Ec= 1.5xl0-4 in Fig.2) is followed by a linear falling 

branch, whose slope Et«O) and final strain El depend on the fracture 

energy Gf , tensile strength f ct and mesh size h [3]: 

Et = -Ec/(A/h-l) with A = 2GfEc/f~t E1 = 2 Gf/(fcth) 

where Gf =(2.72+3.10f t)f2td /E (N/mm) , according to Bazant and Dh [3] c c a c 
(d = maximum aggregate size = 20 mm in this paper). 

a 
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Fig . 3 - F. E. mesh used in the evolutive analysis . 
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Fig . 4 - Cracked web behavior: (a) web-shear cracks-Case I, and flexure­
shear cracks-Case II; (b) average crack opening and slip; (c,d) forces 
acting on a concrete strut ; (e) Diagonal Compression Field (DCF) : 
a = DCF angle; ~ = crack angle . 
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Beyond the falling branch (£ ~ £1), concrete is cracked and in 
c 

pure tension (i.e. if no shear occurs in cracked planes) aggregate 
interlock is never activated. 

In tension-compression or tension-tension cracks form parallel to 
the principal compressive direction 2 (a 1> 0, a2< 0) or parallel to 

both principal directions (a 1> a2> 0), corresponding to the peaks of 

the uniaxial stress-strain curves (a 1= f:tS f ct ' 

Afterwards, crack orientation is "frozen" and cracks are fixed. Beyond 
the falling branch, aggregate interlock becomes active once the 
following conditions are met with: 
o (crack opening) = £ S ~ 0.1 mm, 0t(crack slip) = y s ~ 0.01 mm, where 
n c c 

s is the crack spacing. Aggregate interlock is introduced according to 
the rough crack model [2,10]: in Fig.2a the stress-strain curve for 
concrete in tension is plotted including the linear-elastic behavior, 
strain softening and aggregate interlock. As regards aggregate 
interlock, three different paths in the strain domain are considered. 
The same a (£) curves are plotted in Fig.2b, but the shear stress 

c c 
shear strain curves ~ (y ) are plotted too, for the same paths in the 

c c 
strain domain (as an example, the strain ratio r is a linear function 

of the normal strain £cr, which includes the contribution of cracking). 
c 

The tangent stiffness matrix of cracked concrete is neither symmetric 
nor positive defined. 

3.LIMIT ANALYSIS 

As in [5] and [6] the beam is considered as a truss consisting of two 
parallel chords (the flanges with the main reinforcement) connected by 
inclined compression struts (the concrete struts bound by the shear 
cracks) and vertical rods acting in tension (the stirrups). 

Let us assume that (a) the crack pattern in the web is regular 
with closely spaced inclined cracks, Fig.4a; (b) the faces of the 
inclined cracks are rough and interlocked, Fig.4b; (c) the axial force 
in the struts has a certain eccentricity because of the initial 
cantilever-type behavior of the struts, Figs.4c,d; (d) the shear 
failure is governed by the yielding of the stirrups and is accompanied 
by the failure in shear and compression of the end sections of the 
struts (Case I, Fig.4c) or of the top section (Case II, Fig.4d); (e) a 
uniaxial and diagonal compression field prevails in the web (Fig.4e). A 
set of equilibrium and compatibility equations can be written, as well 
as a set of constitutive relationships regarding aggregate interlock, 
solid concrete, crack spacing and bond (between the stirrups and the 
concrete) . 

Here the displacements at the crack interface are not considered 
uniform, but realistic laws are adopted for crack opening and slip. Two 
cases are always referred to: Case I with web-shear cracks and Case II 
with flexure-shear cracks (see Figs. 4a,b where the average crack 



www.manaraa.com

91 

displacements are shown). Crack behavior is assumed to be governed by 
Mode I close to the tip (Case II) or at both tips (Case I), whilst a 
Mixed Mode behavior is introduced in the regions far from the tips. In 
order to model the above-mentioned behaviors, crack opening and slip 
are given suitable distributions along an inclined crack (Fig.s): 

- Case I (web-shear cracks) 

(1) 

- Case II (flexure-shear cracks) 

where F.=r./l, l=z/sincp; 

as introduced in [5,6,7]. 

(2) 

6 ,6 = average values of crack displacements n t 

At increasing values of ~ If' (~ = ultimate shear stress= V /bz u c u u 
with V = ultimate shear force, z = internal moment lever arm, b = web 

u 
thickness), the highly nonlinear system of equilibrium, compatibility 
and constitutive equations is solved iteratively in order to evaluate 
fi~INT' fi~BND and fi~DWL (contributions of aggregate interlock, strut 

bending stiffness and dowel action to web capacity in shear); s (crack 
spacing); Pst (stirrup ratio); a, 02 and £2 (orientation, stress and 

strain of the diagonal compression field); at (£AV/£ = ratio of the 
s s sy 

average strain in a stirrup to the yield strain of the steel, in the 
solid concrete between two contiguous shear cracks); 

a (= fi£AV/£ = ratio 
ls s sy of the average plastic strain accumulated in a 

stirrup, at the crack interface, to the yield strain [8]); O~t' o~n' 6t 

and 5 (average values of the stresses and displacements along a rough 
n 

shear crack). At the end of each iteration, 0t and on are evaluated in 

a set of points along an inclined crack, according to Eqs.l and 2, in 
-c -c 

order to update the values of 0 tand 0 , and start a new iteration. n nn 
The model considers dowel action (which is present only in Case 

II, bottom flange in Fig.4a), as well as shear transfer in the un­
cracked flanges (both flanges in Case I, top flange in Case II). As for 
dowel action VD, its contribution to shear transfer is half-way between 

the responses of the "strong mechanism" (VDL) and of the "weak mech­

anism" (VDR), as shown in Fig.6a (the bar/dowel pushes against concrete 

core in the former, and against concrete cover and stirrups in the 
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(a) Case I (b) Case II (c) Case I (d) Case II 

Fig.5 - Different distributions adopted for crack opening and slip (on' 
0t): (a,c) web-shear cracks and (b,d) flexure-shear cracks. 

(a)r: :::----:----:--,.--

z! V t L- U 

Fig.6 - (a) Dowel action developed by longitudinal bars (main reinforce­
ment); (b) limit state due to the attainment of the ultimate capacity in 
bending and compression in the strut [8]; (c) dowel action developed by 
the bars embedded in the outer parts of the bottom flange; (d) limit 
state in torsion, in the bottom flange [8,9]. 

(c) 11 ~* t r Fig.7 - Shear in the top 

t~ "J flange (Case II) and in 

+'·<:·:·\::::B··'l··:·:~*~=MinS(Vb+~/2) - '~~:::lti~~an;;:m (~~a::r~~ 
bending (redistribution 
of internal forces) and 

Ibl .-
+=+ (b) direct bending of the 

flange (flange/strut compatibility); (c) equivalent breadth of a flange. 

REGAN NLFE LA REGAN NLFE LA NLFE 

BEAM Pol /" Tuf /" Tufl.' Tulf! 0: 0: a 0: 0'2 0'2 

Rl 0.706 43 0.215 0.231 0.236 30 28 31 32 20 21-23 
R2 0.706 34 0.245 

~ 
0.279 33 ~ 

33 34 19 
~ R3 0.706 54 0.211 0.200 25 30 31 22 

R4 0.404 60 0.158 0.169 0.128 19 25 23 26 19 IS-20 
RS 0.404 26 0.235 

~ 
0.260 27 ~ 

29 28 15 ~ R6 0.404 65 0.136 0.122 19 23 26 20 
R7 1.010 41 0.248 0.244 0.307 32 35 34 35 24 19-23 
R9 1.010 63 0.216 f 0.227 30 f 31 33 28 I 

Table 1 - Summary of results (f~,cr2 in MFa). 
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latter). The constitutive relationship adopted 
here [8] and plotted in the side-picture is 
based on some test results recently obtained 
in Milan by the first two authors. Dowel ac­
tion contributes to the equilibrium equations 
of concrete struts and depends on the dis­
placement 6 evaluated in the centroid of the 

v 

ks ~ liong mechanism 
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I Vou 
r~-"'---..L 

I 
I 

I 

weak mechanism 

/ 6 = 0 cos~ + 0 sin~ 
v n t 

bottom reinforcement. Dowel action is limited by the ultimate capacity 
in compression, bending and shear of the bottom end section of the 

* * concrete struts (VD~ VD= M Is, Fig.6b). As for double-tee sections 

studied in this research project, only the bars placed close to the web 
mean plane (016 bars in Fig.l) develop large dowel forces, since they 
push against concrete core or against web stirrups and concrete cover, 
whilst the bars placed in the outer parts of the cracked flange (i.e. 
far from the longitudinal mean plane, 020 bars in Fig.l) are far less 
effective, since dowel forces are limited by the amount of torque that 
concrete can transfer from the projecting parts of the flange to the 
inner part, where the flange and the web join together (Figs.6c,d). 
This limitation is always active in the beams examined here. 

In order to fit the test results, the contribution of dowel action 
was evaluated on a case-by-case basis, from the actual values of crack 
opening and slip in the centroid of the longitudinal steel in tension 
(016 bars, Fig.l) or from the torque capacity of the concrete 
cantilevers (020 bars in Fig.l). 

As regards Vn (020 bars Fig.6c) the following equation was used: 

** ** ** ** ** V'~ 2V = 2(M Is) where M = h ab 2 l = f = 0.27 f,0.66 D D u u u 'u ct c' 
a = Max(t,s), b = Min(t,s), k = 0.47 (plastic distribution). 

As regards VDu (016 and 020 bars, side picture), two different 

equations were adopted [8] 
interspace and diameter, 

depending on 
and concrete 

concrete 
strength. 

empirical laws available in literature were used. 

cover, bar free 
As for k and k s w 

As for the shear transferred by the uncracked flanges, their 

contribution results partly from the equilibrium of the concrete struts 
(or strut/flange joints, Fig.7a) and partly from flange/strut 
compatibility (Fig.7b). The former contribution is indirectly taken in 
consideration in the strut equilibrium equations [7], while the latter 

contribution is directly evaluated, starting from the 

(Fig.7b) and from the bending/shear stiffness of 

displacement 6 
v 

the flange part 

between two contiguous cracked planes. The displacement 6 is given a 
v 

value equal to 50% of the value pertaining to flange/web interface, 
according to the displacement distributions shown in Figs.5c,d. 

Since 15 is a locally-imposed displacement, an "equivalent" or 
v 

* "effective" value has to be adopted for the breadth of the flange, B. 
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* Here B is defined as shown in Fig.7c. In the end, the shear 
contribution due to compatibility (both flanges in Case I, top flange 
in Case II) is merely added to the shear capacity of the web. Work is 
still in progress in order to improve the evaluation of a~CF' 

When fitting test results, the spacing of the stirrups (which is 
always assumed to be equal to crack spacing, Fig.4a) is an input data 
and the constitutive equation governing crack spacing is dropped. When 
using the proposed model for designing a double-tee section, the 
optimal stirrup ratio is found by solving the afore-mentioned system of 
equations, including the constitutive equation of crack spacing [8]. 

4. REFERENCE TESTS 

Eight of the nine double-tee RIc beams tested by Regan and Rezai­
Jorabi [14] were analysed by truss analogy (Limit Analysis), namely 
beams RI-R7 and beam R9; beam R8 was not included because the stirrups 
did not yield, so the authors said. Three beams (Rl,R4,R7) were 
considered for NLFE analysis. 

The geometry of the beams and the most relevant details of the 
reinforcement (stirrups and main bars) are shown in Fig.l. The 
variables were the strength of the concrete (cilindrical strength 
f~= 26-65 MPa) and the stirrup ratio (pst= 0.71%, 0.40%, 1.01%), as 

reported in Table 1. 
According to the crack patterns shown in [14] (beams Rl and R4) 

and in a report published in 1987 (beams Rl,R2,R3,R4,R5 and R6, "Shear 
resistance of I-sectioned reinforced concrete beams II , Structure 
Research Group, Polytechnic of Central London), two beams were 
subjected to severe cracking in the bottom flange (Rl and R2), three 
beams to light cracking (R3, R4 and R6), R5 did not show any cracking 
and the crack patterns of R7 and R9 were not shown. Consequently, beams 
RI-R4 and R6 fall into Case II of limit analysis (flexure-shear 
cracks), beam R5 falls into Case I (web-shear cracks); as for beams R7 
and R9, both cases have to be considered. Here all the beams except R5 
are analysed according to Case II, but in [9] all the beams (except 
Rl,R2 and R5) were analysed in both ways in order to ascertain the 
differences between the predictions based on the two above cases. As 
for beams R7 and R9, the ultimate shear capacity turns out to be little 
affected by the modellization of the bottom flange (Case I). 

In the evolutive analysis, the stirrup spacing was kept constant 
(Fig.3) but a few numerical tests performed with the NLFE code proved 
that the effects of this simplification are negligible in this type of 
analysis. 

5. RESULTS OF THE ANALYSIS AND FITTING OF TEST DATA 

The results of the analysis (NLFE = Non Linear Finite Element; LA = 
Limit Analysis) and the most relevant test data [14] are shown in 
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Fig.8 - Fit of test results by Regan and Rezai-Jorabi [14]: (~) NLFE 
analysis; (*) Limit Analysis; contributions of stirrups and aggregate 
interlock (Vst + Vint ), dowel action (Vdwl ), strut bending stiffness 
(Vbnd) , flange bending and shear stiffness (VCf ). 

(a) 

(b) 

STRESS 

-B-(J2 

-f8-- (JI 

7717777 

41 MPa 
>----4,+ 

STRAIN 

1----11 - 0.008 
/----11 + 

Fig.9 - NLFE analysis 

/ 

, 

~o 

I 

/ 

principal stresses (a) and strains (b) in 
Beam R7 at collapse. Dashed lines = orientation of the Diagonal Compres­
sion Field (Limit Analysis, Table 1). 
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(a) (b) 

I ...• r:-7-~ 
c~ack, .. ~·:·:::.4CP=400 

"'1'/' .'. . '., '. '. strut 
:··.·!a::. z .%'1 .... )..: .. :., 
....... C 
/. 

I 

(c) (d) 
• NLFE 

___ r __ , 
" 

Fig.l0 - Beams Rl,R4 and R7 [14]: diagrams of the shear stress in the 
web, cross-section at 1/4 (see also Fig.ll): (a) A and C discontinuity 
points at crack interface; (b,c,d) crack patterns according to Limit 
Analysis, "saw-tooth" diagrams of the shear stress (LA) and NLFE 
results. 

I D~I?jS;~§dll R4 

... ~>400! I I q>=40~<+ .. 
..... 26 0 i ! i i ~~=260" '. 

l/4 I l/4 l/4 L/4 j 

Fig.ll - Examples of crack patterns, Beams Rl and R4 [14] : assumed 
average crack angle at 1/4 $ = 40°; resulting angles of the principal 
compressive stress eO= 32°,26° (LA, Table 1). 

u 
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Table 1 and Figs. 8-12. All the results and data regard the ultimate 
load situation. 

In Table I, columns 4,5 and 6 refer to the ultimate shear stress, 
put in a dimensionless form (T If'): on the whole the agreement is very 

u c 
good, as also shown in Fig.8, where the computed shear strengths 
compare satisfactorily with the test results. The effects of the 
variability of crack displacements and crack extension (up to the 
bottom flange) are discussed in [9]. 

The agreement between the directions (angles a. and and 

the values of the compressive stress in the web (02) is very good 
(Table 1 columns 7-12): in the NLFE analysis, the values are related to 
the 8 Gauss points in the web of the section at 1/4; in the limit 
analysis 02 has a unique value allover the web. It is worth noting 
that in the limit analysis the crack direction was given the value 40° 
with respect to the beam axis, as suggested by the crack patterns shown 
in [14] (~=38-43°, see also Fig.ll). 

Fig.9 refers to the stress and strain field in the web according 
to NLFE analysis of beam R7: the stresses are very close to a "diagonal 
compression field" (Fig.9a, 0.=34°, Table 1) and the principal strains 
(smeared cracks included) are practically aligned with the principal 
stresses and with the diagonal compression field (Fig.9b). 

In Fig.l0 the shear stress in the concrete is plotted in the 
cross-section at 1/4, for beams Rl,R4 and R7: in the limit analysis, 
the discontinuities are due to the shear cracks; as before, the 
agreement between LA and NLFE analysis is satisfactory on the whole, 
and really very good for beams Rl and R7. As already observed in [9], 
dowel action and eccentrical compression produce interface 
discontinuities in the cross-section, except in the middle point were 

z 

3.00 4.00 

MIKT (MPa) 
0.00 1.00 

CASE II 
SO=40° 
f'c=45 MPa 

Fig.12 - Limit Analysis: diagrams of the local contribution of aggregate 
interlock to shear transfer in the web,according to the Rough Crack Model 

[2,10]; f 745 MPa, z = 370 mm, same section as in [14]. 
sy 
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bending is zero according to the assumptions adopted in LA. 
In Fig.12 the local contribution (6~INT) of aggregate interlock to 

shear transfer is plotted along the cross section of the web. Fig.10 
does not refer to any specific beam tested in [14]: only the depth of 
the section (H=450 mm, z=370 mm), the stirrup diameter (06 mm) and the 
stirrup strength (f =745 MPa) are the same as in Regan's beams, while 

sy 
the stirrup ratio and spacing are among the unknowns and are optimized, 
according to the most general use of the code based on the proposed LA 
model (see also [6,8]): of course, at increasing ~ -values, larger 

u 
stirrup ratios are required, which 
spacings, and smaller crack widths: in 
plays a more relevant role. 

6. CONCLUDING REMARKS 

means smaller stirrup and crack 
the end, aggregate interlock 

The starting point of this paper was to investigate to what extent a 
rather sophisticated FE computer code, similar to a few of those 
currently available, and a much simpler code based on a limit analysis 
model could produce comparable results. Our interest in comparing two 
such different approaches can be explained (a) by the many aspects of 
limit analysis, which make it a powerful tool in structural engineering 
practice, (b) by the access to comprehensive NLFE codes and (c) by the 
availability of well documented test results. 

Both the theoretical methods and the experimental investigation 
confirm the validity of the diagonal compression concept for thin webs 
failing in shear due to stirrup yielding. The agreement among the 
results (ultimate loads, principal stress and strain directions, stress 
distribution in the cross section) in spite of the different 
assumptions adopted in each theoretical method and the unavoidable 
simplifications with respect to the real beams, confirm the maturity of 
the actual theoretical and numerical tools; on the other hand a few 
questions are still open about the real interaction among the different 
resistant mechanisms, since the overall results seem little affected by 
the different emphasys that each approach puts on a number of different 
aspects of real RIc elements, such as dowel action, tension stiffening, 
bond and local multiaxial behavior. 

Last but not least one thing is certain, that the two approaches, 
one based on evolutive analysis and the other on limit analysis, are 
not "foes" but "friends", since they are in good agreement whenever a 
chance to meet on equal ground is given. 
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LOADING ON CONCRETE STRUCTURES DURING CONSTRUCTION 

S. K. Ghosh 

Portland Cement Association 

Skokie, Illinois 

INTRODUCTION 

Strength failures leading to total or partial collapse of structures 

are extremely rare. Serviceability failures, associated with a significant 

reduction in the capability of a structure to function as intended, are 

much more common. Such failures, although not catastrophic or life­

threatening, may result in significant financial losses. Excessive floor 

slab deflection is a common example of serviceability failure. 

Floors in residential as well as office and institutional buildings 

are nowadays often made of thin, solid concrete slabs with two-way 

reinforcement. The trend in recent years has been a progressive 

decrease in the ratio of the thickness of slab to the length of span. This 

obviously causes a corresponding reduction in the flexural rigidity of the 

slabs. Safety against strength failure has hardly been compromised in 

this development. The deflections, however, are quite a different matter. 

Scanlon 1 has classified the types of damage that can occur as a 

result of excessive slab defections into four categories; (i) perceptible 

sagging, (ii) damage to non-structural elements, (iii) impairment of 

function, and (iv) impairment of strength. Slab deflections, when visible, 

are not only aesthetically unpleasing, but also cause human reactions 

ranging from mild concern to fear of possible collapse. Damage to non­

structural elements most commonly consists of cracking of wallboard or 

brickwork, although localized crushing of partition walls can also 

occur. 1 Window glazing in exterior wall cladding has been known to 

break under the weight of a deflecting floor above.1 In a survey 

101 
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published by Mayer and Rusch,2 106 out of 259 reports of building 

damage in Germany concerned damage to partition walls resulting from 

excessive slab deflections. The function of a building may be impaired 

when the doors and windows are jammed or the operation of sensitive 

equipment is affected. Large slab deflections may also lead to ponding 

of water, with resultant increase in loads that may eventually contribute 

to strength-related failure. 

Excessive long-term deflections of slabs are clearly to be 

avoided. The available field data on reinforced concrete slab 

deflections are first reviewed in this paper. Factors contributing to 

excessive slab deflections are examined. Attention is then focused on 

shoring, form removal, and reshoring--aspects of construction that 

greatly influence the long-term deflections, because they determine the 

magnitudes of the construction loads that are imposed on concrete slab 

systems while they are still relatively young and immature. 

AVAILABLE SLAB DEFLECTION DATA 

Field data or experimental data obtained under field conditions 

on slab deflections are still relatively scarce.3 

Progressive slab deflections had been causing trouble in 

Sweden in the early 1950s and led to the first study of a rational 

approach to stripping of formwork for floors.4 

Slab deflection problems had appeared in Australia later in the 

1950s and were among the main themes in an extensive study there of 

flat plates.5 A lightweight aggregate concrete slab, spanning three 

bays in each direction with cantilevers in the long direction, was cast on 

16 steel columns. The span-to-depth ratio was 41 in the long direction. 

The slab was allowed to stand under its own weight for 8 months, 

during which time the deflections at the center of the middle panel 

increased by more than 12 times the initial elastic deflection. About 

20% of this was attributed to differential settlement of inner and outer 

columns, about 40% to further crack causing a reduction in stiffness and 

to local bond slip, and about 40% to creep. It was pointed out that the 
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slab was made of high-creep expanded shale concrete which was 

exposed regularly to high ambient temperatures and plenty of direct 

sunlight during its early history, and was under widely fluctuating 

conditions of temperature and relative humidity throughout the long 

period of observation. 

Jenkins et al. 6 reported large deflections in electrically heated 

reinforced concrete slabs of a large number of Scottish apartment 

buildings. The slabs were supported on three sides on load-bearing 

walls, and were free along the fourth edge. Some of the deflections 

were up to 1.25 in. (32 mm) in a clear span of 12 ft 5.5 in. (3.8 m). High­

shrinkage aggregates and under-floor heating were considered factors 

contributing to the large deflections. 

Greymayer and McDonald? conducted a field investigation to 

determine the short- and long-term deflections and concrete strains in 

an Army barracks flat plate structure. Due to a rather large slab 

thickness corresponding to a span-to-depth ratio of approximately 28, 

all observed deflections were within about 1/800 of the shorter span 

during the 45-month observation period, in spite of an early temporary 

construction load estimated to have been almost 30 percent in excess 

of the total design load. 

Field deflection measurements were taken on five buildings in 

and around Sydney, Australia for periods of up to 9 years.8 The results 

of investigations on two of the buildings are of interest here. The first 

building had a flat plate slab system. The longer span-to-depth ratio 

was 31 in an interior panel. The deflection behavior of the slab was 

expressed by the equation: 

Total (short-term plus long-term) deflection = A+B+C+D+E+F 

Where A = initial elastic deflection (13% of total) caused by slab dead 

load on removal of props, 

B = long term elastic deflection (1.5%) caused by superimposed 

loads and finishes, without producing cracked section in the 

slab, 



www.manaraa.com

104 

C = initial cracking deflection (0.5%) due to production of 

cracked sections in the concrete slab at the time of prop 

removal, 

D = long-term cracking deflection (19%) due to transformation of 

slab from uncracked to partially cracked as construction 

loads occurred or as tensile failure was initiated under 

sustained load and drying shrinkage, 

E = shrinkage deflection (26%) produced because the 

shrinkage restraint afforded by the different quantities of 

reinforcement at the top and bottom surfaces of the slab was 

unequal, and 

F = creep deflection (40%). 

The ratio of long-term to initial deflection for the structure was 6.7. 

It was pointed out that the initial deflection comprised only the elastic 

deflection under slab dead load. Also, the Sydney ready-mixed 

concrete used had high shrinkage characteristics. 

The second investigation8 was on part of the second level of a 

large reinforced concrete flat slab in an open car park. The longer 

span-to-depth ratio was 36. The ratio of long-term to initial deflection 

was 8.7 at two points of observation. Shrinkage aggravated by poor 

curing and windy conditions at the time of placement was thought to be 

a major factor contributing to the large long-term deflections. 

Bortemark measured deflections of concrete floor slabs in two 

similar apartment houses. The structural framework was made of east­

in-situ reinforced concrete and comprised floor slabs spanning in one 

direction and transverse walls supporting the floors. The spans were 20 

ft 1 in. (6.1 m) and 22 ft 4 in. (6.8 m), and the total slab depths 8 in. (203 

mm) and 9 in. (229 mm) respectively. In both cases large formwork 

units were used. The table forms were removed 4-8 days after casting. 

In order to reduce the deflections, props were mounted between the 

floors, and these props were not removed until 18-28 days after casting. 

A considerable scatter was observed around the arithmetic average of 

the measured deflections for both buildings. The size and time 

dependence of the deflections were said to be affected by several 
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individually varying factors: for instance, different concrete ages at 

removal of formwork, different standards of workmanship and different 

loading conditions. It was observed that the deflections were 

considerably less for the top floor slabs. This difference was mainly due 

to different loading conditions, since the top floors did not support any 

floors above during the erection of the buildings. Since the span and 

the span-to-thickness ratio were approximately the same for the two 

buildings studied, their deflection curves deviated only slightly from 

each other. The final deflection for the floors on which measurements 

were taken in Building 2, including the top floor, was estimated at 0.53 

in. (13 mm) or 1/500 of the span. About one-third of the time-dependent 

deflection had taken place already after two months when the partitions 

were erected. The measurements showed that an average deflection of 

0.20 in. (5 mm) had occurred at this time, and therefore the remaining 

deflection after the erection of partitions amounted to only 0.33 in. or 

1/800 of the span. 

Branson 1 0 measured initial and time-dependent deflections of a 

normal-weight two-way slab consisting of nine panels, each 6 ft (1.8 m) 

by 6 ft (1.8 m) with relatively deep beams. The thickness of the slab was 

1.5 in. (38 mm). The structure was loaded with sandbags at age 30 

days, with the loading maintained for 400 days. The average relative 

humidity was 50%. Measurements indicated an ultimate ratio of time­

dependent to initial slab deflections of about 5. 

Jenkins 11 carried out tests on a panel on the fourth level of a 

building comprising five levels of flat plate floors. The test panel was 

surrounded by other panels on all sides; however, two adjacent panels 

on one side were only half-size panels. The maximum span-to-depth 

ratio was 26.7. The following observations were made: 

• The formwork was stripped after ten days, at which time 

deflection at the center of the panel was 0.079 in. (2 mm). 

• The panel deflected further when adjacent panels were 

unpropped and formwork was erected for the slab above. At this 

stage, the total deflection at the mid-point was 0.210 in. (5.3 mm), 

indicating the large construction loads carried by the slab. Minor 
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fluctuations in deflection occurred when the slab above was 

stripped and repropped. When all the props were removed, the 

deflection at center of panel was 0.181 in. (4.6 mm), 75 days after 

the slab had been poured. 

• The bricks which were to form the brickwork partitions were left in 

piles on the slab for two weeks to act as preload. By the time the 

bricklaying had commenced, the mid-point deflection was 0.201 

in. (5.1 mm). 

• After one year, the deflection at the center of the panel due to 

dead load was 0.311 in. (7.9 mm)--nearly four times the initial 

deflection. 

• Fourteen months later when live load was applied (25 psf or 1.2 

kPa to the southern half of the test panel, and adjacent panels to 

the south side of the test panel), the mid-point deflection was 

0.339 in. (8.6 mm). After another 12 months with some additional 

live load (approximately 5 psf or 0.24 kPa), the mid-panel 

deflection was 0.461 in. (11.7 mm). 

Slab deflections were recorded by Sbarounis 12-14 in 175 bays 

on 13 upper floors of a multistory flat plate building one year after 

casting. Lateral force resistance of the building was supplied by a stiff 

system of beams and closely spaced wide columns. The center-to­

center slab spans were 21.6 ft (6.5 m) and 22.4 ft (6.8 m). The average 

slab thickness was 7.25 in. (184 mm), with a standard deviation of 1/4 to 

1/3 in. (6.4 to 8.5 mm). The assembly supporting the fresh concrete 

reportedly consisted of three sets of forms with reshores extending 5 to 

7 floors below. A two floor per week schedule was maintained. The 

sequence of stripping and reshoring had a significant influence on long­

term deflections. Some areas were reportedly stripped and reshored 

half a bay at a time. On most occasions stripping reportedly occurred 

over large areas or entire floors prior to reshoring. Instances of 

stripping of large areas on the day of casting or while casting was in 

progress were also reported. Construction photos showed examples of 

all the above procedures. They also showed that the reshoring was not 

closely spaced, it did not line up from floor to floor consistently, or was 
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omitted. If forms are stripped over large areas prior to reshoring, the 

slab being stripped would receive the maximum construction load at the 

time of form stripping. Thus even if the supporting assembly consisted 

of 8 or more slabs, the construction loads absorbed by the slab being 

stripped would be those attributable to a 3-slab supporting assembly. If 

stripping occurred while the new slab was still wet, the supporting 

assembly would consist of two slabs. The reported prevailing 

construction procedure was felt to be equivalent to a 3-floor supporting 

assembly. 

Materials for partitions, ceiling, the building exterior, etc. were 

delivered and stored on the intended floors beginning about 1-1/2 to 2 

months after casting. The estimated equivalent load during storage was 

25 to 30 psf (1.2 to 1.4 kPa). After the installation of finishes, the 

estimated load was 12 to 15 psf (0.6 to 0.7 kPa). The additional service 

dead load contributing to creep was assumed to be 20 psf (1 kPa). The 

net measured one-year deflections ranged from 0.53 to 2.16 in. (14 to 

55 mm). They averaged 1.35 in. (34 mm) with a standard deviation of 

0.29 in. (7 mm) and a coefficient of variation of 21.2 percent. In 90 

percent of the cases deflections exceeded 1 in. (25 mm). In 10 percent 

of the cases they exceeded 1.72 in. (44 mm). 

Scanlon 15 conducted a survey of two-way slab deflections both 

during and after construction of a 28-story office tower in Edmonton, 

Canada. The floor system consisted of an 8 in. (200 mm) thick two-way 

flat slab with 6 in. (150 mm) drop panels and 5 ft x 5 ft (1520 x 1520 mm) 

column capitals. Columns were spaced at 30 ft (9000 mm) on center. 

Floor slabs were cambered 0.6 in. (15 mm) at bay centers and 0.4 in. 

(10 mm) on grid lines. Five types of slab panels were categorized 

according to the boundary conditions along each side of the panel, and 

the panel reinforcement details. The floors were constructed using a 

system of flying formwork with each table being approximately the size 

of one full bay. Three levels of heavy timber reshoring were provided. 

Due to the large size of the formwork panels, an entire bay had to be 

stripped at one time. In many cases, the reshoring was not done 

immediately, so that three-day-old slabs were left unshored for five or 
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six hours in some cases. Slab deflections were measured both during 

construction and at approximately one year after completion of 

construction. The mean one-year mid-panel deflection ranged from 1.8 

to 1.54 in. (33 to 39 mm) for the five slab types, while the coefficient of 

variation ranged from 24.8% to 31%. 

CAUSES OF EXCESSIVE DEFLECTIONS 

Excessive slab deflections may stem from deficiencies related to 

design, construction materials, environmental conditions, and changes 

in occupancy.1 

Design Deficiencies 

The most common design deficiencies resulting in 

slab deflections are insufficient thickness, and 

reinforcement, with consequent premature yielding 

reinforcement. 

Material Deficiencies 

excessive 

insufficient 

of such 

Higher than normal creep and shrinkage characteristics have 

been identified as factors contributing to excessive slab deflection 

problems reported in Australia, as indicated in the preceding section. 

Higher than normal prestress losses may lead to unanticipated 

deflections in post-tensioned slabs.1 Alkali-aggregate reaction may 

cause cracking that adversely affect flexural stiffness.1 

Environmental Conditions 

In slabs with surfaces exposed to daily or seasonal temperature 

fluctuations, temperature gradients set up through the member 

thickness may lead to unanticipated deflections.1 

Changes in Occupancy 

If a change in occupancy during the service life of a building 

results in live loads substantially higher than those considered in 

design, excessive deflections may result. 
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Construction Deficiencies 

The following are some of the more common construction 

deficiencies: 

1 . Formwork is not cambered in cantilevers and large interior 

panels, so that even early deflections become obvious. 

2. Slabs are supported by props bearing on sole plates that are 

of inadequate size to prevent appreciable settlement into the 

ground. This causes slabs to deform even before stripping. 

3. Construction loading from propping or the storage of 

materials during the early life of slabs is often severe enough 

to cause extensive slab cracking and hence loss of stiffness. 

4. Top reinforcement at supporting elements is often pushed 

down during slab construction, substantially reducing its 

effective depth, and hence reducing the contribution made to 

slab stiffness by continuity at supports. 

5. Column pours are sometimes carried too far beyond the slab 

soffit. If this extra concrete is not chipped before the slab is 

poured, the resulting cold joint in the support region actually 

reduces effective depth where it is needed. 

Items 4 and 5 above are of surprisingly common occurrence. 

Quite often the top steel over supports is not securely held in place and 

is displaced towards the neutral axis, greatly reducing the stiffness at 

the support. If the effective depth is 7 in. (175 mm) instead of 8 in. (200 

mm), as has been observed, the stiffness is reduced by 23%, with a 

resultant increase in immediate and long-term deflections.16 

Discussion in the rest of this paper will focus on the very 

important Item 3 above. While Taylor and Heiman8 mentioned 

extensive slab cracking and loss of stiffness, phenomena that are 

difficult to quantify, the problem more directly is one of higher initial 

deflection and greater creep caused by high construction loading of 

concrete at an early age. 
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CONSTRUCTION LOADS 

Structural formwork and its support system deserve careful 

consideration in two respects: (1) from the point of view of loads which 

may be applied to the formwork and its props, and (2) from the point of 

view of loads which the formwork and the props may apply to the 

structure. The second aspect is of primary interest in this paper. 

Shored Construction 

In the construction of multistory buildings with reinforced concrete 

floor slabs, a step-by-step sequence of operations is employed. The 

sequence comprises the steps of setting up shoring on the most 

recently poured floor, forming the next floor, setting the reinforcement 

and concreting the slab. Since the floor below the one being concreted 

will usually be between seven and fourteen days old, it is common 

practice to leave formwork props in place between that floor and one or 

two floors below it. A typical construction cycle using three levels of 

shores is illustrated in Fig. 1. 

It is convenient in discussing construction loads to express them 

as a factor times the sum of self-weight of the floor and the dead load of 

the formwork. The term "floor loading ratio" is used for this factor. 

Nielsen4 was probably the first to give a detailed analysis of the 

distribution of load between a system of connected shores and floor 

slabs. The method considered the deformation characteristics of both 

the slabs and the shores. The maximum load ratio obtained by Nielsen 

on a slab assuming three levels of shores was 2.56. 

Table 1, reproduced in a slightly abbreviated form from Ref. 17, 

shows clearly that all writers on the subject agree that floor loading 

ratios during construction usually exceed values of 2. This theoretical 

conclusion has been verified by Agarwal and Gardner22 using shores 

instrumented with electrical resistance strain gages. 

The analyses of floor loads in Table 1 are based on the 

assumptions that: 

1 . The slabs behave elastically, 

2. Initially the slabs are supported from a completely rigid 

foundation, and, 
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TABLE 1: Floor loading ratios17 

Maximum value, converged values in 
Author brackest Comment 

m=2 m=3 m=4 m=5 

Nielsen4 2.17 2.28 Values for floor 
2.0~ 2.56+ level 2 only 

x Timber props 
+ Steep props (n=l) 
~ Observes 

Grundy & 2.25 2.36 2.43 (n = 5) 
Kabaila18 (2.00) (2.00) (2.00) 

Beresford19 2.25 (2.00)* Obtained for rapid 
(2.06)*2.35 2.45 2.50 hardening, normal 
(2.32) & slow maturing 

concretes 
respectively (n=5) 

Blakey & 2.25 2.3 +Stepwise 
Beresford2O 2.25+ construction 

Beresford21 2.2 (n=4) 
1.5~ ~Observed 

m = number of levels of shoring used 
n = time in days for removal of lowest levels of shores after concreting top floor 
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3. The props supporting the slabs and formwork may be 

regarded as a continuous uniform elastic support, the elastic 

properties of which may be expressed by a coefficient K, 

where K = load intensity that produces unit deformation of the 

support. 

Grundy and Kabaila 18 assumed K to be infinite. Beresford19 

used infinite as well as various finite values of K, and found that results 

were not appreciably affected. Grundy and Kabaila 18 carried out their 

analyses assuming constant flexural stiffness for all connected slabs, as 

well as flexural stiffness increasing with age because of an increase in 

the modulus of elasticity of concrete. It was found that the error 

introduced by assuming equal relative stiffness for the floors is not 

appreciable. 

Fig. 2 shows the analysis of floor loads, according to Grundy and 

Kabaila, 18 for a multifloor building using three levels of shores for a 7-

day casting cycle with stripping after 5 days. An infinite value of K and 

constant flexural stiffness for all connected slabs are assumed. The 

loads carried by the slabs and the shores, in terms of the floor loading 

ratio, is indicated in the figure adjacent to the element concerned. 

Floors 1, 2, and 3, supported from the ground by stiff shores, cannot 

deflect and therefore carry no load; all the load is carried by the shores 

directly to the foundation. At an age of 19 days the lowest level of 

shores is removed, allowing all three slabs to deflect and carry their 

own self-weight. The removed shores are placed on the third floor slab, 

and the fourth floor poured. As all the three supporting slabs have 

equal stiffness, the weight of the newly poured slab is carried equally by 

the three lower slabs. 

The maximum load ratio for a slab occurs when the slab reaches 

the bottom of the supporting assembly. Although the absolute 

maximum load ratio occurs when the shores connecting the supporting 

assembly with the ground level are removed, the ratio converges for 

upper floor levels. For the same structure considered by Nielsen,4 

Grundy and Kabaila 18 obtained an absolute maximum load ratio of 

2.36, while the converged value for upper floor levels was 2.00. 
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Altering the number of shored levels has little effect on the maximum 

load ratio. However, by decreasing the number of shored levels, the 

age of the slab at which the maximum ratio occurs also decreases, 

producing a more critical condition. 

In addition to variations in modulus of elasticity due to concrete 

age, cracking of slabs that occurs during construction affects the 

distribution of load between slabs in the supporting assembly. 

Sbarounis 12 reports that incorporating the effects of cracking into the 

load distribution factors for the supporting slabs reduces the previously 

calculated maximum load ratios by approximately 1 0 percent. 

Blakey and Beresford20 recommended a stepped sequence of 

construction in a system of floors and shores as a means of controlling 

the construction loads imposed on both the slabs and the props. The 

advantages of this method of construction lies in that a young slab is 

given more time to develop adequate strength before the application of 

construction load from the casting of a new slab directly above. 

Reshored Construction 

The sequence of construction illustrated in Fig. 1 uses three sets 

of forms. Economic considerations usually necessitate the removal of 

formwork as soon as possible for re-use. This necessity has given rise 

to the widespread practice of reshoring. Fig. 3 illustrates a construction 

scheme with two levels of shoring and one level of reshoring. 

Reshoring is installed after the shores under a slab and the formwork 

held by them are removed and after the slab assumes a natural 

deflected shape. At the time of installation reshores carry no significant 

load. 

Taylor23 recommended a method of slackening and tightening 

shores under a floor slab as a means of reducing construction loads on 

the connected slabs. Taylor's method is the same in principle as 

stripping and immediate reshoring of a slab. Marosszeky24 described 

complete release and reshoring of a floor slab, such that the floor 

carried its own dead weight at a time (T-1) days, where T is the 

construction cycle of floors. This reshoring technique produces less 

construction load on the supporting slabs and props, in comparison with 



www.manaraa.com

~
 
~
g
e
 

T
 d

ay
s 

2
T

 d
ay

s 
2

T
+

n
 d

ay
s 

3
T

d
a

ys
 

2 
Le

ve
ls

 
o

f 
S

ho
rin

g 
pl

us
 

I 
Le

ve
l 

o
f 

R
es

ho
rin

g 
C

on
sl

ru
ct

io
n 

C
yc

le
 T

im
e,

 T
=

7
 d

oy
s 

T
im

e 
fr

o
m

 C
or

-c
re

tin
g 

o
f 

To
p 

F
lo

o
r 

10
 R

em
ov

al
 

o
f 

Lo
w

es
l 

Le
ve

l 
of

 R
es

ho
re

s,
 a

nd
 R

em
ol

lO
l 

o
f 

S
ho

re
s 

an
d 

In
sl

ol
lo

lio
n 

o
f 

R
es

ho
re

s 
on

 I
he

 N
ex

l 
H

ig
he

r 
L

e
ve

l, 
m

 =
 5

 d
ay

s 

4[ 
~
 

3 
10

8 
'. 

o 
o
.
~
o
 

0
8

4
 

1
.0

0
 

-
O

.S
O

 
-

~
 

1.
16

 
i 

2 
log

~. 
lag

 Bf
a' :

gg
i,

sg
~9

 dg~ 
I 

I 
0 

1
0

0
 

1.
00

 
1

0
0

 
1

3
3

 
o 

2
0

0
 

-
0 

1
.0

0
 

M
~
 i~

-~
~ 

i
-
3
~
 

o 
5 

3 
0

4
2

 
0

9
2

 
0

4
6

 
0

8
8

 
I 

4
2

 
1

0
8

 
_ 

I 
4

6
 

1.
12

 
2 

0 
l~

 
0 

l~
 

1
0

0
 

I 
0

.3
3

 
1

0
0

 
9 

0
3

3
 

3
T

+
n

 d
ay

s 

n
g

. 
3

: 

4
T

d
a

ys
 

B
a

si
c 

op
er

at
io

ns
 

P
la

ce
 

fl
o

o
r 

i 
~ 

da
ys

 

R
""

""
, 

.. 
"
,
'
 

'"
 

re
sh

o
re

s 
. 

2
6

 

un
de

r 
fl

o
o

r 
i-

2
 

R
em

ov
e 

h 
un

d 
s
o

re
s
 

er
 f

lo
o

r 
i-

I 
an

d 
re

sh
or

e 

~ 
+

n
 d

a
ys

 

C
o

n
st

ru
ct

1
o

n
 

se
qu

en
ce

 
us

1n
g 

tw
o 

le
v
e

ls
 

o
f 

sh
o

re
s 

an
d 

on
e 

le
v
e

l 
o

f 
re

s
h

o
re

s
. 

91 
0 

8 
0 

0 
0

5
6

 
5 

b~
 

o 
5 

1
0

0
 

0
4

4
 

11
0 

7 
0

,
 

0
5

5
 

0
8

9
 

1.
44

 
1.

77
 

6 
b~I

' ~
:;!

 ~+
~! 

10~
~ ~;

~ 
I 

10
 

0 
0

3
3

 
5 

I
n

 
I
~
O
 

I
~
 

0
3

3
 

2
6

 
2

8
 

3
3

 
4 

1
3

3
 

F
1g

. 
4

: 
lo

a
d

 
ra

ti
o

 
ve

rs
u

s 
ti

m
e

 
fo

r 
tw

o
 

le
v
e

ls
 

o
f 

sh
o

re
s 

p
lu

s
 

on
e 

le
v
e

l 
o

f 
re

s
h

o
re

s
. 

\J
l 



www.manaraa.com

116 

using undisturbed shores. Table 2, reproduced from Ref. 25, shows 

absolute maximum and converged maximum load ratios on slabs and 

supporting props for various combinations of levels of shores and 

reshores. 

It should be noted that construction live loads are not considered 

in Table 1 or 2. Hurd26 suggests a minimum construction live load of 

50 psf (2.4 kPa) for designing forms. Lasisi and Ng25 have shown that 

the consideration of 50 psf (2.4 kPa) construction live load, with the 

assumption that such load no longer acts on the freshly poured slab 

beyond the end of the casting day, increases the absolute maximum 

load ratio from 1.83 to 1.99 (an increase of 9%) in the case of two levels 

of shores and one level of reshores. Sbarounis 12 accounted for the 

construction live load effect by increasing the maximum load carried by 

the lowest slab in the supporting assembly. Sbarounis recommended 

additional loads, due to a 50 psf (24 kPa) live load, of 55/N and 35 N psf 

(2.64 Nand 1.68 N kPa) for uncracked and cracked slabs, respectively, 

where N represents the total number of levels in the supporting 

assembly. 

Table 2 indicates that the use of two levels of shoring and 1 level 

of reshoring rather than 3 levels of shores, reduces the absolute 

maximum load ratio from 2.36 to 1 .83, and the converged maximum 

load ratio from 2.00 to 1.78. This is advantageous in most situations, 

although with reshoring the maximum load ratios come into play at an 

earlier age than with shoring, as should be apparent from Figs. 2 and 4. 

Table 3 is a compilation of construction loads for Floor 3 which 

experiences the absolute maximum load ratio. The construction loads 

are compared with the design service loads in the table. It is clear that 

the construction loads are more critical than the design loads. Also, 

importantly, the construction loads act on concrete that has not attained 

the age at which it is supposed to experience the design service loads. 
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Shore 
+ 

reshore 

1+1 
1+2 
1+3 
1+4 
1+5 

2+0 
2+1 
2+2 
2+3 
2+4 
2+5 

3+0 
3+1 
3+2 
3+3 
3+4 
3+5 

TABLE 2: Theoretical maximum load ratios on floor and 
prop for various shore/reshore combinations25 

Absolute maximum Converged maximum 
load ratio load ratio 

On 
floor On On On 
slab prop floor prop 

1.50 1.0 1.50 1.0 
1.34 1.0 1.34 1.0 
1.25 1.0 1.25 1.0 
1.20 1.0 1.20 1.0 
1.17 1.0 1.17 1.0 

2.25 2.0 2.00 1.0 
1.83 2.0 1.78 1.11 
1.75 2.0 1.67 1.17 
1.61 2.0 1.60 1.21 
1.60 2.0 1.56 1.25 
1.55 2.0 1.53 1.24 

2.36 3.0 2.00 1.34 
2.10 3.0 1.87 1.37 
1.97 3.0 1.80 1.40 
1.84 3.0 1.76 1.42 
1.77 3.0 1.72 1.43 
1.77 3.0 1.70 1.43 
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The practice of "backshoring" rather than "reshoring" has been 

considered by Scott.26 Backshoring is installed in a fashion which 

effectively replaces the original shores without disturbing the slab. This 

is usually accomplished by stripping a small area and then placing the 

backshores before stripping any additional areas. The load in the 

backshores upon installation is the same as it was in the shores 

replaced by them. The system acts as though the shoring had not been 

removed. Scott26 has pointed out that: 

1 . Backshoring requires a considerable number of levels of 

backshores to avoid overloading the structure. 

2. The loads in the backshores may far exceed those in the 

shores, so that the density of the backshores may need to be 

greater than the density of the shoring. 

3. Backshoring causes maximum loads to be applied to many 

floors for long periods of time. 

CONTROL OF CONSTRUCTION LOADS 

Probably the surest way of controlling construction loads, and the 

consequent deflections, is by carefully sequencing the operations of 

shore removal and reshoring. With a column layout such as shown in 

Fig. 5, stringers would normally be run in the short direction at about 4 ft 

(1.2 m) on center, supported on shores. Ribs or purlins will then be run 

in the orghogonal direction, also at about 4 ft (1.2 m) o/c, supported on 

the stringers. 

What is suggested here on the basis of successful experience 

with flat plate buildings in the New York area27 is that alternate 

plywood sheets in both the long and the short direction (shown shaded 

in Fig. 5) be supported directly by extra shores (indicated by 'x' on Fig. 

5). These latter shores (attached to the plywood, rather than to the 

stringers, as the other shores are) may be installed at the time the other 

shores are installed, or just before shore removal. 

When the time comes for removal of formwork, a day or two after 

casting or when concrete strength reaches a certain minimum value, the 

regular shores, the stringers, the purlins, and the plywood sheets that 
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Column 
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o 

o 

F1g. 5: Sequence of shore removal and reshor\ng that restr1cts the slab span left unsupported at an early age. 
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are not directly held by the extra shores, can all be removed. However, 

before the extra shores and the plywood sheets held by them are 

removed, reshores should be installed at about 8 ft (2.4 m) o/c directly to 

the concrete slab. The extra shores or the so-called permanent shores 

should be removed only after the reshores have been installed. 

The above scheme of removing the shores and installing the 

reshores does not permit more than 8 ft (2.4 m) of slab span to be left 

unsupported at any time until the slab is sufficiently mature. With such 

short unsupported slab spans, slab deflections under usual 

circumstances cannot assume disturbing proportions, however high the 

loading may be during construction, and however immature the slab 

may be when it is called upon to support those loads. This is 

schematically illustrated in Fig. 6 from Ref. 28. 

Gardner and Chan29 calculated the slab load ratios for the most 

heavily loaded (3rd floor) slab of a multifloor building, using a 

construction schedule that employed 3 levels of shores or 

shore/reshore or shore/preshore combinations. The preshored load 

history is shown in Fig. 7 and compared with the load histories for 

shored and shore/reshore methods of construction. 

The deflection control consideration applies with the use of flying 

forms also. Figure 8 shows a reinforced concrete slab supported on 

reinforced concrete columns spaced at 20 ft (6.1 m) in both directions. 

With such a column layout, an 18 ft (5.5 m) wide form table would 

normally be used. However, in that case, as soon as the flying form is 

removed, 18 ft (5.5 m) of slab span would be left unsupported. If 

deflections are of concern, two 8 ft (2.4 m) wide form tables, with a filler 

strip of formwork in between, may be used instead. With the narrower 

form tables, even when they are removed, no more than 8 ft (2.4 m) of 

slab span would be left unsupported. Admittedly, two 8 ft (2.4 m) wide 

form tables with a filler strip of formwork are significantly more 

expensive than a single 18 ft (5.5 m) wide form table. The added 

expense has to be weighed carefully against any advantage that is to 

be gained in terms of reduced deflections. 
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SHORES FRESH CONCRETE 

WALL] , eEl -r'" 
A. PLACING OF CONCRETE 

]~ 1,:t::,I· 
B. OPERATION A - RESHORING X 

ANO Z WITH Y IN PLACE 

C. OPERATION B - X & Z RESHORED 
THEN SHORE Y REMOVED 

iF! HAL SHAPE 

] J:1 r 
D. RESHORING OPERATION COMPLETED 

Fig. 6: Schematic representation of the 
preshoring technique. 29 
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SUMMARY AND CONCLUSIONS 

The sometimes excessive long-term deflection of flat plate and 

other reinforced concrete slab systems has been a recurring problem 

through the years. This report contends that long-term deflection 

problems in reinforced concrete slab systems are more often than not 

caused by construction deficiencies. A common example of 

construction deficiency is the incorrect placement of top reinforcement 

which plays an important role in minimizing long-term deflections. The 

aspect of construction that is given primary attention in this paper has to 

do with the sequence of shoring, form removal, and reshoring. It is 

pointed out that the construction loads on a slab system may be higher 

than the full service loads for which it is designed. These loads, acting 

on immature concrete which has a low modulus of elasticity, cause 

large immediate deflections. These deflections increase with time due 

to creep. Concrete loaded at an early age suffers larger creep 

deformations than concrete loaded at later ages. Although parts of the 

construction loads may be sustained for only a few days and then be 

removed, they still have an adverse effect on slab deflections, since 

creep is not a totally reversible phenomenon. 

The loads on a slab during construction can be controlled by 

adjusting the number of levels of shores and reshores that are used 

(Table 2). However, in general, the loads can be minimized only by 

allowing the slab to deflect at an earlier age. 

Some direct measures aimed at eliminating long-term deflection 

problems of reinforced concrete slab systems are outlined in this paper. 
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The shear carrying behavior of slender concrete beams is 
characterized by the inclination of the compressive struts which is 
influenced significantly by aggregate interlock in the crack planes. 
This paper focuses on the comparison of the states of stress and strain 
in webs of slender beams with vertical shear reinforcement being 
derived by assuming on the one hand a fixed crack inclination leading 
to aggregate interlock and on the other hand a variable crack 
inclination not leading to any stress transfer across the shear cracks. 

NOTATION LIST 

~ inclination of shear cracks 
8 inclination of principal compressive stress ([2 (or inclination 

of struts respectively) 
¢1 inclination of overall principal tensile strain of cracked web 
¢2 inclination of overall principal compressive strain of cracked 

web 
a declination between 8 and ¢2, a = 8 - ¢2 
Ex overall axial strain of cracked web or of beam respectively 
Ey overall vertical strain of cracked web 
Ixy overall shear strain of cracked web 
E1 overall principal tensile strain of cracked web 
E2 overall principal compressive strain of cracked web 
Ec principal compressive strain of web concrete parallel to ([2 

(corresponding to E20 in /2/) 
Ell ultimate compressive strain of web concrete, Ell = -0.002 
fc2 ultimate compressive stress in the web concrete at a strain of 

Ell 
([1,2 associated principal stresses in the web concrete, 1([2 I » 1([1 I 
fy yield strength of shear reinforcement, fy = 500 MPa 
Es modulus of elasticity of shear reinforcement, Es = 210 000 MPa 
Ec modulus of elasticity of concrete 
v shear crack displacement parallel to crack plane 
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shear crack opening perpendicular to crack plane 
crack distance, measured perpendicular to crack plane 
width of web 
inner lever arm 
acting shear force in the web 

w 
a 
bw 
z 
Vs 
v 
p. 
p 
w 

shear stress ratio, v = 2Vs /(bw·z.fc2 ) 
poisson's ratio of concrete, p. = 0.2 
geometric shear reinforcement ratio (corresponding to p. in /2/) 
mechanical shear reinforcement ratio, w = 2p.fy /f c2 

tensile stresses and tensile strains are defined as being positive 

INTRODUCTION 

Once shear cracks have occured the shear carrying behavior of webs 
in slender concrete beams can be characterized by the well known truss 
model consisting of top and bottom chord, shear reinforcement ties and 
diagonal concrete compressive struts (Fig. 1). 

Yxy Ex, top 

Ex, bottom 

Fig. 1. Notations of Strains 

This paper deals with the calculation of the states of stress and 
strain in ultimate limit state of cracked webs in slender concrete 
beams with vertical shear reinforcement giving prominence to the role 
of aggregate interlock. 

THEORETICAL fOUNDATION 

lotating crack model 
The rotating crack model is based on an uniaxial concrete 

compression field where no stresses due to aggregate interlock act in 
the crack planes. Cracks are supposed to adjust parallel to the 
resulting strut inclination (p = 0) and the inclination of the overall 
principal compressive strain of the web is supposed to coincide with 
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the inclination of the principal compressive stress in the web concrete 
(a = 0 -+ v = 0). 

flAil 

Fig.2. State of stress in web for rotating crack model 

The kinematic condition of strains with regard to the rotating 
crack model can be obtained by using one of the following principles A 
or B both leading to identical results: 

W Principle of linimum of Internal York 
By the consideration of the respective internal work of stirrups, 

chords and uniaxially loaded web concrete the minimum of the overall 
internal work of the web can be found in terms of the inclination 0 of 
the uniaxial compression field in the web concrete. Thereby the 
following equation for 0 is obtained in reference /1/ by assuming 
linear elastic behavior of the material: 

tan3 0 - lTex - nlTbx tan 0 - nro (1 - tan4 0) = 0 
2 lTey lTey 

where the symbols in equ. (1) denote 

so that 

and 

n 
lTey 
lTex 
ITbx 
To 

ratio Es/Ec 
stresses in stirrups 
stresses in tension chord reinforcement 
stresses in concrete of compression chord 
acting shear stress in web, To = Vs/{bw·z) 
lTex - nlTbx 

2 lTey is identical to fx. 

nro is identical 
lTey 

fy 
to -fc sin 0 cos 0 

fy 

Hence equ. (i) changes into: 

tan3 0 - fx tan 0 + fc sin 0 cos 0 (1 - tan4 0) = 0 
fy fy 

(1) 
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and by transformation into: 

tan2 0 = Ex - Ee • 
Ey - Ee 

(2) 

Kinematic A.ssumption of Coincidence of Crack Inclination and 
Inclination of Uniaxial Concrete Compression Field without Crack 
Displacement parallel to the Crack Plane 

Equ. (2) also is obtained by fulfilling the kinematic assumptions 
that the inclination tp of shear cracks coincides with the resulting 
inclination 0 of the uniaxial concrete compression field and 
furthermore that the resulting opening of shear cracks adjusts 
perpendicular to the crack plane (v = 0). The corresponding kinematic 
condition is illustrated by Mohr's strain circle assuming E2 = Ee and 
simultaneously ¢2 = o. 

Y/2 

Ec= E2 Ex 
I~ .. I .. 

E, 
.. I 

Fig. 3. Mohr's strain circle for rotating crack model 

From Fig. 3 follows 

and ,,{/2 = (Ey - Ee) tan 0 

so that equ. (2) is obtained again. 

By assuming the following parabolic stress strain relationship for 
the concrete with an ultimate strain of Ell at a peak stress of fe2 

Ee = Ell (1 - Vi - U2') where U2' = ~ = ~2 (3) 
.I.e 2 SIn ~[J 

the shear force ratio v results as 

v = sin 20 {1 - [1 - (Ex - Ey tan2 01 ]2} 
Ell (1 - tan2 ) 

where the condition tan2 0 < Ex - Ell 
- Ey - Ell 

(4) 
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The resulting shear reinforcement ratio w is obtained from 

w = /) tan 0 
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(5) 

as the rotating crack model is based on an uniaxial concrete 
compression field. 

Fixed crack model 
The model described in this paragraph is accurately explained in 

reference /2/. Models following similar assumptions are published for 
instance in reference /3/, /4/, /5/ or /6/. 

The principal difference to the rotating crack model is the fact 
that the inclination IP of shear cracks in general does not coincide 
with the resulting inclination 0 of the principal compressive stresses 
in the web concrete since cracks are considered to be fixed once they 
have occured (IP f 0). As a consequence a crack displacement parallel to 
the crack plane occurs (v f 0) and the inclination of the overall 
principal compressive strain of the web declines by the angle a to the 
inclination of the principal compressive stress in the web concrete 
(V2 f 0 ~ a f 0). Hence aggregate interlock has to be taken into 
account to provide stress transfer across the shear cracks. Besides, a 
biaxial state of stress develops in the web concrete where the 
principal stress tTl is tensile or compressive and of subordinated 
signification compared to tT2' 

"S" 

Fig. 4. State of Stress in web for fixed crack model 

The overall strains Ex, Ey and 7xy of the web are composed of the 
corresponding components of nonlinear concrete deformations Ec and 
- J1. E c as well as smeared crack displacement v / a and smeared crack 
opening w/a. By neglecting the influence of the subordinated lateral 
stress tTl upon the lateral strain of the struts the following equations 
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are obtained in reference /2/: 

( 0 0) w v . 2 
Ex = Ec COS 2 - ~ sin2 + - sin2 ~ - - SIn ~ a a 

Ey Ec (sin2 0 - ~ cos2 0) W 2 v· 2 + a: cos ~ + 2a: SIn ~ 

W . 2 v 2 1xy = a: SIn ~ + a: COS ~- 2 ta~G 8 (1 + ~ sin2 0 - cos 2 0) 

(6) 

(7) 

(8) 

Thereby v and ware governing the stresses in the crack plane according 
reference /7/. 

The resulting inclination P2 of the overall principal compressive 
strain of the web can be derived from: 

tan 2P2 = 1xy 
Ey - Ex 

The shear reinforcement ratio w is obtained from 

2 w = v tan 0 - r-- 1T1 
~c2 

(9) 

(10) 

since the fixed crack model implies a biaxial stress state in the web 
concrete. 

COMPARISON OF NUMERICAL RESULTS 

The required shear reinforcement ratio w is derived for both 
models in terms of the shear force ratio v where the overall axial 
strain Ex is varied in the range of -0.001 ~ Ex ~ +0.001. For the fixed 
crack model the declination a between the inclination of principal 
compressive stress in the web concrete and the associated inclination 
of overall principal compressive strain of the web is evaluated. The 
resulting ratio of principal stresses in the web concrete is 
illustrated. 

The values for Ey and a are considered as input data with an 
amount of Ey = 0.0025 and crack distance a = 150 mm. However, a control 
of Ey is considered with respect to a minimum shear reinforcement for 
the fixed crack model in case of Ex = +0.001 (Fig. 7) since the 
vertical strain has considerable influence upon the resulting shear 
capacity at fixed crack inclinations and positive overall axial 
strains Ex. The tension stiffening of stirrups is neglected. 

The stress-strain-relationship of the web concrete is assumed 
according to equ. (3). A corresponding poisson's ratio of ~ = 0.2 is 
considered. 

It turns out that aggregate interlock has considerable influence 
upon the amount of the required shear reinforcement in the web. 
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Referring to the activation of aggregate interlock the following 
inequality for the crack inclination ~ has to be fulfilled: 

tan2 ~ f €x - €c • (11) 
Ey - €c 

In case of tan2 ~ greater than the given term aggregate interlock makes 
possible flatter strut inclinations relative to crack inclinations. 
Else aggregate interlock takes an arising effect to the struts relative 
to crack inclination. 

Ex= -0,001, Ey= 0,0025, a= 150mm 
_ 2p·fy w--r;;-

1.0 t---------

0,5 

a.=9-tlJ1 

12° 
10° 

8° 
6° 
4° 
2° 

--'1'=9 
__ '1'=45° 
_.-'1' = 35° 
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Fig. 7. Required shear reinforcement ratio for Ex = +0.001 

However, in the range of medium and high acting shear stresses the 
fixed crack model is mostly leading to more unfavourable results with 
regard to the shear reinforcement compared to the rotating crack model. 
On the other hand even more favourable results can be achieved by the 
fixed crack model in case of very flat crack inclinations (see Ex = 0 
and p = 200 ). The more favourable results according to the fixed crack 
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model in the range of low shear stresses result from small principal 
tensile stresses in the web concrete. However, principal tensile 
stresses due to fixed cracks turned out to be always below concrete 
tensile strength so that an occurence of new declined cracks can not be 
theoretically proved as long as tension stiffening of stirrups is 
neglected with regard to the stresses in the web concrete. 

In the range of low shear stresses the inclination of principal 
compressive stresses in the web concrete turns out to be significantly 
smaller compared to the inclination of the overall principal 
compressive strain of the web (a < 0) where the opposite effect is 
stated in case of medium and high shear stresses (a > 0). 

The decreasing influence of overall axial tensile strains as well 
as the increasing influence of overall axial compressive strains in a 
beam upon the shear capacity is demonstrated by the results of both 
models. 

The inclination of fixed cracks turns out to be a main source for 
the action of aggregate interlock and in turn for the resulting amount 
of shear reinforcement. Steep and fixed cracks prove to have a 
decreasing effect upon the resulting amount of shear reinforcement in 
the range of small shear stresses and an increasing one in the range of 
high shear stresses. 

SUIIlRY AND CONCLUSIONS 

In this paper a comparison of fixed and rotating crack models has 
been developed for the shear design of slender concrete beams. 

The rotating crack model turned out to be a special case of the 
fixed crack model if the crack inclination coincides with the 
inclination of the principal compressive stress in the web concrete and 
the latter in turn coincides with the inclination of the overall 
principal compressive strain of the web. 

Aggregate interlock has been considered with regard to the fixed 
crack model. The ability of its flattening or even arising effect upon 
the strut inclination relative to crack inclination has been 
theoretically shown. 

Principal tensile stresses in the web concrete occuring at fixed 
crack inclinations turned out to be too small to cause new declined 
cracks at least if tension stiffening of stirrups is not considered 
with regard to the tensile stresses in the web concrete. 

The results according to the rotating crack model mostly are on 
the unsafe side compared to the fixed crack model if fixed and steep 
crack inclinations have to be taken into account. 
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"CLEAN" PHYSICAL MODEL OF CRACKED REINFORCED 
CONCRETE PLANE ELEMENT 

Peter LENKEI 

Professor, Pees Polytechnic, Hungary 

1. Introductjon 

The predominant trend in current reinforced concrete modeling is to describe the 
behaviour of cracked reinforced concrete in its real complexity. 
Reference could be made to the works of Cohn and Ghosh [4], Karpenko [5], Collins 
and Mitchell [6] ,Walraven [7], Vintzeleou and Tassios [8], Gambarova [10]. Naturally, 
number of parameters in such a complex (or general) model can be integrated from 
classical material laws and from interface problems (concrete to concrete friction, 
aggregate interlock, kinking, concrete and steel interaction, etc.) in a crack. 

Some of these problems have been known for a long time, e.g. Morsch [l] has described 
the "tension stiffening" effect, when concrete under tension between two cracks 
"increases the stiffness" of the tensile steel, the existance of torsion moments along the 
yield lines of reinforced concrete slabs was proved in [3]. 

Research in this field has gained a special importance by the big number of highly 
responsible and complex structures, like nuclear reactor vessels and tubular reinforced 
concrete columns in off -shore platforms. 
Recently, the actuality of this trend has been increased by application of high-yield 
reinforcing bars with limited ductility and high strength concrete. 
Both the theoretical and experimental methods, describing the real behaviour of 
reinforced concrete slabs in cracked state are complex. They give very good 
estimations of general load bearing capacities, resulting from different physical 
phenomenae. To evaluate these phenomenae, to clear up their interdependence one 
must know the basic, "clean" or "naked" model of slabs, from which the alterations due 
to these phenomenae can be taken into account. This paper is aimed to produce such a 
"clean" slab model, like the naked bar is for tension stiffening. 
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2. Behaviour of an idealized "clean" plane reinforced concrete element under biaxial 
effects in a cracked state.[9] 

Properties of a reinforced concrete slab (resistance, stiffness) are different direction by 
direction. It is due to the fact that the reinforcement is not a uniformly distributed 
layer, it is placed in the concrete as a series of discrete, definitely oriented bars. The 
ultimate capacity of a "clean" reinforced concrete slab of a certain depth and given 
qualities of constitutive materials depends on the cross sections of the differently 
oriented bar series and their ratio of steel percentages, the "orthotropy factor" in the 
section investigated. 

2.1. Symbolsused 

Symbols are shown in Fig 1. and are as follows: 

i,orxandy 

Esi and 'Ysi 

Pxand Py 

asi or asx and asy 

- crack width, rom 

- directions of steel bars 

- equivalent length in the tensile reinforced concrete layer, rom 

- equivalent length along the tensile steel bars, x and y direction 

respectively, rom 

- crack spacing, rom 

- angle between yield line and steel bars of y direction, grad 

- factors, being ousted in calculation 

- normal and shear strains in the steel bars of i direction in the 

crack 

- orthotropyfactor in the reinforced concrete slab 

- steel percentage inx and y directions respectively 

- normal stresses in steel bars of i, or x and y directions, MPa 

- resultants of normal and shear stresses in the steel bars being in 

the crack, MPa 

- shear stress in steel bars of i directions, MPa 
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crack border 

Fig.l. The tensile concrete layer 

2.2. Assumptions 

The following assumptions were made and they are divided into two groups. The 

assumptions of the first group are geometrical and are made only for sake of simplicity 

of the investigations. The assumptions of the second group are mechanical and they 

create the "clean" or "naked" model of the reinforced concrete slab. 

2.2.1. Geometrical assumptions 

(i) Instead of a real two way slab, only its tensioned layer, with the reinforcement in 

the middle are investigated (Fig. 1.). 

(ii) Steel bars are located only in two (x and y) directions in the slab. 

(iii) The stresses in the steel bars (J si are derived in the crack (Fig. 2.). 

(iv) Cracks are straight and parallel with each other. 
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crack border 

Fig. 2. Stresses in the tensile concrete layer 

2.2.2. Mechanical assumptions 

(i) The initial stage of plastic stress state is investigated, assuming ideal 

elastic-plastic steel behaviour. 

(ii) Principal directions of stresses and strains coincide. 

(iii) Reinforcing bars remain straight and preserve their original directions, 

consequently no shear stresses and shear deformations will occur in the bars: 

T'=O } 
S1 ••••••••••••••••••••••••••••••••••• (1) 

'Ysi=O 
(iv) The crack direction is one of the principal directions [2], consequently: 

................................... ( 2 ) 

(v) The compatibility of deformations in the crack for steel bars of both (x and y ) 

directions is fulfilled. 

(vi) The borders of a crack remain parallel and to fulfill assumption (iii) there is no 

relative movement between the crack borders along the crack. 

(vii) The steel bar normal deformations between the crack borders are neglected, due 
to the fact of: 

sc;»acr ................................... ( 3 ) 
(viii) The steel bar normal deformations in the crack consist of the slip deformations 
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(relative displacements between steel bars and embedding concrete) only, 

which are accumulated into the crack from the two half crack spacings (Scr I 2). 
(ix) This slip is assumed to be linear function of the steel stresses in the crack and 

does not depend on the steel directions: 

crsi ( 4 ) & •••••••••••••••••••••••••••••••••• 
Esi = IE 

s 

(x) The slip is decreasing with increasing distance from the crack, therefore an 
equivalent length ls<.scrl2 should be established. 

(xi) Two different linear expressions of the equivalent length are assumed (Fig. 3.): 
- the equivalent length in the tensile layer is proportional to the crack spacing and 
does not depend on steel directions (Fig. 3/a): 

ls=&2Scr •••.•••••••••••••••••••••.••••••••• (5) 

- the equivalent lengths in the tensile steel bars are proportional to the crack spacing 
and does not depend on the steel directions (Fig. 3/b): 

lsx = lsy = &~cr • • • • • • •• • ••••••••••••••••••••••• ( 6 ) 

a.) b.) 

Fig. 3. Strains in the tensile concrete layer. 

a. equivalent length of slab 

b. equivalent lengths of bars 
2.2.3 Discussion of the assumptions 

The geometrical assumptions are generally in agreement with the mechanical 
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behaviour for a cracked slab element, except the node (yield-line intersections) areas. 

Some of the physical assumptions should be discussed in details. 

According to the assumption (iii) no kinking of the reinforcements occur. 

According to the assumption (iv) and (vi) no aggregate interlock and friction along the 
crack occur. 

According to the assumption (vii) and (viii) the deformation capacity of the slab is 
underestimated. 

Assumption (ix) probably overestimate the slip deformations of bars, crossing the crack 
by angles near to 0°. Probably a non-linear (e.g. parabolic) slip-steel normal stress 
function would be more realistic. 

Neither of the two expressions in assumption (xi) were proved experimentally. 
Probably expression (5) is more close to the reality, expression (6) is a very sewere one, 
and the reality lies between them. 

3. AllP1ications of the "clean" model. 

3 .1.Assuming the crack direction is the principal direction and applying 
expression (2) 

'Tsa =O"SX' Px ·cosa·sin a - O"sy' Py.sin a·COSa = 0 

we get 

O"SX • Px = O"sy • Py 

or 
O"SX = Py = A ••••••••••••••••••••••••••••••• ( 7 ) 
O"sy Px 

where A is the orthotropy factor. 

But in the plastic range, where both reinforcements yield, it is possible only for Px = Py , 

i.e. for isotropic slab, when A = 1. 

Consequently, from the stress condition in a "clean" slab model in case of isotropic 
reinforcement will be the crack direction the principal direction only. This was proved 
experimentally in [3]. Thus, the mechanical assumption (iv) is valid for isotropic 
reinforcements only. 
3.2. According to the mechanical assumptions (v) - (xi) and expressions (4) and (5) the 
crack width acr should be constant and equal: 

O"s; 
acr=2·1s · ES; = 2·82 ,scr ·IH·- =const 

Es 
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and we get 

ITsi =const ............................... ( 8 ) 

Consequently, from the compatibility of steel bar deformations in the crack and from 
the expression (7) in a "clean" slab model in case of isotropic reinforcement will be the 
crack direction the principal direction only, using expression (5). 

3.3. Let us have the same assumptions as in paragraph 3.2, but instead of expression 
(5) use expression (6). The constant crack width along the crack will be: 

aCt =2'/sx'Esx'COSa =2.1sy ·Esy ·sincx =const 

and 
ITSX ITsy • 

a =2· 83'S 8J · - ·COSa = 2 ·83·S . 8J . - ·sma = const 
Ct Ct Es Ct Es 

expressing one of the steel bar stresses from (7) 
Py 

ITsx = Px . ITsy 

and substituting to the expression of aCT we get 
Py sin a ............... ( 9 ) 

--- = tg a = A 
Px cos a 

Consequently, using the more severe expression (6), the crack direction for isotropic 
slab will be the principal direction in case of a = 4 5 0 only. 

4. Summary 
A "clean" model for reinforced concrete slab element was introduced like the "naked" 
bar for tension stiffening. Several assumptions were made, and the effect of real 
phenomenae (kinking of reinforcement in the crack, aggregate interlock, friction, etc,) 
can be estimated by evaluating the divergence from these assumptions. Some results in 
app1aying the clean model were shown, especially with regard to the conditions of the 
coincidence of the crack direction and of one of the principal directions. 
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Abstract from the Supporting Document of Eurocode 2 on non linear analysis (*) 

Franco Levi, Politecnico di Torino, Turin, Italy 

Why non linear analysis 

The application of non linear analysis to reinforced (or prestressed) concrete structures -
defined as a procedure which takes into account the influence of the elements' non linear 
deformation properties, independently of the non linearity due to second order effects - is 
the logical corollary of the semi-probabilistic limit state approach. Indeed, to realize a 
correct probabilistic calculation, itis unconceivable to ignore the existence of the correlations 
between the basic variables involved. For example, for the verification of a single section, 
it is commonly acknowledged that the best representation of the stress-strain relationships 
should be adopted. Likewise, for the passage from the actions to the corresponding internal 
forces and moments in the statically indeterminate field, it should be recognized that it is 
essential to carefully consider the non linearity which characterizes the response of the 
structural elements of a structure. If, in one of the two cases considered above, such aspects 
are neglected, the fundamentals of probabilistic analysis are obviously altered. Practically, 
an approach of this kind would be equivalent to an extension of the linear elastic hypothesis 
until the ultimate limit state and to the assumption of identical laws of statistical distribution 
of causes and effects. This is the reasoning which underlies the method of permissible 
stresses, which is now unanimously regarded as obsolete. Theoretical and experimental data 
actually demonstrate that the safety margins provided by the linear hypothesis may 
sometimes be excessively conservative or, in other cases, slightly scarce. Needless to say, 
this is unacceptable from the point of view of the designer. 

Moreover, it is not difficult to find other aspects of linear analysis which lead to 
questionable results. For example, in a statically determinate structure, the failure of a single 
section results in the complete collapse of the entire structure, or at least of an entire element; 
conversely, in a ductile statically indeterminate construction, after the yielding of one 
section, an important reserve of resistance is still available. This substantial difference is not 

(*) The Supporting Documents of Eurocodes are commentaries to the main text intended to supply 
explanations, discussions on the field of application, examples and so on. The aim, in fact, is to 
help designers gain a clearer understanding of the contents of the European Codes. The role of 
these commentaries is particularly important for the most innovative chapters, such as, for 
instance, the one devoted to non linear problems. The part of the Document reproduced here was 
written during a sabbatical stay in Italy of Mircea Cohn and the author was lucky enough to 
discuss with him its basic concepts. It was therefore deemed suitable to introduce, in this volume 
dedicate to him, something which was the fruit of his friendly collaboration. 
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evident in the linear approach. Likewise, it is well known that, for reinforced concrete 
constructions, the evaluation of imposed deformation effects by a linear analysis leads to 
severe errors in the appraisal of reliability at the ultimate limit state and to questionable 
results even in the serviceability domain. Similar uncertainties arise in the calculation of the 
statically indeterminate effects of prestressing and the dimensioning of regions in which the 
internal forces and moments change their sign (e.g., zones of zero moment in beams). 

We may then state the main reasons which justify the use of the non linear approach as 
follows: 

a) Non linear analysis is the best tool to correctly describe the structural response. As such, 
it shall be considered as the reference method for controlling the results obtained with 
different approaches based on a less accurate representation of physical reality (e.g., 
linear calculation with or without redistribution, plastic approach); 

b) Taking advantage of the redistribution of internal forces and moments, it is possible to 
exploit the reserves of strength which very frequently exist in certain parts of a structure, 
especially if subjected to a variety ofloading conditions, so as to attain very substantial 
economies in terms of materials and simplification of the design (form of the sections, 
detailing). Moreover, the non linear approach makes it to possible to express a reliable 
judgement on the structural response in the presence of abnormal loading or strength 
conditions; 

c) Other fields in which non linear analysis represents the most satisfactory approach include 
the evaluation of the residual bearing capacity of damaged structures and the interpretation 
of collapse; 

d) The same applies to the appraisal of imposed deformations and prestressing effects 
outside the limits of applicability of the linear theory for uncracked members; 

e) The non linear approach clearly reveals the risks of brittle failure, for example when a 
calculation based on the allowable stresses method requires a large amount of steel at the 
critical sections; 

f) As we shall see below, a number of drawbacks inherent in the adoption of a non linear 
model (lack of validity of the superposition principle and, hence, the need to consider a 
large number of loading conditions, complexity of the calculations, etc.) are, in actual 
fact, less severe than may be expected at first sight. 

In any case, the non linear method implies a number of real difficulties which can only 
be overcome through specific devices. The obstacles may even result in a restriction of the 
field of application. 

The most severe difficulty lies in the impossibility to apply the superposition principle 
and the related need to consider all the different loading combinations and arrangements 
separately. In the case of complex constructions, such as, for instance, off shore structures, 
this could lead to a really prohibitive number of verifications. In reality, a careful 
examination of the problem shows that, in a large number of cases, significant conditions 
are relatively few and it is possible to identify the most interesting critical ones by an 
approximate linear analysis. This conclusion has been confirmed by the introduction in the 
Eurocodes of a set of simplified load combinations, which apply primarily to buildings, but 
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are useful in other fields too. Moreover, for very large structures, the non linear analysis of 
sub-structures isolated from the whole is often more significant than a complete linear 
analysis, which might give rather different results depending on the various possible 
idealizations adopted. This applies particularly to non sway structures. 

As for the practical difficulties of the analysis (an unsurmountable drawback until some 
years ago), it is now possible to state that the general use of numerical processes has 
significantly reduced the disadvantages of the non linear approach. 

Additional important requirements of linear analysis include the necessity to take into 
account the history of the loading conditions (sequence of application of the actions) and to 
adopt a probabilistic ally reliable description of the mechanical properties of the constitutive 
elements of the structure. These aspects will be discussed in the paragraph devoted to the 
safety problems. However, for the time being, we can foresee that the solution will consist 
in adopting conventional hypotheses and carefully defining their field of validity. 

Field of application and limits of validity 

Theoretically, the field of application of linear analysis has no limits, in that all structures 
(with only the exception of very slender ones, where the bearing capacity is strongly reduced 
by second order effects) undergo inelastic redistributions of internal forces and moments 
before the attainment of the ultimate limit state. In reinforced concrete, the non linear 
response due to cracking often has a significant influence even in serviceability conditions. 

In actual practice, however, the field of application is restricted for theoretical as well for 
practical considerations. 

We have already mentioned the limitations associated with the non-applicability of the 
superposition principle, which restricts the use of the method for large structures subjected 
to multiple loading conditions. Other restrictions to the possibilities of application derive, 
even for monodimensional members, from the lack of reliable experimental data on the laws 
of deformation in the presence of all possible combinations of internal forces and moments. 
The only case that is really well known is the bending moment-normal force combination. 
Conversely, almost nothing is available on the influence of shear and torsion, were the 
difficulties, already present in the linear field, increase significantly beyond the elastic limit. 
Obviously, it is even more difficult to apply the non linear method when the problem requires 
the definition of a response of tensorial character: slabs, plates (deep beams and corbels 
included), zones for which the assumption of plane deformations is not valid. For these 
reasons, the present document concerns only monodimensional elements in the presence of 
bending and normal forces. 

Another important restriction concerns the case of dynamic and cyclic actions. Thus, 
from now on, we shall always adopt the hypothesis of holonomy, which admits the 
possibility of neglecting the influence ofloading history, and we shall consider only the case 
of a monotonic evolution of the intensity of the actions. 

An important point to be taken into consideration is the choice of the material properties 
assumed along the axis when performing the non linear analysis (geometrical stochastic 
aspect). Eurocode 2 states that the deformations, and hence the distribution of internal forces 
and moments, should be calculated on the basis of the mean values of the material properties. 
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The design (ultimate) values shall, however, be assumed at the critical zones. 

The main reasons which justify the above mentioned choice, in lieu of other possible 
approaches, are the following: 

• Assuming the reduced ultimate design properties to coincide with the critical zones is 
identical to the assumption adopted in the assessment of statically determinate structures. 
Moreover, with this procedure, the final step of the non linear analysis is clearly 
characterized by the attainment of the ultimate limit state at a critical zone. 

• The adoption of the mean properties along the axis of the structure is considered as the most 
reliable image of physical reality. 

• The stochastic model described above fits well with the concept - suggested by the C.E.B.­
F.LP. Model Code, that the statically indeterminate structures should be assessed "section 
by section" (each overall analysis being performed to control one section assumed as 
critical for a given loading arrangement). 

As for the definition of the material properties to be assigned to the different parts of the 
structure, it would have been possible to choose one of the following alternatives (which are 
compared below to those proposed in Eurocode 2): 

1) Adopting the mean properties throughout the structure. Under this assumption, in the 
presence of the design value of the actions ("(F FK), the critical section can exceed its 
ultimate design strength. Hence, the need to adopt a trial and error procedure in order to 
optimize the dimensioning and to introduce adequate limitations when assessing a given 
structure. The drawbacks of such method are: 

a) normally, the redistribution of internal forces and moments would be very limited 
(even more so than with the classical "linear with redistribution" method), owing to 
the compensation between the effects of non linear deformations in zones subjected 
to internal forces and moments of opposite signs; 

b) the method implies that different properties be assigned to the critical section: mean 
properties for a global analysis and ultimate design properties for local verifications. 
It must be admitted that this procedure is rather artificial. 

2) Assigning the design ultimate properties throughout the structure. This model is easy to 
criticize from the probabilistic point of view, in that it would present an image of reality 
which is scarcely reliable and physically abnormal. Moreover, in this case too, redistribution 
capacity would be rather limited, as in case 1) above, and the excessive deformability of 
the structure could create anomalous situations. Another drawback of this hypothesis is 
the impossibility to distinguish between the uncertainties of the response having a local 
or a global character. 

3) Adopting the "linearization procedure" which consists of performing a non linear analysis 
until level 'Yg OK; 'YfQK ('Yg < 'YG, 'Yq < 'YQ) and then, for the local verification, increasing 
linearly the effects of the actions by introducing a model uncertainty factor, 'YSd. As a rule, 
different material properties should be adopted for the two steps: a partial factor, 'Ym < I'M, 
for non linear analysis, a full factor, I'M, for the local assessment. The linearization pro­
cedure was proposed when the problem of model uncertainty was considered for the first 
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time. Its main advantage was to establish a distinction between the uncertainties related 
to the overall or to the local response. Later on, it was abandoned for the problems of non 
linear analysis without second order effects in that, stopping the non linear calculation at 
an intermediate level, when the rigidity of the members is still effective, reduces 
excessively the possibility of redistribution. 

The foregoing objections have led to the adoption of the procedure described in Eurocode 
2 (mean properties along the structure, ultimate design properties at the critical section). It 
is however important to note that, while these hypotheses are on the safe side for the 
resistance (they imply the coincidence of the lowest strengths with the critical section), they 
may prove to be unsafe in relation to the global response, because they accentuate the 
redistribution of the internal forces and moments from the critical section (where the 
deformability is increased) to the remaining parts of the structure. To cover this aspect the 
proposal was made to introduce a factor to reduce the bearing capacity. Successively, forthe 
sake of simplicity, it was deemed more advisable to limit the amount of the allowable 
rotation capacity of the critical section. As a final remark on this subject, to answer possible 
criticisms on the apparently artificial character of the choice of different material properties 
along the axis of the structure, we should point out that, in reality, a similar approach is 
equally adopted in "linear with redistribution" and "plastic" procedures. Indeed, for both 
methods, the first calculation is made by assigning uniform properties to the whole structure; 
afterwards, the ultimate design properties are assumed in the critical regions to attain the 
redistribution or the plastic rearrangement of the moments. 
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EXPERIMENTAL RESEARCH OF REINFORCED CONCRETE COLUMNS 
BEHAVIOR UNDER THE LONG-TERM ECCENTRIC NORMAL FORCE 

Assis. Professor Dr Dusan Najdanovic, 
University of Belgrade 

Professor Renaud Favre, EPFL, Lausanne 
Professor Dr Zivota Perisic, 

University of Belgrade 

1. PURPOSE OF RESEARCH 

The research described in this paper makes a part of a 
voluminous research project the experimental part of which 
has been carried out in the laboratories of the Swiss Federal 
Institute of Technology (EPFL) in Lausanne, under the 
direction of Professor Renaud Favre, the Director of the 
Institute for Reinforced and Prestressed Concrete at EPFL. It 
is primarily oriented towards time-dependent behavior of 
reinforced concrete structures under the service loads. The 
purpose of the investigation of the reinforced concrete 
columns behavior under the long-term action of eccentric 
compressive normal force was to experimentally establish the 
moment-normal force-curvature relationship as well as to 
follow the appearance and time-dependent development of 
cracks. 

2. DESCRIPTION OF THE EXPERIMENTS 

The paper presents the most important column test results 
obtained in the EPFL laboratories in the 1982-1985 period. 
A total number of 18 columns have been tested, divided into 
two experimental series ( A and B). 

Long-term research was carried out in the air-conditioned 
surroundings providing constant temperature of 20±I°C and 
relative air humidity of 65±5%. 

2.1. COLUMNS CHARACTERISTICS 

Each of the two experimental series contained nine columns 
of the same size, shown in Figure 1. The length of the 
columns was 230 cm and the dimensions of the square cross 
section were 30 x 30 cm. The dimensions of the columns were 
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so selected as to avoid a significant influence of the normal 
force on the deformation of the columns. 
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Fig. 1 Test arrangement, measuring points and concrete 
columns dimensions 

2.1.1. Series A Columns 

All the columns have been reinforced 

reinforcement 8 0 12 rom which makes 

concrete cover has been 2,4 cm. 

with 

p = 

longitudinal 

1,0 %. The 

Seven columns (AI to A7) have been loaded by a constant 
normal force, ranging from 267 to 787 kN, with a uniaxial 
eccentricity varying from 6,5 to 19,8 cm, Table 1. In order 
to measure the creep and shrinkage of concrete in a real 
scale, the column A8 has been loaded by axial normal force 
N = 787 kN while the column AD has not been loaded. 

The forces for columns Al to A7 have been selected as to 
have the columns either in state II, at the serviceability 
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limit state (columns A2, A3, AS and A6), or just on the limit 

Table 1 Normal forces, eccentricities and stresses 
calculated for the states I and II at the initial 
moment of time to (n= 6,67) for the series A 
columns 

COLUMN 
Al A2 A3 A4 AS A6 A7 A8 (8012, ptot=I,O%) AO 

--- ---_. 1-
Norma I force [kN] 0 267 267 267 515 515 515 787 787 

-_ .... --~ --
Eccentricity [mm] 0 92 145 198 72 93 113 fi5 0 

-------1-

Moment M [kNm] 0 24,56 38,72 52,87 37,08 47,90 5R,20 51,16 0 
'----

Gel [N/mm 2 ] / 2,20 5,10 8,00 2,15 4,35 6,45 2,10 / Stresses -f--- - - ~--- -
STATE I o~1 [N/mm2] / -7,90 -10,80 -13,70 -13,10 -15,30 -17,45 -18,90 / 

!----
t = to 

°sl [N/mm2] / 7,95 23,45 38,95 4,05 15,90 27,17 0,13 / 
~ 

Stresses 0~2 [N/mm 2 ] / -8,70 -15,20 -22,20 -13,40 -17,00 -21,40 -18,95 / 
STATE II I-
t = to °s2 [N/mm2] / 21,35 120,65 265,0 9,00 43,40 99,50 2,90 / 

--

Neutral axis x [mm] / 197,4 123,4 96,7 245,4 195,2 159,0 ?6~,1 
- . --_._-- ~ --

between states I and II ( columns A1 and A4), Figure 2. The 
curve showing the serviceability limit state has been 
obtained by dividing the corresponding ultimate values M and 

N by the global safety factor y = 1,8. The values M and N 

for the column A7 correspond to the point of intersection of 
the serviceability limit state curve and the straight line 
dividing the areas of state I and state II. 

2.1.2. Series B Columns 

The experimental series B also contained nine columns of 
the same shape and dimensions as the series A but with 

different percentage of reinforcement, ranging from p =0,5% 

to P =4,72%. 

The normal force N= 523 kN has been the same for all the 
seven columns B1 to B7 with the eccentricities ranging from 
10,0 cm to 22,1 cm, Table 2. Two columns, B8 and BO were not 
reinforced. The B8 column has been subjected to the axial 
force N=1134 kN and BO has not been loaded, to allow for the 
creep evaluation and the determination of concrete shrinkage. 
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COLUMN 80 81 82 B3 I 84 85 B6 A7 B8 
1-

Percentage of 
[%] 0 4 I' 12 mm 8 0 18 mm 8 I' 26 mm 0 0 reinforcement Ptot 0,5 % 2,26 % 4,72 % 

Normal force [kN] 0 523 523 523 523 523 523 523 1134 

Eccentricitie e [mm] 0 109 123 129 156 161 221 100 a 
---- -

Moment M [kNm] 0 57,0 64,33 67,47 81,59 84,20 115,58 S?,3 0 
----- --- - -- ---

Stresses uc1 [N/mm2] / 6,35 7,90 7,45 9,8 9,10 14,30 -5,8 / 
r--

STATE I 
, 

uel [N/mm2] / -17,65 -19,20 -18,05 -20,70 -18,80 -24,40 -17 .4 -12,6 
----- ._-._-- ---t = t 

0 us1 [N/mm2] / 26,40 34,65 31,05 44,90 37,80 63,90 / / 
--

Stresses 
, 

uc2 [N/mm2] / -22,10 -26,25 -21,15 -25,75 -20,90 -28,00 -23,2 / 
STATE II -
t = to us2 [N/mm2] / 106,85 175,50 93,80 155,70 91,65 171,10 / / 

----- _.-._---1-
Neutra 1 ax i s [mm] / 156,6 134,9 160,3 140,2 158,6 137,3 149,9 / 

Table 2 Normal force, eccentricities and stresses 
calculated for states I and II at the initial 
moment of time to (n=6, 67) for the series B 
columns 

Fig. 2 The interaction M-N diagram for columns Al to AS 
with normal forces and their eccentricities 
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2.2. TEST ARRANGEMENT 

The testing equipment partly shown in Figure 1, consisted of 
massive metal stand for 8 columns in vertical position. Steel 
plates 50 cm thick on the top and bottom of the columns and 
four nDywidag" prestressing steel ties make a closed system 
in which the load was applied by hydraulic jacks to the 
columns over linear rotating bearings. The maintenance of 
constant forces during the whole time of the experiment was 
provided by the system of nitrogen accumulators. The process 
of the force application itself has been carried out 
gradually and evenly by an electric pump in the course of 5 
minutes at the age of concrete elements of 28 days. 

2.3. MEASUREMENTS 

The measurements have been done immediately after the 
required force has been reached and then after 15 minutes, 1 
hour, 3,5 and 12 hours, after 1 day, 3, 7 and 15 days and 
then once a month. During the very process of the load 
application the strains have been constantly measured by 4 
fixed inductive deformeters with the base length of 40 cm, in 
the middle part of each column height, two on both the 
compressed and the tensioned columns sides, Figure 1. That 
has enabled drawing of a complete diagram force-mean 
curvature during the loading. 

Further measuring of strains on the compressed and the 
tensioned sides of the columns, as well as at the level of 
the tensioned and compressed reinforcement, has been carried 
out following the same time schedule. The strains were 
measured with movable inductive deformeters ( the length of 
the base 100 mm) in the middle part of 90 cm of the columns 
length, on 80 measuring points (72 bases in total), shown in 
Figure 1. Theoretical preciseness of such measuring is 10-5 

for the strains and 10-2 mm for the width of cracks found 
between the two measuring points. Deflections have been 
measured in three sections during the whole testing using 
mechanical deflectometers placed on an independent invar 
structure. 

Evaluation of the crack widths has been carried out by 
measuring the length changes between the two measuring points 
(the distance between them being 10 cm) which included the 
observed crack. The average crack width has been calculated 
on the basis of all visible cracks that have appeared on the 
tensioned area of the column. 
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2.4. MATERIAL CHARACTERISTICS 

2.4.1. Concrete 

The columns concrete has been the grade BH 300 (according to 
SIA 162) made with four aggregate fractions with the grain 
size ranging up to 30 rom, with 300 kg of CPN cement, the 
water-cement ratio being 0,5. The columns have been 
concreted in horizontal position with the compressed side 
upwards. Mechanical and rheological characteristics of 
concrete, determined according to SIA 162, had the following 
values: 

Compressive strength measured on 15/30 cm cylinders at the 
age of concrete 28 days, was 38,9 MPa for the series A 
columns, namely 38,1 MPa for the columns of the series B. 

Bending tensile strength (modulus of rupture), established on 
prisms 12 x 12 x 36 cm, was 6,5 MPa for both of the series. 

Modulus of deformation measured on prisms has been 34,9 MPa 
(series A) and 33,7 MPa (series B). Measured on cylinders it 
was 31,3 MPa (series A), namely 30,2 MPa (series B). 

Creep and shrinkage of concrete measured on prisms, on the 
columns AO and A8 and on the B nonreinforced columns are 
presented in Tables 3 and 4. The effect of reinforcement on 
creep and shrinkage in the columns AO and A8 have been 
deducted by comparative calculation. 

Table 3 Characteristics of creep and shrinkage - series A 

Experimental serie A 

Prisms 120 x 120 x 360 mm Columns AO and A8 
Age 

Shrinkage Creep (EO = 374 . 10 -6) Shrinkage Creep (EO = 374.10- 6 ) 
t - to 

ECS OO- 6] Ek + Ecs [1O- 6 ] ~ = Ek/Eo ECS [10- 6 ] Ek + ECS [10 6] ~ = Ekho 

1 day 14 108 0,39 0 92 0,38 

3 days 27 143 0,48 8 100 0,39 

7 days 46 199 0,64 13 134 0,50 

14 days 83 262 0,75 20 157 0,57 

21 days 101 309 0,87 31 184 0,64 

28 days 113 340 0,95 38 208 0,71 

3 months 209 520 1,30 78 301 0,93 

6 months 264 623 1,50 115 376 1,09 

1 year 321 743 1,76 184 471 1,20 
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Table 4 Characteristics of creep and shrinkage-series B 

Experimental serie 8 

Prisms 120 x 120 x 360 mm Columns BOandB8 (Ptot = 0 %) 
Age 

Shrinkage Creep (EO = 374.10- 6) Shrinkage Creep (EO = 374.10- 6 ) 

t - to ECS [10 -6] Ek + ECS [10-6] ~ = E kho ECS [10- 6 ] Ek + Ecs [1O- 6 ] ~=Sk/EO 

1 day 9 207 0,53 6 132 0,34 

3 days 10 270 0,70 19 158 0,37 

7 days 12 341 0,88 40 202 0,43 

14 days 13 419 1,09 45 250 0,55 

21 days 32 480 1,20 52 299 0,66 

28 days 60 521 1,23 60 350 0,78 

3 months 141 778 1,70 111 508 1,06 

6 months 171 902 1,96 156 671 1,38 

1 year 211 1014 2,15 179 760 1,55 

2.4.2. Reinforcement 

The longitudinal reinforcement samples type IIIb TOR 50 have 
been tested and the following results have been obtained: 

Modulus of elasticity (mean value of six specimens) is 
209.800 MPa, 

Yield strength f~ = 575 MPa, tensile strength is 
f. t = 680 MPa. 

3. MAIN RESULTS OF THE EXPERIMENTS 

During the testing of both series of columns about 20.000 
measures have been registered which have been subsequently 
elaborated and analyzed using a computer. Only some of the 
most interesting results will be presented here. 

3.1. STRAINS 

a. Reinforcement 

Time-dependent development of mean tensioned reinforcement, 

strains ( £sm ), shows a constant increase in the columns A3 

and A6, Figure 3. After one year period, the strains have 
become 1,5 times larger than the initial values in the column 
AI, and 1,8 times larger in the column A6. After a slow rise 
d,uring the first month, the strains practically do not 
increase in the columns A2 and AS. In columns in which the 
bending moment is close to the cracking moment (AI and A7) 
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after a slow strains increase during the first weeks upon the 
application of load, the mean strains have even a decreasing 
tendency. 
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Fig. 3 Time-dependent mean strains in the tensioned 
reinforcement (series A columns) 

Regarding the columns of the series B, largest time-dependent 
mean strain increase has been found in the column B7, the 
total mean strains being 1,7 times larger than the initial 
strains, while the increase of strains in other columns has 
been relatively low due to high percentage of reinforcement, 
Figure 4. 

Contrary to the time development of mean strains in the 
tensioned reinforcement, it was observed that mean strains in 

the level of compressed reinforcement ( e~ ) in all columns 

significantly increase compared to their initial values. The 
greatest increase of mean strains has been registered in the 
columns AI, A4 and A7, which have the lowest eccentricity of 
the normal force, Figure 5. The maximum has been reached in 
the column Al where, after one year, the mean strain increase 
is 3,2 times the initial value. In the series B columns, 
which have been reinforced with a higher percentage of 
reinforcement then the series A columns, the increase of the 
initial strains after one year is about 2,0. 
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Fig. 4 Time-dependent mean strains in the tensioned 
reinforcement (series B columns) 

It is important to note that the stresses corresponding to 
compressed reinforcement maximum strains in all the columns 
of the series B, as well as in the columns A6 and A7 of the 
series A, exceed 300 MFa, Figures 5 and 6. Although in some 
of the columns subjected to the service load even the elastic 
limit of steel has been even exceeded, no damage on the 
compressed area of concrete has been noticed. The largest 
strain in the compressed reinforcement after one year, 

£~.~ = -3,3 %0, have been observed in the column B2. In the 

columns of the series A, the highest maximum strain in the 
level of the compressed reinforcement is in the column A6 and 

it amounts to £~.~ = -1.81%0, Figure 5. 

b. Concrete 

Initial mean strains of concrete, measured on the compressed 

sides of the columns ( £~m ), significantly increase with 

time. Among the columns of the series A, the highest increase 
of mean strain after one year has been registered in the 
column A1, in which the mean strain is 3,2 times higher 
compared with the initial strain, Figure 7. The increase is 
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2,3 in the column A3 which has the greatest eccentricity of 
the normal force. The highest mean compression strain in 
concrete, reached after one year, is found in the column A6 

and it amounts to t~m = -1.87 %0 • 
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Fig. 7 Time-dependent mean compression strains in concrete 
(series A columns) 

In the series B columns, where there is a low percentage of 
reinforcement ( columns B1 and B2), the mean compression 
strains increase is 2,4, namely 2,3, while in other columns 
it is about 2,0. The highest values of the mean strain after 
one year have been observed in the column B2, amounting to 
-3,5 %0 while in the columns B1, B4 and B6 the values of 
-2,0 %0 have been exceeded. 

3.2. MEAN CURVATURE 

The mean curvature of the column ( l/rm) is calculated from 
mean strains measured on the compressed face of column and 
mean strains in the level of the tensioned reinforcement, in 
the middle part of the columns, at the length of 90 cm. It 
can be noticed that time-dependent curvature increase is 
faster for columns with a lower normal force eccentricity. 
So, the mean curvature of the column A7 after one year is 
about 2,5 times higher compared to the initial one while the 
mean curvature of the column A3, which has the highest 
normal force eccentricity, is by 1,9 times higher, Figure 8. 
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Fig. 8 Measured time dependent values of the mean 
curvature (series A columns) 

The mean curvature increase in the columns loaded with the 
same normal force is more expressive in the columns in which 
the bending moment is near the cracking moment, as in columns 
A1 and A7. The same phenomenon has been registered with the 
series B columns. In pairs of the series B columns which 
had the same reinforcement (B1/B2, B3/B4 and B5/B6), Figure 
9, the slower increase of the mean column curvature has been 
also observed with the higher normal force eccentricity. 

The percentage of the reinforcement also significantly 
influences the increase of curvature. So, the curvature of 
the B1 column increases more rapidly (about 2,15 times the 
initial) compared to the column B5 which has been reinforced 
with a higher percent age of reinforcement and in which this 
increase is about 1,5, Figure 9. 

3.3. DEFLECTIONS 

The column deflections developed with time in the same manner 
as the mean curvatures. Of the series A, the column A3 had 
the largest deflection of 6,2 mm after one year while the 
largest deflection of 11,7 mm in the series B is registered 
for the column B2. 
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Fig. 9 Measured time-dependent values of the mean 
curvature, (series B columns) 

3.4. CRACKS 

a. Distance between cracks 

165 

l 

After the application of load, first cracks have been marked 
on all the columns as well as those which later appeared with 
time. Examples of stabilized crack patterns after one year 
are shown in Figure 10. It can be generally concluded that 
the cracks distance found immediately or in the first weeks 
upon the load application does not essentially change in the 
later period and that it practically remains constant with 
time. 

On the basis of strains measured on the tensioned face of 
columns, it can be stated that first cracks appear when the 
strain of about 0,1%0 is reached. Although the crack patterns 
are relatively irregular, it is evident that the position of 
the first cracks mainly correspond to the position of 
stirrups in the columns, resulting in the average distance 
between cracks of about 20 cm as in this case it was the 
distance between the stirrups. However, in the columns which 
were loaded with bending moments much above the cracking 
moment, the inter-cracks frequently appear. In such a way in 
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Fig. 10 Crack patterns in the columns Al and A2, one 
year after the application of load 

columns A2 and AS the average distance between cracks of 12 
cm, namely of 16 cm, has been measured while in the columns 
A3 and A6 the distance is only 11 cm. The smallest distance 
between cracks, of only 6 cm, has been measured in the column 
A6. 

In the pairs of series B columns with the same reinforcement, 
the distance between cracks is larger in the columns with 
lower normal force eccentricity. For example, in the columns 
B3 and B4 the average distance between cracks is 19 cm, 
namely 17 cm, while the distances of 18 cm, namely of 14 cm, 
have been measured in the columns B5 and B6. In the columns 
with a lower percentage of reinforcement, as are the columns 
Bl and B2, the average distance between cracks is 19 cm. 

b. Crack widths 

On the basis of the analyzed measurements, a general 
statement can be made that under the influence of constant 
loading, the crack widths has in some cases the tendency to 
significantly increase with time. Observing all the columns, 
from both of the series, the average crack width (wm) has the 
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maximum increase in the column A6, reaching 100 % after one 
year. In the columns loaded by the bending moment close to 
the cracking moment it has been found that the average crack 
widths slowly increase during the first three months, 
remaining almost constant after that time or even gradually 
decreasing. This happens mainly due to the gradual closing of 
some number of cracks the width of which at the initial 
moment was below 0,02 rom. The survey of the ratios between 
the average crack widths after one year (w~) and the initial 
average crack widths (wm) is presented in Table 5. 

The ratio between the largest and the average crack widths 
in columns changes with time and it is regularly higher 
after one year for the series A columns which is not always 
the case with the series B columns. This ratio increases with 
the decrease of normal load eccentricity and when bending 
moment is closer to the cracking moment. For such columns in 
the series A, after one year the ratios 

Table 5 The ratios between the average crack widths after 
one year (w~) and the initial average crack widths 
(~) 

Series A 

Columns A1 A2 A3 A4 AS A6 A7 

~~ 1.25 1.88 1.61 1.30 1.88 2.02 1.90 

Series B 

Columns B1 B2 B3 B4 B5 B6 

wmt/wm 1.91 1.77 135 1.39 1.33 1.64 

range between 1,70 and 1,95. The ratio between the largest 
and the average crack widths is the smallest in the column 
with the highest normal load eccentricity, the column A3, 
and amounts 1,17. Those ratios are lower in the series B 
columns as the bending moments are significantly higher 
then the cracking moment. They range between 1,12 for the 
column B3 and 1,31 for the column B5. 

with regard to the average crack width after one year, it 
is the largest in the column A3, reaching 0,24 rom and in the 
series B columns it is the largest in the column B2, 
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reaching 0,63 mm. Time-dependent development of cracks 
expressed through the average crack widths in all the series 
A and B columns is shown in Figures 11 and 12. 

4. COMMENTS 

On the basis of those extensive experimental results it can 
be stated that the creep and shrinkage of concrete have a 
great influence on the changes of reinforced concrete members 
stresses, strains and deformations under the long-term 
sustained loading. Regardless of the fact that the tested 
columns were loaded by relatively high compressive forces, 
time-dependent development of cracks point to the fact that 
even in such cases the serviceability limit states may be 
affected by the time-dependent behavior of concrete. In spite 
of a relatively small number of tested columns, the influence 
of different percentage of reinforcement as well as the 
influence of the magnitude and eccentricity of the normal 
load on the size and development of deformations and cracks, 
both in the initial period and during the whole subsequent 
course of testing is evident. 

Although the obtained results offer very large possibilities 
for comparative analyses and conclusions in the field of 
time-dependent behavior of the reinforced concrete elements 
subjected to the complex bending, this paper is primarily 
conceived as a general report and a review of the main 
results of this experimental research project. 
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MODELLING IMPACT LOADING OF REINFORCED CONCRETE STRUCTURES 

INTRODUCTION 

Andrew Scanlon 
Professor of Civil Engineering 

The Pennsylvania State University 

Impact loading involving collision between an external body and a concrete structure 
is an extreme loading condition that has to be considered in some situations. Typical 
cases include vehicle impact against bridge and other structures, iceberg impact against 
offshore structures, and impact of projectiles as a result of explosions or falling 
objects, to name a few. Analytical modelling of impact phenomena presents a 
significant challenge. In addition to treating the contact conditions between two 
impacting objects it is necessary to include highly nonlinear material modelling 
because of the severity of the loading that often occurs. Because of the short duration 
of the load, strain rate dependence of the response should also be considered. 

This paper presents a brief review of two research projects recently conducted at Penn 
State University to investigate the capabilities of finite element modelling to handle 
impact loading. The first project deals with the general case of impact between an 
external body and a concrete structure. Both are treated as two-dimensional systems 
represented by plane stress finite elements. This work was motivated by an 
experimental program to assess the performance of bridge barriers under impact loads 
similar to vehicle impact (Scanlon et al. 1989). The second project involves the 
modelling of reinforcing bars embedded in concrete to investigate the effects of high­
rate impact loading on bond between concrete and reinforcement. 

MODELLING IMPACT BETWEEN EXTERNAL MASS AND CONCRETE 
STRUCTURE 

In this project, Riad (1991) implemented the general approach to modelling of impact 
and release conditions proposed by Hughes et al. (1976). Considering the simple 
example shown in Figure 1 involving a mass striking a vertical cantilever, the element 
nodes are divided into contact and no-contact nodes. The impact velocity of the 
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striking mass is prescribed and a time-stepping procedure is used to monitor the 
contact conditions at the potential contact nodes during and after initial impact. 
Multiple impacts are possible. Neglecting damping, the equations of motion for the 
impacting mass and structure can be written as, 

(1) 

(2) 

The forces 't b and 't c represent equal and opposite forces at the contact nodes. When 
there is no contact these forces are zero. During contact the forces are equal and 
opposite and the combined equations of motion can be written as, 

Ua Kaa 
Uc + Kbb 
ud 0 

The relative positions of potential contact nodes are monitored and when contact is 
detected displacements ub are set equal to Uc and the form given by Eq. 3 is used to 
analyze the combined system. When release conditions are detected by the presence 
of tensile contact forces the contact nodes are released. 

The equations of motion are solved at each time step using the explicit central 
difference scheme. The impact formulation was implemented in the computer program 
DYNPAK developed by Owen and Hinton (1980). The program contains options for 
several material models including elastic and elasto-viscoplastic models both of which 
were used in the present study. Two examples are presented to illustrate the 
application of the procedure 

Example 1. Impact Between Two Elastic Rods 

Figure 2 shows the two rods, one at rest and the other approaching at a velocity of 0.1 
in/sec. Results in the form of contact force and displacement histories are presented 
for two time increments. 
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The first case shown in Figure 3 is based on t..t = 0.005 sec which is exactly the time 
taken for the stress wave to traverse one element. This case produces a crisp contact 
force history matching the theoretical result based on wave theory. The corresponding 
nodal displacements are also shown. Some noise appears to develop in the 
displacement at node 43 after release when theoretically the displacement should 
remain constant. 

Figure 4 shows the results when the time increment is reduced to M = 0.0008 sec. 
After some initial fluctuation about the correct solution the computed impact force 
converges to the correct value and the impact duration is correct. The displacement 
history does not indicate the noise that was present in the previous example after 
release. 

These results suggest that for one dimensional problems the optimum time increment 
to simulate impact forces is that corresponding to the time taken for the wave to cross 
the element. However, smaller time increments produce satisfactory results and 
actually improve the calculation of displacement. For more complicated problems, 
particularly two dimensional problems and non-linear materials, it will not always be 
possible to match element size and wave speed. 

Example 2. Impact Between Two-Dimensional Mass and Cantilever 

A series of analyses was performed on the structure shown in Figure 1. Presented 
here are some of the results for a reinforced concrete model as shown in Figure 5. 
The bar is represented by discrete elements and precracked elements at the base 
account for low tensile strength across a construction joint. Elasto-viscoplastic 
material modelling is assumed. The mass consists of a combination of steel and 
plywood material properties. 

The discontinuous nature of the contact is illustrated in the displacement history at 
adjacent nodes 6 and 32 as shown in Figure 6. Shown in Figure 7 are contact forces 
at nodes 1 and 6. Again, it can be seen that the computed force is not continuous but 
consists of a series of contact and release events at the lower node. At the upper 
node, because of the deflected shape of the cantilever, there is a single short duration 
contact. 

MODELLING REINFORCING BAR EMBEDDED IN CONCRETE 

An alternative approach to modelling impact is to use a contact element at the interface 
between potential contact nodes. This approach was used by Maksoud (1991) in his 
work dealing with uniaxial impact modelling. The contact element consists of a stiff 
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spring and a gap in series. The displacements at each end of the contact element (Le. 
the adjacent nodal displacements) are monitored to determine when contact and release 
occur. When contact takes place a force is developed in the contact element. This 
approach was used to analyze a test specimen from an experimental investigation 
conducted by Vos and Reinhardt (1981) to investigate effects of impact loading on 
bond. The test set-up consisted of a Split Hopkinson Bar arrangement. Details of the 
specimen are shown in Figure 8. The specimen is sandwiched between two aluminum 
bars. A falling mass strikes an anvil at the bottom of the lower bar causing a tensile 
pulse to travel up the bar and through the specimen. The finite element model 
consisting of axisymmetric elements is shown in Figure 9. 

Response parameters considered in the study were the shear stress in the concrete 
adjacent to the bar identified as LocI in Figure 9, the stress in the steel bar at Loc2, 
and the displacement at the top end of the reinforcing bar. A major parameter in the 
specification of the visco-elastic material characteristics is the fluidity parameter (a 
measure of the inverse of viscosity). Since this parameter does not appear to be well 
defined for concrete, analyses were conducted for a series of values to determine the 
sensitivity of the solution to assumed values. Figure 10 shows a plot of computed bar 
displacements for several values of y , the fluidity parameter. A good match between 
computed and reported measured displacements is evident for y = 10. In Figure 11, 
shear stresses computed at LocI are compared with measured average bond stress 
based on bar force divided by bond area. Although the trends are similar, there is a 
significant discrepancy between the magnitudes of measured and computed stresses. 
This may be partly due to the fact that local peak stresses are likely to be significantly 
larger than average vales along the length of the bar. Shown in Figure 12 are 
computed bar stresses for two values of y. Again the solution is seen to be quite 
sensitive to this parameter. 

CONCLUDING REMARKS 

The two studies summarized briefly in this paper indicate that the proposed modelling 
procedures for impact loading have potential for providing useful results. Additional 
work is needed to refine the material modelling used to incorporate more realistic 
constitutive laws for concrete including strain rate dependency and fracture. In 
addition the modelling of contact needs to be generalized to permit "sliding" of 
adjacent nodal points rather than assuming they are glued together during the contact 
duration. 
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TENDON STRESS IN UNBONDED PARTIALLY PRESTRESSED CONCRETE BEAMS 

T. I. Campbell 
Department of Civil Engineering 
Queen's University, Kingston, Ontario, Canada 

INTRODUCTION 

A post-tensioned prestressed concrete member may be classified as 
either bonded or unbonded. In a bonded member cement or epoxy grout is 
injected into the ducts containing the prestressing tendons, after the 
desired prestressing force has been applied, to establish bond between 
the tendons and the ducts. Alternatively, the ducts may be left empty, 
or filled with grease, in which case no bond exists between the tendons 
and the ducts, resulting in an unbonded member. Prestressed members may 
also be classified as either fully or partially prestressed. Fully 
prestressed members contain only prestressed reinforcement, whereas 
partially prestressed members contain bonded nonprestressed 
reinforcement in addition to prestressed reinforcement in the tension 
zone. 

Unbonded tendons provide an economical form of reinforcement for 
structures requiring a large number of relatively small tendons 
distributed throughout the structure, such as in flat plate floor 
construction. Another common use of unbonded tendons is to tie together 
the segments during construction of a segmental concrete bridge. 
However, a segmental bridge is an unbonded structure only during the 
construction stage, since the ducts are usually filled with cement grout 
after completion of construction of the entire bridge in order to 
protect the tendons against corrosion. A recent trend in bridge 
construction is the use of external prestressing where the tendons are 
located within the internal voids of a box girder and deviator blocks 
are used to deflect the profile of the tendons. Although the tendons 
are usually protected by cement grout, since they are not contained 
within the concrete they behave primarily as unbonded tendons1 • 

Determination of the moment resistance of a reinforced concrete 
section requires a knowledge of the force in the tensile reinforcement 
at the section. In an unbonded prestressed beam the increase in the 
stress in the prestressed reinforcement during loading to failure is not 
easy to predict. This is a consequence of the change in strain in the 
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prestressed reinforcement, and hence the stress, at any section not 
being related directly to the change in strain in the surrounding 
concrete at that section as in a bonded beam. 

Under load a fully prestressed unbonded flexural member behaves 
primarily as a tied arch, with the unbonded prestressed reinforcement 
acting as the tension tie and the concrete as the compressive chord of 
the arch. When the member is loaded to failure, a plastic hinge forms 
at a section in the maximum moment region where cracking is concentrated 
and all rotation is confined primarily to the location of this hinge 
(Fig. l(a)). However, when nonprestressed bonded reinforcement is added 
to the unbonded prestressed reinforcement, the member may behave more 
like a beam than a tied-arch. In this case the stress in the bonded 
reinforcement varies over the length of the member, and consequently 
cracking and rotation are not confined to a plastic hinge region but are 
distributed along the 
span (Fig. l(b)). Thus 
determination of the 
tendon stress at 
failure of an unbonded 
member is complicated 
by the fact that such a 
member may behave as an 
arch or a beam. 

This paper traces 
the development of 
approaches which have 
been used in 
determination of the 
stress, fps' in the 
pre s t res sed 
reinforcement at 
failure of an unbonded 
prestressed beam. The 
shortcomings of some 
present-day North 
American design codes 
wi th regard to the 
prediction of fps in a 
partially prestressed 
unbonded beam are 
outlined. Finally, 

----- ---------

REINFORCEMENT L CRACK 
(a) Arch behaviour 

REINFORCEMENT 

(b) Beam behaviour 

Fig. l. Arch and Beam Behaviour 

some mathematical models for simulation of a unbonded prestressed 
concrete beam are described, and the influences of various parameters 
on fps' as predicted by these models, are outlined. 

EMPIRICAL EQUATIONS 

Early research on unbonded fully prestressed concrete beams 
focused on the implementation of a strain compatibility factor by means 
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of which the tendon stress at failure of the beam could be computed in 
a manner similar to the strain compatibility approach2 used for bonded 
beams. The strain compatibility factor (F) was defined as the ratio of 
the change in strain in the prestressed reinforcement divided by the 
change in concrete strain adjacent to the reinforcement at the failure 
section. Various expressions 3,4,5,6,7 relating F to various parameters 
of a beam have been suggested. However, it is difficult to estimate F 
accurately and generally simplified expressions based on test data have 
been adopted to give the tendon stress at failure (fps) directly. 

Using as a basis a lower bound to the limited test data available 
in 1963, ACI 318-638 gave the following equation (in psi units): 

Ips - fse + 15000 (1) 

where fse is the effective stress in the prestressed reinforcement after 
losses. Subsequent test data 9, 10, 11 indicated some limitations of Eqn. 
(1) and as a result ACI 318-7112 and ACI 318-7713 contained the following 
equation: 

(2) 

with the limitations fps ::5 fpy or fps ::5 fse + 60000, where f' c is the 
compressive strength of concrete, Pp is the prestressing steel ratio and 
fpy is the yield stress of the prestressing steel. Equation (2) was 
also adopted by A23.3-1973 14 and CAN3-A23.3-M7715 . 

Subsequent research 6, 16, 17 indicated that fps was dependent on the 
span to depth ratio of the member. Consequently ACI 318-8318 restricted 
the use of Eqn. (2) to beams with a span to depth ratio less than or 
equal to 35 and introduced the following equation wh~n the span to depth 
ratio exceeded 35: 

Ips - fse + 10000 + Fe / 300p p (3) 

with the limitations fps ::5 fpy or fps ::5 fse + 30000. Equations (2) and 
(3) have been retained in ACI 318-8919 . 

In order to overcome the undesirable discontinuity introduced at 
a span to depth ratio of 35 in the above approach, Haraj li 20 has 
suggested use of the following equation: 

Ips - fse + (10000 + Fe / lOOp) (0.4 + 8/Qfd) 

with the limitations fps ::5 fpy or fps ::5 fse + 60000, where 1 is the span 
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length and ~ is the distance from the extreme compression fibre to the 
centroid of the prestressed reinforcement. 

It should be noted that none of the above equations account for 
the influence of any bonded nonprestressed reinforcement in a beam 
although the relevant codes require a minimum amount of such 
reinforcement in an unbonded beam. The presence of bonded 
nonprestressed reinforcement enables an unbonded prestressed beam to act 
as a flexural member after cracking rather than as a shallow tied arch, 
which exemplifies the behaviour exhibited by an unbonded fully 
prestressed beam. Consequently, a number of researchers 16,21,22 have 
suggested that the influence of bonded nonprestressed reinforcement 
should be accounted for in any equation for f~. 

CAN3-A23.3-M8423 gives the equation (in MPa units): 

Ips - I. + S~ (dp - c) 
e 

(4) 

with the limitation fps ~ fpy, where cy is the depth from the extreme 
compression fiber to tne neutral axis calculated assuming a stress of 
fpy in the tendons, and le is the length of the prestressing tendon 
between anchors divided by the number of plastic hinges required to 
develop a failure mechanism in the span under consideration. In Eqn. 
(4), the value of cy is influenced by the amount of bonded 
nonprestressed reinforcement and therefore its effect is taken into 
consideration in the calculation of f~. In developing Eqn. (4) Loov24 
assumed that all deformation in a beam was confined within a length 
proportional to the neutral axis depth and established the 5000 term by 
a lower bound fit to existing test data. 

Table 1. Comparison of observed and predicted values of Af~ 

Beam ll.fps ll.fps ll.fps 
observed Eqn. (4) At,. observed Eqn. (2) At,. observed 

(MPa) (MPa) At,. (Eqn. (4» (MFa) iJ.f" (Eqn. (2» 

1 396 216 1. 83 148 2.68 

2 402 183 2.20 147 2.73 

3 332 148 2.24 145 2.29 

4 252 135 1. 87 158 1.59 

5 193 106 1.82 159 1.21 

6 183 77 2.38 159 1.15 
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Table 1 shows a comparison of the increase in tendon stress (~fps) 
as predicted by Eqns. (2) and (4), and as measured by Chouinard25 in 
tests on six simply- supported unbonded beams. These beams were 
subjected to third-point loading, had a span to depth ratio of 15 and 
the amount of nonprestressed reinforcement increased from zero in Beam 
1 to a maximum of 2.8 percent in Beam 6. All six beams had a 
prestressed reinforcement ratio (pp) of 4.22 x 10-3 • It can be seen 
that, while Eqn. (4) underestimated ~fps by a factor of about 2, it did 
predict the proper trend in that ~fps decreased with increasing amount 
of nonprestressed reinforcement. Equation (2) on the other hand 
predicted similar values of ~fps for all the six beams, the variation 
being due entirely to the difference in the strength of the concrete in 
the beams. As a result, Eqn. (2) gave an underestimate of 2.73 times 
for Beam 2 but only 1.15 for Beam 6. Loov24 has suggested that the 
factor 5000 in Eqn. (4) could probably be increased to 8000 in which 
case the underestimation of the observed ~fps values in Table 1 would be 
reduced to about 1.3. 

Based on a number of tests conducted on simply supported unbonded 
partially prestressed beams, Du and Ta021 proposed the following 
equation (in MPa units): 

Ips - 1M + 786 - 1920qD 

with the limitation fps S fpy and qo < 0.3 where qo' which is the 
combined reinforcement index, is a measure of the total amount of 
reinforcement in the beam. 

Harajli and Hijazi22 have developed the following lower bound 
equation from a comprehensive analytical study of unbonded members: 

where 7 is a parameter which is a function of span to depth ratio and 
type of loading, and a and p are parameters whose magnitude depends on 
the spread of plasticity in the member and are related to geometry of 
applied loads. 

ANALYTICAL INVESTIGATIONS 

Most of the past research on unbonded partially prestressed 
concrete members has been based on laboratory tests in which it is 
possible only to investigate the effects of a limited number of 
parameters on the value of fps. More recently, however, suitable 
mathematical models22.26 have made it possible to conduct extensive 
analytical investigations of unbonded partially prestressed concrete 
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beams. 

Kibbee26 used four models to carry out an extensive parametric 
evaluation of the effects of a number of variables on the stress in the 
prestressed reinforcement at failure of an unbonded beam. These models 
were PCFRAME, NOBOND, ARCH and TRUSS. The PCFRAME model, which is a 
finite element program for the analysis of planar reinforced and 
prestressed concrete frames, was developed at the University of 
California at Berkeley by Kang27 . The program is capable of predicting 
the response of an unbonded prestressed concrete beam throughout the 
elastic, inelastic and ultimate load ranges. NOBOND makes use of 
compatibility of deformation between the concrete and the prestressing 
steel over the length of the prestressing tendon by assuming that the 
deformation in the concrete can be determined from the curvature 
distribution along the length of the beam. This approach21,28 is valid 
since the presence of a small amount of nonprestressed bonded 
reinforcement results in a uniform crack distribution in an unbonded 
prestressed member with the result that is behaves as a flexural member 
rather than a tied arch. On the other hand, ARCH models a beam as a 
tied arch using the approach suggested by Pannel129 , where it is assumed 
that all deformation is concentrated in a zone of plasticity located in 
the maximum moment region and having a length related to the depth of 
the neutral axis at the failure section. The TRUSS model employed the 
ANSYS30 general purpose program to analyse a truss which was used to 
simulate an unbonded beam. 

Figures 2 and 3 show some results obtained by Kibbee26 from the 
above four models. Figure 2 compares results from NOBOND and PCFRAME 
with values given by ACI 31S-S9 (Eqns (2) and (3» and by a modified CSA 
M-S4 (Eqn. (4) with parameter 5000 value changed to SOOO). Predictions 
from ARCH, NOBOND and the modified CSA M-S4 equation are shown in Fig. 
3. It can be seen from Fig. 2 that, while the increase in tendon 
stress, ~f~, as predicted by NOBOND and PCFRAME is largely independent 
of span to depth ratio, it decreases with increasing span to depth ratio 
according to the modified CSA M-S4 equation. Figure 3 shows that this 
equation is in close agreement with the predictions from the ARCH model. 
Kibbee26 attributed the difference between the NOBOND and PC FRAME 
results in Fig. 2 to the fact that PCFRAME accounts for geometric 
nonlinearity whereas NOBOND does not. It can be seen from Fig. 2 that 
span to depth ratio appears to have little effect on ~f~ for members 
that fail as beams. However, as the span to depth ratio ~ncreases, for 
members that fail as tied arches, ~fps decreases, with the decrease 
being most pronounced for beams with span to depth ratio in the 
neighbourhood of 10 to 20. Kibbee also concluded that ~f~ increases 
with the extreme fiber concrete strain at failure, decreases as the 
combined amount of bonded and unbonded reinforcement is increased, and 
is affected by the loading pattern. For point loads, symmetrically 
placed about the midspan of a simply supported beam, ~f~ increases as 
the loads are moved towards the supports. In a beam subjected to a 
uniformly distributed load ~f is lower than in an equivalent beam 
under third point loading. the TRUSS model used by Kibbee indicated 
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that the addition of a relatively small amount of bonded nonprestressed 
reinforcement results in a change from arch behaviour to beam behaviour 
in beams with unbonded tendons. 

BEAM 1 

BEAM 2 

BEAM 3 

BEAM 4 

BEAM 5 

BEAM 6 

t DENOTES LOAD POSITION 

Fig. 4. Crack Patterns at Failure 

Figure 4 shows the crack patterns in the six beams tested by 
Chouinard25 . The reduction in crack spacing and the extension of 
cracking into the shear span of an unbonded beam as the amount of 
nonprestressed reinforcement is increased (Beam 1 to Beam 6) can be 
seen. Chouinard concluded that the extent of the plastic zone at 
failure in an unbonded beam is related to the level of the shear force 
in the beam and that the shear effect should be accounted for in an 
analysis. Harajli and Hijazi22 have suggested that, at failure, the 
increase in the length of the plastic zone beyond the maximum moment 
region be accounted for in a compatibility analysis similar to that 
employed in NO BOND by adjusting the load configuration as indicated in 
Fig. 5. They proposed that the actual spacing (10) of the loads be 
increased by an amount equal to the effective depth of the prestressed 
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reinforcement, ~, to give an apparent spacing of La. This results in 
an 'apparent' distribution of curvature at failure given by the solid 
line in Fig. 5 (b), as opposed to the 'actual' distribution indicated 
by the broken line. Chouinard~ has shown that such an increase, which 
is independent of the level of shear, may not be sufficient to account 
for the influence of the spread of plasticity in a beam. 

Hadj Taieb31 has developed a model, designated as NBTRUSS, to 
simulate an unbonded beam by modifying NOBOND using the diagonal 
compression field theory28 to incorporate shear effects. A comparison 
of results from NBTRUSS, NOBOND and ARCH for a partially prestressed 
unbonded beam with different span to depth ratios and subjected to 
third-point loading is shown in Fig. 6. It can be seen that a distinct 
change in behaviour, as predicted by NBTRUSS, occurs at a span to depth 
ratio of approximately 10. For span to depth ratios less than 10, the 
values of tofps from NBTRUSS are in agreement with those from ARCH. This 
is a consequence of NBTRUSS detecting that the beam exhibits flexural 
instabil ity16 due to yielding of the nonprestressed bonded reinforcement 
at cracking in the shear span and, as a result, utilizing the ARCH 
approach incorporated in NBTRUSS to accommodate the analysis of this 
case. For higher span to depth ratios the values of tofps from NBTRUSS 
approach those from NOBOND from above with the difference becoming 
negligible at higher span to depth ratios. The reducing influence of 
shear with increasing span to depth ratio results from the predominance 
of flexural over shear effects in beams with higher span to depth 
ratios. Hadj Taieb also showed that the effect of span to depth ratio 
is influenced by the loading condition and is most pronounced in beams 
subjected to a single concentrated load. 

CONCLUSIONS 

1. While the relevant equations in the current ACI 318 and CAN3-
A.23.3 codes give conservative values for fps' they do not 
accurately reflect the behaviour of an unoonded partially 
prestressed concrete beam. 

2. The value of fps in an unbonded partially prestressed concrete 
beam with span to depth ratio greater than about 10 and subjected 
to third-point loading appears to be independent of span to depth 
ratio. 

3. The level of shear force in an unbonded beam influences the stress 
in the prestressed reinforcement at ultimate. 

4. Mathematical models capable of simulating the behaviour of an 
unbonded partially prestressed concrete beam are available. 
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NOTATION 

Aps area of prestressed reinforcement 

As area of bonded nonprestressed reinforcement 

b width of beam section 

Cu distance from extreme compression fiber to neutral axis at 
ultimate 

distance from extreme compression fiber 
calculated assuming a stress level in 
reinforcement equivalent to f~ 

to neutral axis 
the prestressing 

d distance from top fiber to centroid of nonprestressed bonded 
reinforcement 

<lp distance from top fiber to centroid of prestressed 
reinforcement 

F strain compatibility factor 

f'c compressive strength of concrete 

fps stress in prestressed reinforcement at ultimate 

f~ tensile strength of prestressed reinforcement 

f~ yield strength of prestressed reinforcement 

fse effective stress in prestressed reinforcement after losses 

fy yield strength of the bonded nonprestressed reinforcement 

Ku ultimate curvature 

La equivalent distance between applied loads 
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Lo actual distance between applied loads 

i span length 

ie length of the tendon between anchors divided by the number of 
plastic hinges required to develop a failure mechanism in the 
span under consideration 

qo combined reinforcement index ( = q. + qse) 

qs bonded nonprestressed reinforcement index ( = Psfy/f'c) 

qse prestressed reinforcement index ( = Ppfse/f'c) 

~fps increase in the prestressed reinforcement stress at ultimate 

Pp prestressed reinforcement ratio ( = Aps/b~) 

Ps bonded nonprestressed reinforcement ratio ( = As/bd) 
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ON THE CHOICE OF PRESTRESSING PERCENTAGE IN PPC ELEMENTS 

Abstract 

Ezio Giuriani1 • Paolo Riva2 

1) Professor of Structural Design, Department of Civil Engi­
neering, Universita di Brescia, Brescia, Italy. 

2) Assistant Professor, Department of Civil Engineering, Uni­
versita di Brescia, Brescia, Italy 

A set of design aids is presented to facilitate the choice of 
prestressing percentage in partially prestressed concrete members, when 
cracking and concrete compression stress are the governing 
serviceabili ty limit states. A design example is also developed to 
illustrate the use of the design charts given. 

1. Introduction 

In order to control the service behavior (i.e., cracking, deflection and 
maximum stresses) of structural concrete, Partially Prestressed Concrete 
(PPC) members may be effectively adopted in practice. PPC design is, 
however, generally more complex than Prestressed Concrete (PC) or Rein­
forced Concrete (RC) design in that, in order to meet given performance 
criteria, it is also necessary to determine the value of the prestress­
ing to non-prestressing steel ratio. 

Optimal design approaches based on the minimization of a cost merit 
function were presented in [4] and [13]. These approaches have general 
validity, but their results are function of the unit costs, variable in 
time and from country to country. A simpler approach, allowing for the 
minimization of the partial prestressing ratio (PPR) through the sati­
sfaction of code requirements such as ultimate strength, crack opening, 
admissible stresses and deflection, was proposed in [12]. Finally, a 
practical flexural design procedure for prestressed concrete continuous 
girders based on simul taneously ensuring specified margins of safety 
against both limit states of section and structural failure was proposed 
in [5,6,7]. 

To facilitate the choice of prestressing percentage in PPC sections, 
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a set of design aids is presented herein. The study is concerned only 
with service limit states, after the occurrence of all prestressing 
losses. The only constraints considered are crack opening and allowable 
compression stress in concrete. The design aids presented have been 
obtained by adopting the analytical model [10], which allows a detailed 
description of cracking and related phenomena. 

Finally, the design aids presented not only give useful indications 
for the design of PPC elements, but can also be adopted for the verifi­
cation of PPC sections in service. 

2. Advantages of PPC versus RC or PC solutions 

The advantages of PPC versus PC or RC solutions were discussed in [2] 
in a general context. Figure 1 [10] illustrates the advantages of par­
tial prestressing versus full or no-prestressing in the service range. 
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Figure 1 - Comparison of PPC versus PC or RC design solutions. 

Figure 1 shows the moment-curvature relationships of an I-section for 
different values of the ordinary to total steel percentages psi pt. These 
curves refer to a constant value of the total specific steel percentage 
npt, defined as [10]: 

nPt = nps + (f If )np (1) 
pu sy p 
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where: n = Es/Ee, ps = As/(bd) , pp = Ap/(bd), Es = Ep, b is the compres­
sion flange width, d is the effective depth of the section, As and Ap 
are the reinforcing and prestressing steel area, respectively. It is 
noted that for constant pt values the ultimate moment, if the depth of 
the reinforcing and prestressing steel is equal, is almost constant and 
independent of psi pt. 

Referring to a service moment Mo (Figure 1), it is observed that, for 
increasing values of pslpt (decreasing the amount of prestressing), the 
curvature increases. For pslpt values varying between 0 and 0.3 the 
section is uncracked and the curvature increment is relatively small (up 
to 80% from point D to point E in Figure 1). For higher values of the 
pslpt ratio, the section is cracked and the curvature considerably in­
creases. If no limi ta t ions are imposed on crack opening and concrete 
compression stress, the maximum curvature in service conditions for the 
RC section is reached (pslpt = 1, at point n. Limiting crack opening 
and concrete compression stress to some admissible value, the maximum 
admissible curvature is reduced (i. e., for We :s Wadm = O.lmm and (J'e :s 
(J'e,adm = 12MPa , the maximum admissible curvature would be at point G on 
the border of the feasible domain, and the value of pslpt could not be 
larger than 0.6). From the analysis of Figure 1, it is observed that 
limiting the crack width results in a limitation of the admissible cur­
vature, therefore of the structural deformability. 

From the discussion of Figure 1 it is concluded that the advantage of 
partial versus full prestressing is the reduction of prestressing steel 
amount, if a higher structural deformability and crack opening is allow­
able. On the other hand, the adoption of a PPC instead of an RC solution 
allows to control crack opening and section deformability with a limited 
prestressing amount. 

Note that service moment Mo has been assumed as the decompression 
moment for the fully prestressed section (pslpt = 0). It may be approxi­
mately defined as Mo = Mper - Meer, where Mper and Meer are the PC and 
RC section cracking moments, respectively. 

3. Moment-Curvature Analytical Model 

The analytical model of the moment-curvature relationship of structural 
concrete elements in the first (uncracked) and second (up to yielding) 
states has been developed in [10]. In the following, only the main as­
sumptions are outlined. 
• The analytical model is developed referring to the local curvature of 
an element of length equal to the crack spacing le, under constant 
moment and axial force (Figure 2). 
• The compatibility and equilibrium equations are expressed at the 
cracked section, and are based on the stress distribution and displace­
ment shown in Figure 3. 
• Both reinforcing and prestressing steel have been assumed linearly 
elastic, as the analysis is limited to the first and second state. 
• The adopted constitutive laws for concrete in compression and tension 
are shown in Figures 4a and 4b, respectively. Figures Sa and Sb illus­
trate the bond-slip constitutive laws assumed for reinforcing and pre-
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Figure 6 - Moment-curvature relationships for different ps/pt ratios 
[10] . 

stressing steel, respectively. 
• The tension-stiffening effects are considered adopting the analytical 
formulation presented in [9,10]. 
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The equilibrium equations resulting from the application of the above 
hypotheses can be solved numerically by imposing the curvature and de­
termining the neutral axis through an iterative procedure. A typical 
moment-curvature diagram for an I section with constant npt, and vari­
ous ps/pt ratios is shown in Figures 6. Figure 7 shows the moment-curva­
ture relationships for different section shapes with constant npt and 
ps/pt. It is noted that the moment M in Figures 6 and 7 represents the 
section response. Hence, for statically determined members, it coincides 
with the moment due to the applied loads only. 

o 

M 
\l = bd2E 

c 

-4 
lOxlO 

• cracking begins 

Figure 7 - Moment-curvature relationships for different PPC sections 
[ 10]. 

4. Design Aids 

The objective of this study is to give some design aids (Figures 8 to 
15) aimed to the choice of prestressing percentage when a partially 
prestressed solution has to be adopted to limit crack opening or con­
crete compression stress. The plots allow to establish a relationship 
between the non-dimensional bending moment Il = MI(bh2Ecl acting on a 
section, and ps/pt for given allowable crack openings or concrete com­
pression stress. Two families of curves are shown in each plot. The 
first one (dashed lines) expresses the Il-ps/pt relationship for constant 
crack openings We, the second (solid lines) for constant concrete com­
pression stress ~e. Crack opening and compression stress are expressed 
in non-dimensional form as we/le and ~e/Ee, respectively, where le is 
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the crack spacing, and Ee is the Young's modulus of concrete. Each plot 
refers to a constant value of the total specific steel percentage npt. 

The plots are based on the following values of the main parameters 
governing the moment-curvature relationship according to [10]: 

E = 0.002 o 
E = 0.0002 

er 
E = 0.0004 

k 

f I(E IC) 8xl0-5 C IC = 6000 f IE = 0.005 
et e 2 1 2 pe s 

t = 1000 T = 0.25xl0-5 T = 0 
s p 

where: EO, Eer, Ek, fet/(Ee/C2), Cl/C2 are quantities related to the 
concrete constitutive laws (Figure 4), fpe is the effective prestressing 
stress after all losses, t, Ts, and Tp are parameters related to the 
adopted tension stiffening formulation for reinforcing and prestressing 
steels, respectively [7]. 

In the definition of the steel percentage npt (1), the ratio of the 
ultimate strength of prestressing steel to the yielding strength of 
reinforcing steel has always been assumed constant and equal to 4 (i.e., 
fpu/fsy = 4). 

The following values of npt have been considered: 

np = 0.100, 0.075, 0.050, 0.025, 
t 

(2) 

while the partial prestressing factor pslpt assumes any value between 0 
(PC) and 1 (RC). 

The curves in Figures 8-15 have been obtained numerically using the 
computer program developed in [7], which determines the moment-curvature 
(M-t/» relationships, the crack opening We and the concrete and steel 
stress for any section shape with any value of npt and pslpt. 

The diagrams refer to some significant section, described in each 
figure. Four different diagrams are given for each section type, one for 
each npt value. In each plot, the Il-pslpt relationships are _~lotted for 
seven values of the Welle ratio (welle = 0, 2, 4, ... , 12x10 ) and four 

-4 values of the ~e/Ee ratio (~e/Ee= 3, 4, 5, 6x10 ). 
These diagrams can be used to determine pslpt for a given npt value, 

non-dimensional moment Il, admissible crack opening welle, and/or concre­
te compression stress ~e/Ee. The total specific steel percentage npt of 
the section can be determined from the ultimate limit state of the sec­
tion in bending, and the adimensional moment Il represents the service 
moment acting on the section. 

The design aids refer to statically determined beams. Hence, the 
unstable branches of the moment-curvature diagrams after cracking 
(Figures 6, 7, and [10]) are not considered, as the transition to the 
second state occurs under a constant moment. 

The plots may also be useful to give an estimate of the reinforcing 
steel stress and of the prestressing steel stress increment ll~p= ~p -
fpe as functions of the crack opening We. This can be done by amplify­
ing the average steel elongation Welle by a factor ~, accounting for the 
tension stiffening effects, i.e.: 

E = ~ wIle (3) 
s 

and ~ ~ 1.25, according to the numerical results [7]. 
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Finally, the plots of Figures 8-15 can also be used to design a sec­
tion compatible with the constraints imposed on crack opening and con­
crete stress. In fact, the adimensional moment J..l = MI (bd2Ee) can be 
varied, for a fixed service moment M, varying the section dimensions. 

The practical application of these design aids imposes an a priori 
definition of the crack spacing le. At present this is still an open 
research problem, especially for PPC elements, due to the difficulties 
of analyzing the prestressed and reinforcing steel interaction on crack 
formation. However, for practical purposes the crack spacing formulae 
given in the CEB-MC 90 [3] or in the Euro-Code [8], may be used. 

Finally, it is worth noting once more that plots in Figures 8-15 are 
valid only in the second state, after cracking and prior to yielding, 
i . e. when Mer :s M :s My. 

S. Design Example 

The 40m simply supported bridge girder in Figure 16 is designed to sati­
sfy the ultimate strength requirement Mu = 1.4Mn + 1.7ML :s ~Mn = 0.9Mn 
(ACI318-89, [1]) and the following serviceability requirements: 

a. Ms = Mn + ML :s Mer (We = O.Omm) & ~e :s 0.45f'e (=15.75 MPa) 
b. We :s 0.10mm ; (~e not constrained) 
c. We :s O.20mm 
d. We :s O.40mm 

The total specific steel percentage npt may be determined as: 
E f E M 

~ s (A pu A ) 1 s u = 0 053 0 nPt = E s + f p bd i!: E 0.81f bd2 • ~ 0.05 (4) 
e sy e sy 

The non-dimensional moment is defined as J..l = (Mn + ML)/(bh2 Ee) ~ 
O.52xl0- 4 . Finally, the crack spacing using the Euro-Code formula [8] is 
found to be le ~ 250mm. 

With Il, npt, and le defined above, the pslpt value required by each 
of the serviceability limit states given may be determined using the 
third diagram in Figure 11. The design results are summarized in Table1. 

~
600 

wo= 70 kN/m 6 T h» ~ 

~ ~ 
__ 200_3000 

Mu= 33 200 kNm ~ I 
40 m M = 22 000 kNm • • • • • ==i=-: 

~1600~ 300 

t * 

Figure 16 - Design example data. 

f~= 35 MPa 

Eo = 29 500 MPa 

foy= 400 MPa 

E. = 200 000 MPa 

fpu= 1 860 MPa 

Ep= 190 000 MP:: 

fpe= 1 116 MPa 
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Table 1 - Design Example 

0.050 
-4 

nPt= 11 = 0.52xl0 

SLS 
prestressing perc. 

(mm2 ) (mm2 ) (pt - ps)/pt As Ap 

w = O.Omm w /1 = 0 
a e e e 

0.6 14 259 4 753 
0' = 15. 75MPa 0' /E = 5xl0- 4 

e e e 

b w = O.lmm w /1 = 4xl0- 4 0.5 17 824 3 961 
e e c 

C W = 0.2mm w /1 = 8xl0- 4 0.1 32 093 762 
e e e 

d 0.4mm -4 0.0 35 648 w = w /1 >12xl0 ----
e e e 

6. Conclusions 

A set of design aids has been presented to facilitate the design of PPC 
elements for cracking and concrete maximum compression stress service­
ability limit states. 

The diagrams given in the paper allow to simply determine the 
prestressing and reinforcing steel amounts or the section size for an 
assigned allowable We and/or O'e. 

A design example has been shown to illustrate the use of the 
diagrams. 
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Stress at Ultimate in Unbonded Prestressing Tendons by Strain 
Compatibility 

Antoine E. Naaman, Professor of Civil Engineering, University of 
Michigan, Ann Arbor, Michigan 48109-2125, USA 

Summary 

This study presents a simplified methodology to compute the stress in 
unbonded tendons at the ultimate moment capacity of prestressed and partially 
prestressed concrete flexural beams, using a modified strain compatibility 
analysis. 

Introduction 

The prediction of the stress at ultimate capacity of prestressed and partially 
prestressed concrete flexural members has been the subject of numerous 
investigations, whether bonded or unbonded tendons are considered. Such a 
prediction reduces the number of unknowns in the solution equations and 
allows for easy computation of nominal bending resistance at ultimate. 

The analysis of beams prestressed with unbonded tendons offers one 
additional level of difficulty in comparison to the analysis of beams prestressed 
with bonded tendons, namely, the stress in the tendons is member dependent 
instead of being section dependent. That is, the stress in the tendons depends 
on the deformation of the whole member and is assumed uniform at all 
sections. Hence a sectional analysis based on strain compatibility along the 
section is not sufficient to provide a complete solution as is the case for bonded 
tendons. 

After a brief review of fundamentals, this study presents a simplified 
methodology to compute the stress in unbonded tendons at the ultimate 
moment capacity of prestressed and partially prestressed flexural beams, 
using a modified strain compatibility analysis. The approach is identical to that 
used for the sectional analysis of beams prestressed with bonded tendons 
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except that a strain reduction or bond reduction coefficient, Qu, is introduced 
to provide the necessary correlation between member behavior and section 
behavior. For Qu equal unity, the methodology and solution are shown to 
revert to those developed for bonded tendons. 

Mathematical Solution for fps at Ultimate by Strain Compatibility 

The moment-curvature or the load-deflection curves of prestressed and 
partially prestressed concrete members can be accurately predicted through 
the use of a nonlinear analysis procedure (1-3, 11). In such an analysis, the 
stress-strain properties of the materials components (steel and concrete) are 
needed as input parameters. However, if only the nominal bending resistance 
IS needed, a simplified procedure, defined in the ACI Code as strain 
compatibility analysis, can followed. 

In the strain compatibility analysis (also called "pseudo-nonlinear analysis" or 
"approximate nonlinear analysis" in Refs.4,5) the following assumptions are 
made: 1) the actual stress-strain curve of the prestressing steel reinforcement 
is given (graphically, experimentally, numerically, or analytically), 2) the 
stress-strain relationships of the nonprestressed conventional tension and 
compression steels are assumed elastic perfectly plastic, 3) the concrete 
resistance at ultimate is represented by the rectangular stress block 
recommended in the ACI Code, and 4) the strain distribution is linear along the 
concrete section and the value of the strain in the concrete extreme 
compressive fiber, £cu, is assumed equal to 0.003 as recommended by ACL 
These assumptions are illustrated in Fig. 1 where the geometry of a typical T 
section is defined, the forces at ultimate identified, and the the two extreme 
strain diagrams are shown. 

A sectional analysis is then carried out satisfying equilibrium and strain 
compatibility along the section. In such an analysis, the strain change in the 
bonded prestressing tendons is equal to the strain change in the concrete at 
the level of the tendons. However, if the tendons are not bonded, their strain 
change is different from that of the adjacent concrete and depends on the 
average deformation along the member 

In the section of maximum applied moment, considered the critical section of a 
beam, the strain increase in unbonded tendons at ultimate is expected to be 
substantially smaller than if the tendons were bonded. Figure 1 shows two limit 
strain diagrams representing a reference state, defined here as the state of 
strain along the section under the effects of dead load plus effective prestress, 
and the ultimate strain state at ultimate moment resistance. For a bonded 
tendon, the strain increase between the two states is the same as the strain 
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increase in the concrete at the level of the tendon, and can be easily 
determined from the geometry of the strain diagrams (Fig. 1), that is: 

(1 ) 

It is assumed here (Fig. 1) that the strain increase in unbonded tendons at the 
section of maximum moment, ~epsu, can be obtained from the strain increase 

in bonded tendons, ~epsb, through the use of a bond or strain reduction 

coefficient, nu. The idea of using a strain reduction coefficient at ultimate is an 
extension of a similar approach used for the analysis of partially prestressed 
cracked or uncracked beams in their elastic range of behavior (G,?). In Ref. ? 
the analytical basis and numerical solution for the definition of two strain 
reduction coefficients, n and ncr, respectively for the uncracked or cracked 
section are developed. Using a similar rationale, the strain reduction 
coefficient, n u, is defined as follows: 

(2) 

If the value of nu was given, then Eqs. 1 and 2 lead to (Fig. 1): 

(3) 

Generally, the value of Ece is negligible compared to the other terms, but it is 
shown here for completeness. Thus the strain at ultimate in unbonded tendon 
can be obtained from: 

EpSU = Epe + L\Epsu (4) 

where Epsu is the strain in the unbonded prestressing tendons at ultimate. 
Combining equations 3 and 4 and solving for c leads to: 

(5) 
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In the above equation, the value of Q u is unknown. However, if Q u can be 
determined from experimental results such as shown in the next section, the 
use of the first equation of equilibrium of the section at nominal resistance 
yields, in addition to Eq. 5, a second equation containing fps and c, namely: 

Apsfps + Asfs - A'sf's = O.85f'c(b-bw)hf + O.85f'c bw ~1 c (6) 

The stress in the non-prestressed tensile steel is generally equal to the yield 
stress, and the stress in the unbonded tendons is assumed uniform throughout 
the beam. Replacing c in Eq. 6 by its value from Eq. 5 leads to an equation 

with fps, stress in the prestressing steel at ultimate, function of Epsu ' strain in 
the prestressing steel at ultimate. However, in order to use the standard 

notation for strain in the tendons, Epsu is replaced by Eps. This leads to the 
following general equation (fps function of Eps) which satisfies both 
equilibrium and strain compatibility: 

(O.85f'c bw dp ~1 Q u Ecu)/Aps 
fps = 

Eps + Q u Ecu - Q u Ece - Epe 

+ 
o . 85 f' c (b - b w) h f + A's f' s - As f s 

Aps 
(7) 

It should be noted that for a given value of c, the strain diagram at ultimate is 
determined from c and Ecu (Fig. 1), and the values of strains and stresses in 
the non prestressed conventional steel (tension or compression) can be 
determined easily, namely: 

fs = Es ~s -_ E [ds ( Eps - Epe ~) ~ (~s 1)] 
~ s d - ~ce + ~cu \d- -

p Qu p 
(8) 

f's = E's E's = E's [ Ecu (1 -~) -~ ( Eps - Epe - Ece)] (9) 
dp dp Q u 

< f' - y 
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Derivation of nu from Experimental Results 

In Ref.B, data collected from 143 beam tests taken from 15 different 
investigations carried out between 1962 and 1990 in various parts of the world 
were analyzed. The beams truly represented a comprehensive sample. Their 
span-to-depth ratio (Udps) ranged from 7.B to 45, hence covering current 
practical ranges for most beams and slabs. The beams were divided into two 
groups corresponding to the type of loading, namely single-point loading at 
midspan, or third-point loading. The best correlation between experimental 
and analytical results was obtained for the following values of nu : 

n _ 2.6 
oUu - L 

dps 

n _5.4 
oUU - L 

dps 

for center-point loading 

for third-point loading, or approximately for uniform loading 

(10) 

where L is the span, and dps is the depth from the extreme compression fiber 
to the centroid of the prestressing steel. 

Strain Compatibility Analysis 

Following the approach developed in (4,5) and given a numerical value of the 
coefficient nu, it can be shown that the stress at ultimate in unbonded tendons 
can be put in the following most general form: 

A 
fps = + C Eps + D 

Eps + B 
(11 ) 

where A, B, C, and D are given in Table 1. The coefficients A, C, and D are in 
stress units while B is in strain units. These coefficients contain the strain 
reduction coefficient nu which could be obtained from Eq. (10). In Eq. (11), the 

stress, fps, and the strain, Eps, are assumed to apply to either bonded or 

unbonded tendons depending on the case considered. For nu = 1, bonded 
tendons are addressed and the solution proposed in Eq. (11) reverts to the 
case of bonded tendons covered in earlier investigations (4-6). It should be 
noted that in the strain compatibility analysis, another equation is needed to 
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Table 1 - Values of parameters used in Eq. (11) 

General Form of Equation: 

A 
fps =---8-+ CEpS + 0 where A, C, and 0 are in stress units and 8 is in strain units. 

Eps + 

case Rectangular Section, or T·Section Behavior at 
Rectangular Section Ultimate 
8ehavior at Ultimate 

A= 
0.85 ~1 f'QbdQ ECI.! al.! 

A= 
0.85 ~lf'~bwdQ E~U au 

Aps Aps 
All Cases 

8 = au (ECU • £ce) • Epe 8 = au (ECU . Ece) . Epe 

Section with C=O C=O 

Aps only 0=0 0= 
0.85 ~1 f'c (b • bw ) hf 

Aps 

Section with Aps' C=O C=O 
As and/or A's when 

fs = fy and f's = fy 0= 
A'sf'y • Asfy 

o = (D)Rect. + 
0.85 ~lf'c (b· bw)hf 

Aps Aps 

C= 
AsEsds A'sE'sd's 

C = (C)Rect. 
ApsdpOu Aps dp au 

Section with Aps' ASES(~ 8 ) o = (D)Rect. + 
0.85 ~lf'c (b· bw)hf 

0=· Aps dp au' EC u + Aps 
As and/or A's when 

Is < fy and fs < fy A'SE'S( d~..!!..) 
Aps ECU' dp au 

Section with Aps' C =-
A'sE'sd's 

C = (C)Rect. 
Aps dp nu 

As and A's when 

Is = fy and fs < fy A'sE's ( d's 8) o = (D)Rect. + 
0.85 ~1 f'c(b· bw)hf 

0= Aps ecu'dpnu- Aps 

Asfy/Aps 

f\KJTES: au = 1 for bonded tendons; 
The lactor ~1 is used in estimating the contribution of the overhanging portion of the flange in order 
to guarantee consistent results for the location of neutral axis. 
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provide the final solution, namely, the stress-strain curve of the prestressing 
steel. From Eq. (11) and the stress-strain equation (Le. two equations with two 
unknowns, fps and Eps), the values of fps and Eps at nominal bending 
resistance can be determined and the nominal moment resistance can be 
computed. This is illustrated in an example in Ref. 8. A graphical illustration of 
the solution is shown in Fig. 2 where the intersection of two curves, one 
representing Eq. (11), and the other the stress-strain curve of the prestressing 
steel, represent the solution, that is the particular values of fps and Ep s 
satisfying equilibrium and strain compatibility at ultimate and leading to the 
accurate computation of bending resistance. 

The stress-strain curve of the prestressing steel can be modeled by the 
following equation (9): 

r 1 
I I 
I I 
I 1- Q I 

fps=~sEps Q+ 1 

: rl1 + (~s Eps )N1JN : 
l l K f py J 

(12) 

where the coefficients N, 0, and K can be determined from the properties of an 
experimental stress strain curve of the tendons. Typical computations and 
examples are given in (10). 

Often in the case of unbonded tendons, it is observed that the stress in the 
tendons at ultimate is still in the linear elastic range of behavior. In that range, 
the stress-strain curve of the prestressing steel can be modeled by a linear 
equation that is: 

fps = Eps Eps (13) 

or: 

EpS = fps/Eps (14) 

Thus replacing Eps from Eq. (14) in Eq. (12) leads to an equation with one 

unknown, fps, that can be solved for directly. It should be observed that once 

the value of fps is obtained, the computation of the nominal bending 
resistance for a beam partially prestressed with unbonded tendons presents 
no difficulty, and is similar to the procedure for bonded tendons. The constants 
given in Table 1 cover most design situations, such as T sections with and 
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without compressive reinforcement, and nonprestressed reinforcement that 
does not yield at ultimate bending resistance. 

Concluding Remarks 

It may seem at first that the use of sectional strain compatibility to analyze 
concrete beams prestressed or partially prestressed with unbonded tendons is 
not possible. However, this investigation suggests that, with some simplifying 
assumptions, it is possible to transform a member dependent analysis into an 
equivalent section dependent analysis, through the use of predetermined 
strain reduction (or bond reduction) coefficients. The philosophy of this 
approach, which is applied here for the ultimate limit state in bending, has 
been shown to be applicable to the linear elastic cracked or uncracked range 
of behavior (7). 

The use of computerized numerical techniques to model and analyze the 
behavior of prestressed and partially prestressed concrete members in the 
non-linear range of behavior has become common practice. The present 
investigation allows for a rational, accurate and simple analysis that does not 
need extensive computational effort; it accounts for most of the variables that 
influence the stress in the prestressing steel at ultimate and it leads to results 
that are sufficiently accurate for use in most common practical situations. The 
proposed methodology could be easily implemented in codes of practice. 
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Stresses and End Cracks in Anchorage Zones of Post-Tensioned 
Prestressed Concrete Beams 
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Synopsis: This paper discusses the stresses. strains. and the 
development of bursting cracks at the end block anchorage zones 
of post-tensioned prestressed concrete beams. It covers the two 
stages of loading. namely. the longitudinal prestressing loading 
stage and the additional transverse loading at the third span 
point applied during the beam testing stage. The effects of the 
transverse shear force on the stress/strain distributions and end 
block cracking of concentrically and eccentrically post-tensioned 
beams with rectangular anchorage blocks were studied. A 
three-dimensioanl embeddable strain gage tripod frame was 
developed and fabricated in this investigation to measure the 
interior strains in the anchorage blocks of fifteen beams 
subjected first to initial prestressing and subsequently to 
addi tional transverse shear loading. Surface concrete strains 
were also measured through the use of strain rosettes mounted on 
the concrete surface at critical locations in the anchor blocks. 
The measured strains were compared to the analytical strain 
curves and contours produced by a linear. isotropic, 
three-dimensional finite element model. The peak lateral 
bursting stress was found to be greater and located nearer to the 
bearing surface than the peak transverse bursting stress. The 
transverse external shear load was generally found to be reaching 
the peak transverse bursting strain but had little effect on the 
peak lateral bursting strain. The bursting cracks in the 
longitudinal direction across the beam lateral thickness as well 
as the spalling cracks result when the three-dimensional stresses 
exceed the modulus of rupture of concrete, but can be controlled 
through the use of adequate vertical reinforcement in the 
anchorage stress transition zone. 
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INTRODUCI'ION 

This paper deals with the distribution of stresses and 
strains at the rectangualr anchorage zones of post-tensioned 
prestressed beams subjected to transverse shear force and the 
longitudinal cracking in these zones. It describes the behavior 
of 15 beams prestressed with either concentric or eccentric 
prestressing tendons loaded transverely and tested to failure. 
The study of strains and stresses in the anchorage zone covers 
two stages of loading, namely, the inital post-tensioning stage 
and the subsequent transverse loading stage applied during the 
beam tests to failure. 

In addition to measuring the concrete surface strains, 
embeddable three-dimensional strain gage steel tripod frames 
developed for this investigation were used to measure the 
internal longi tudinal, lateral and transverse strains in the 
concrete. The longitudinal (x) direction is along the beam span 
while the transverse (y) and lateral (z) axes are respectively in 
the vertical and horizontal directions. The three-dimensional 
strain measurements wi thin the concrete in the anchorage zone 
facilitated the interpretation of the stress conditions caused by 
prestressing and by transverse load resul ting in the spli tting 
and bursting cracks in these zones. Analysis and interpretation 
of the test results was facilitated by using a three-dimensional 
finite elements model named ANSYS Version 4.2 in this 
investigation. 

Available infornation at present [1 through 15] indicates 
that although the transverse bursting force decreases with 
increasing eccentricity of the prestressing tendon, the peak of 
the transverse bursting stress actually decreases, thereby 
reducing the magnitude or the probablli ty of occur ranee of the 
bursting crack. By increasing the eccentrici ty of the 
prestressing tendon, the peak transverse bursting stress moves 
towards the anchorage plate which is a zone of high stress 
intensi ty (ap1 - ap3)' where apt and ap3 are the prinCipal 

stresses with a being the principle tensile stress. Where the 
depth is greater than the Width, such as in thin-web members, the 
peak lateral bursting stress is higher than the peak transverse 
bursting stress and is located closer to the anchorage bearing 
plate [3]. 

Breen, Cooper and Gallaway [8] used transverse post­
tensioning to reduce the value of the maximum transverse stresses 
and concluded that the transverse post-tensioning seems to be a 
very effective means of controlling tendon path cracks. The 
finite element studies in the author's investigation indicated 
that transverse shear force reduces the magnitude of the 
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transverse bursting stress but has little effect on the lateral 
bursting stress. The high lateral bursting strains in thin-web 
members my become an important factor when transverse active 
reinforcement is used to effectively control the transverse 
bursting strains. Since the height is greater than the width of 
the beam. the lateral bursting cracks may not be seen on the top 
and bottom surfaces of the beam. 

RFSEARClI SIGNIFICANCE 

The investigation reported in this paper both experimentally 
and analytically presents means for evaluating the three­
dimensional tensile stress condi tion at the anchorage zone of 
post-tensioned beams through use of a three-dimensional linear 
elastic £tni te element model. By determining the principal 
tensile stress. the designer can have a measure of the maximum 
transverse (vertical) and lateral bursting stresses. thereby 
controlling the development and size of bursting and spalling 
cracks in the anchorage blocks through choice of size and 
distribution of the necessary vertical reinforcement. As a 
result. horizontal splitting of the concrete section at the 
support zone of the post-tensioned beam is prevented and the 
integrity of the structure is maintained. 

EXPERIMENTAL INVE'Sl'IGATION 

Specimen Preparation 

Fifteen post-tensioned prestressed concrete beams with 
either concentric or eccentric prestressing were tested to 
failure. The object of the tests was to measure the surface and 
interior strains in the anchorage block while the beams were 
under the action of prestressing force and later subjected to 
transverse loads. and to correlate these results with the 
theoretical values. 

In order to measure the internal strains in concrete. an 
embeddable strain gage frame was fabricated as seen in Figs. 1-3. 
The strain gage frames were made from 1/8 inch diameter steel 
wire legs bent to follow the coordinate axes of a rectangular 
Cartesian coordinate system. Each leg was 2.5 inches long with a 
welded transverse bar at the end to ensure sufficient anchorage. 
Foil strain gages were bonded to the legs. The strain gage 
frames were tested in three standard 6x12 inch concrete 
cylinders. 

The frame was suspended using steel wires at the center of a 
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standard 6x12 inch plastic cylinder mold. Three control 
cylinders without any strain gage frame were also cast. and foil 
strain gages were bonded to the concrete surface to measure axial 
and lateral strains. The cylinders were capped with a sul£ur 
compound and monotonically loaded with a concentric axial force 
until failure. The internal Poisson ratio is found to average 
about 7.3 percent greater than the internal Poisson ratio 
measured using surface concrete strains. It was observed that 
the embeddable strain gage frame yields a good estimate of the 
Poisson ratio and it was used in studying the internal strains of 
the anchorage blocks. The locations of the gages are shown in 
Fig. 4. 

The test program was divided into three series: Series A. 
B. and C as shown in Table 1. All the beams were of the 
I-section type with rectangular anchorage blocks at the ends. 
They were 12 feet long and 18 inches deep. with a g inch flange 
width and a 3 inch web thickness. The lea4 lengths of the solid 
rectangular blocks along the span were 12 inches. 18 inches. and 
24 inches. Geometrical details of the beams are shown in Fig. 5. 
The beams were cver-designed for diagonal tension to facilitate 
end-block failure rather than shear or flexure failure. The 
focus of the study is on the anchorage stress distribution 
subjected to transverse shear loads. and the study of the 
development of the bursting and spall1ng cracks. The stirrups 
were made of grade 60 #2 plain bars and spaced 6 inches center to 
center between the end blocks. Two longitudinal grade 60 #3 
deformed bars were placed in the top flange for compression 
reinforcement. A typical test set-up showing the location of the 
prestressing chucks is given in Fig. 6. 

The prestressing tendons used were 112 inch diameter. stress 
relieved seven-wire strands with a Young's modulus of 28.000 ksi 
and an ultimate stress of 270 ksi. The fabricated steel bearing 
plates of dimensions 3/4" x 4" x g" were designed to satisfy the 
ACI bearing requirements of the concrete and the prestressing 
loads. The prestressing tendons were held in place by 
friction-grip chucks. The concrete was composed of Portland 
Cement Type III. with a 3 inch maximum size aggragate and graded 
sand. Control concrete cylinders were Simultaneously cast with 
the beams and tested for compressive strength and tensile 
splitting strength. giving the results in Table 2 

Instrumentation and Testing Procedure 

Since the focus of the study was on the anchorage zone 
cracking and stresses. the anchorage blocks were heavily 
instrumented. Five embeddable strain gage frames were suspended 
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using steel wires in the anchorage zones. After the removal of 
the forms from the beam specimens. exterior gages were mounted to 
measure concrete surface strains. A 600 kip capacity £lexural 
testing machine was used to apply the third point transverse 
loads. Initial readings of the strain gages were taken prior to 
the application of the prestress. Testing began with the 
individual tenSioning of each prestressing tendon. Strain gage 
readings were taken with the post-tensioning of each tendon. The 
total magni tude of the post-tensioning force after losses is 
given in the last column of Table 1. When the post-tensioning 
process was completed. each beam was mounted on the testing frame 
supports and loaded transversely up to failure. Strain gage 
readings were taken at predetermined transverse loadings of 20 
kips. 40 kips and 60 kips. 

Test Results 

The maximum service load deflection did not generally occur 
at the midspan location of the service load. but at the 
controlling cracks. A controlling crack in a tested beam can 
occur anywhere between the two downward transverse third point 
loads. The ultimate deflection and the approximate location of 
the controlling crack is recorded for the 15 beams in the last 
two columns of Table 3. 

Using the properties of the beam specimens in Tables 1 and 
2. the ul timate design load can be calculated. The ul timate 
experimental transverse loads were recorded and compared with the 
respective design loads. Column 4 of Table 3 shows that the 
ul tima.te experimental loads compare well with their respective 
design loads with a mean value of 1.10. 

It was observed that the beams of test series A developed 
initial cracks at an average superimposed transverse load of 26 
kips. while the beams of test series B and C showed initial 
cracks at an average of 31.7 kips and 53.8 kips respectively. 
Ini tial crack developments due to the superimposed transverse 
loads were a function of the eccentrici ty and magni tude of the 
prestressing force. Longi tudinal cracks in the anchorage zone 
propogated longi tudinally and upwards towards the 1/3 point 
loading at the top of the beam where the superimposed transverse 
load was applied. 

The test anchorage strains were compared with the results 
obtained from the finite element analysis discussed in the next 
section. As an example. the test lateral bursting stresses in 
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the concrete for the concentrically post-tensioned beams at a 
total 25 kip transverse load level applied after post-tensioning 
ranged from 284 psi in tension at 2 inches from the loaded face 
to almost zero stress at 6 inches, 12 inches and 18 inches from 
the loaded face of the anchor block. 

The transverse bursting stresses ranged from 200 psi in 
compression at 2 in. from the loaded face to 100 psi in tension 
at 6 inches, 82 psi in tension at 12 inches, and 35 psi in 
tension at 18 inches from the loaded face. At 40 kip total 
transverse load level after post-tensioning, the test transverse 
bursting stresses in the concrete anchor block for the 
eccentrically prestressed beams ranged among the various test 
beams between 101 psi and 390 psi in tension. At 60 kip total 
transverse load level after prestressing (reaction shear force of 
30 kips) the transverse stresses ranged between 165 psi in 
tension (corresponding lateral stress = 144 psi) and 695 psi in 
tension (corresponding lateral stress = 212 psi). 

The photographs in Figs. 7 and 8 show typical anchorage zone 
bursting cracks causing longitudinal splitting due to the tensile 
bursting stresses in the anchorage block. Fig. 9 shows a typical 
photograph of the longitudinal splitting caused by the bursting 
crack developed after the beam was subjected to the transverse 
external load, whereas Fig. 10 shows another beam at failure. 

FINITE ELEMENT ANALYSIS 

The mathematics of the linear elastic finite element method 
is well established with a number of commercial finite element 
packages available which are user tested. A package named ANSYS 
supplied by Swanson AnalysiS Systems, Inc. was used. The 
concrete material is assumed to be linearly isotropic defined by 
E (Young's Modulus) and ~ (Poisson's Ratio). Local anchorage and 
shear reinforcements have not been included in the finite system 
until cracking starts [1]. The linear elastic assumption is not 
valid after cracking. A three-dimensional isoparametric solid 
finite element defined by eight nodal points having three degrees 
of translational freedom at each node is used. Extra shape 
functions [5] were included to allow higher order displacement 
effects to be characterised with fewer elements. The extra shape 
functions in a linear element permit a parabolic deformation 
along an element edge. This would "soften" an otherwise too 
"stiff" rectangular element. 

The three-dimensional finite element model allows for 
changes in the width of sections and shows the behavior of 
sections that range from a thin-web post-tensioned girder to a 
square end block. The transverse and lateral stresses are 
identical only when the anchorage block is loaded concentrically 
and its cross section is square. Figure 11 shows the transverse 
(a) and lateral (a) stresses along the tendon path of a y z 
thin-web specimen. The principal tensile stress (ap1 ) describes 

well both the transverse and lateral stress. The magni tude of 
the peak lateral bursting stress is about three times larger than 
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the peak transverse bursting stress and it is located about five 
inches nearer to the loading surface. 

Figure 12 shows two plots of the principal tensile stress 
along the axis of the prestressing force for two sections with. 
respectively. a concentric tendon and eccentric tendon. There 
are two peaks in each curve. The first and larger peak 
corresponds to the lateral bursting stress and the second peak 
corresponds to the transverse bursting stress. By increasing 
eccentricity of tendon. the peak transverse bursting stress 
increases in magnitude and moves toward the loading surface. The 
area under the respective curves denotes the bursting force. The 
bursting force decreases with increasing eccentricitiy of tendon. 

The changes in the anchorage stress contours when a 
transverse shear force is applied were studied. Figure 13(a) 
gives the transverse bursting stress contours of a section with a 
concentric prestressing force of 79.5 kips (E--4750 ksi. M--o.20). 
When a transverse shear force of 10 kips is applied three inches 
away from the loading surface. the tensile transverse bursting 
zone is removed as shown in figure 13(b). The lateral bursting 
zone is unaffected by the application of the shear force as shown 
in figure 14(b). That the transverse bursting stress is 
sensitive to transverse forces is confirmed by Sargious [4] and 
Stone and Breen [1]. The use of active reinforcement to minimize 
transverse bursting stress is highly effective. Since the active 
reinforcement has no effect on the lateral bursting stress. the 
lateral bursting stress may become an important factor in 
thin-web members. 

DISCUSSION OF TEST RESULTS 

The test anchorage strains were compared wi th the 
three-dimensional finite element results. The longitudinal (x) 
direction is along the beam span while the transverse (y) axis 
and the lateral (z) axis are respectively in the vertical and 
horizontal directions. Due to the limited number of strain 
measurements distributed in a fixed spatial pattern in any given 
anchorage block and the expected scattering of conrete strain 
readings. a better observation can be made by: (1) Using the 
strain measurements to check the validi ty of the theoretical 
finite element results; and (2) Using the finite element model to 
generate more detailed strain distributions for critical 
observations. if the theoretical results compared reasonably well 
with the available test measurements. The assumptions and 
limi tations inherent in the linear theoretical finite" element 
model must necessarily be kept in mind. 

Figure 15 shows the comparison of the measured transverse 
surface strains wi th the theoretical surface strains along a 
center longi tudianl path for beam group AL. There are two 
curves: One of them is for a prestressing force of 79.5 kips 
applied concentrically and the other is for a total downward load 
of 20 kips superimposed on the prestressed beam, hence giving a 
transverse shear load of 10 kips. The theoretical strains 
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compare reasonably well with the measured surface strains. The 
introduction of the transverse shear force reduces the tensile 
bursting strains especially at the line of action of the reaction 
shear force. 

The surface and interior lateral strains were also measured. 
Figure 16 gives a comparison of the measured surface lateral 
strains and the theoretical strains along a longitudinal path on 
the center of the top surface of the anchorage block. The plots 
are for the beam group cr.. One of the curves is for a 
prestressing force of 159 kips at an eccentricity of 3.75 inches 
and the second curve is for a transverse reaction shear force of 
20 kips superimposed on the prestressed block. The measured 
values compare well wi th the theoretical curves. The lateral 
surface strains are relatively unchanged by the transverse shear 
force. Figure 17 shows the interior lateral strain contours on a 
longitudinal plane at 2.5 inches from the side of the beam group 
AL. Five interior lateral strain measurements are also given in 
the strain contour plots of figure 17. 

The measured interior strains compare reasonably well with 
the contours. Beside the usual scattering of concrete strain 
measurements. some readings are off due to the (1) relatively 
large size embeddable strain gage frame compared to the large 
strain gradients present in the highly stressed anchorage block. 
(2) difficulty in posi tioning accurately the embeddable strain 
gage frame in the anchorage block next to the congested volume of 
prestressing tendons and stirrups. and (3) placing of the 
concrete may displace the delicately positioned embeddable strain 
gage frame. The lateral strains are less affected by the 
introduction of the transverse shear force than the transverse 
strains. As noted by Yettram and Robbins [6], the ideal 
anchorage block length ranges from one to one and one quarter 
times the depth of the block. 

As the non-gradual transition of the longitudinal 
compressive stress from concentrated to linearly distributed 
produces transverse tensile stresses in the vertical (y) 
direction, a longi tudinal bursting crack develops as seen in 
Figs. 7,8, and 9. When the stresses in the transverse and 
lateral directions (y and z directions) exceed the modulus of 
rupture of the concrete (for example, a = 695 psi wi th a 

y 
corresponding a = 212 psi, both in tension as stated z 
previously), the end block has to split (crack) longitudinally 
unless steel reinforcement is provided in the transverse 
(vertical, y) direction. The resulting cracks are longitudinal 
bursting cracks splitting the anchorage block internally as well 
spalling surface cracks. 

The magnitude and pattern of the concrete bursting stresses 
and the location of the resulting bursting and spalling cracks 
are dependent on the location and distribution of the 
concentrated horizontal forces applied by the prestressing 
tendons to the end bearing plates. If the vertical steel 
reinforcement provided is adequate to control the extent and 
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width of the cracks to a few inches in length and one-hundredth 
of an inch or less in width. such cracks. if they develop. would 
be wi thin the acceptable serviceability limits and would not 
compromise the integrity of the prestressed beam whether at 
service load or ultimate strength levels. Methods of 
proportioning the size and distribution of such reinforcement are 
well established as in Refs. [2]. [9] and [15] including detailed 
design examples in Ref. [15]. These empirical methods help 
arrest or prevent the development of the bursting and spalling 
cracks at anchorage zones. 

OONa.USIONS 

I} A three-dimensional embeddable gage frame was developed 
to yield a good estimate of the Poisson ratio when used in 6x12 
inch concrete cylinders. The strain gage tripod frame was 
subsequently used to measure the interior strains in the 
anchorage blocks of post-tensioned prestressed beams. Fifteen 
prestressed beams were loaded to failure wi th transverse shear 
loads at the one-third points. The ultimate transverse loads of 
the beams compare well wi th their respective ul timate design 
loads. with a mean value of 1.10. Bursting cracks in the 
anchorage zone propogated longitudinally and upwards towards the 
one-third point loading at the top of the beam when the 
transverse external load was applied. 

2} The experimentally measured surface and interior concrete 
strains in the anchorage zone were shown to agree reasonably with 
the theoretical resul ts of the three-dimensional linear finite 
element model used in this investigation. 

3} The transverse shear force on the beams causes a 
reduction in the values of the transverse tensile strains but has 
relatively little effect on the lateral tensile strains. High 
lateral b~rsting strains in thin-web members may become an 
important factor when transverse active reinforcement is used to 
effectively control transverse bursting strains. In the thin-web 
member of Figure 1. the peak lateral bursting stress is about 
three times higher than the peak transverse bursting stress. 

4} Increasing the eccentrici ty of the prestressing force 
increases the magnitude of the transverse tens ile strains. and 
the peak of the tensile strain moves towards the bearing plate. 

5} Since the strain distribution in an anchorage zone is 
three-dimensional. the use of the principal tensile strain (or 
stress) is more appropriate in describing the effects of the 
prestressing force and transverse shear force on both the lateral 
and transverse tensile strains (or stress). The principal 
tensile strain (or stress) can be used to accurately characterize 
simul taneously the spalling strain. lateral bursting strain and 
the transverse bursting strain. 



www.manaraa.com

238 

6) As a result of evaluating the bursting strains and 
corresponding stresses. bursting and spalling longitudinal cracks 
and their extent can be predicted and controlled through choice 
of appropriate size and distribution in the anchorage zones of 
pretensioned beams. 
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METRIC (SI) UNIT EQUIVALENTS 

1 inch 
1 foot 
1 . 2 In. 
1 . 3 In. 
1 . 4 In. 
1 psi 
1 ksi 
1 lb 
1 kip 
1 lb/ft 
1 kip/ft 
1 kip-in 
1 kip-ft 
1 ~f' psi 

c 

= 25.4 nun 
= 0.305 m 

2 = 645.16 nun 
3 = 16,387.06 nun 

4 = 416,231 nun 
= 6.895 Pa 
= 6.895 MPa 
= 4.448 N 
= 4448 N 
= 14.594 N/m 
= 14.594 kN/m 
= 113 Nom 
= 1356 Nom 
= 0.083036 ~f' MPa 

c 
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Table 1 - Properties of Specimens 

#2 ** Area of Ratio of Eccen-
Lead+ Rebar * Pre- Pre- tricity 

Test Beam Length Stirrup Stressing Stressing of Pre-
Series # Spacing Steel A Steel to ps 

(in. ) (in. ) (in. 2) Concrete stress-
Area. ing. e 

A fA (in. ) ps c 

1 2 3 4 5 6 7 

AS1 12 6 0.459 0.00478 0 
A AMI 18 6 0.459 0.00478 0 

ALI 24 6 0.459 0.00478 0 
---- -- f------ f----------------------

BS1 12 6 0.459 0.00478 7.5 
B BM1 18 6 0.459 0.00478 7.5 

BL1 24 6 0.459 0.00478 7.5 
f----- r---- r------ ------------- f--------- r-------

CS1 12 6 0.918 0.00956 3.75 
CS2 12 
CS3 12 

CM1 18 
C CM2 18 

CM3 18 

CLI 24 
CL2 24 
CL3 24 6 0.918 0.00956 3.75 

* Grade 60 Steel ** f = 270 ksi pu 
+ Lead Length = Longitudinal dimension of the solid 

rectangular anchor block 

Total 
Measured 

Pre-
Stressin 

Force 

After 
Losses 
(kips) 

8 

79.5 
87.0 
79.5 

f--------
79.5 
79.5 
79.5 

--------
159 
152 
159 

159 
106 
159 

159 
159 
159 
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Table 2 - Properties of Cbncrete 

Age At Water Compressive Tensile Modulus Modulus 

Beam Testing Cement Slump Strength Splitting of Poisson E x106 
c 

Number (days) Ratio (in. ) f' Strength Rupture Ratio 33w1.5~f' 
c c 

wle psi (psi) f =7.5~f' J.L psi r c 
psi 

1 2 3 4 5 6 7 8 9 

AS1 2S 0.49 4.0 6794 770 618 0.20 4.75 
AMI 2S 0.49 4.0 6794 770 618 0.20 4.75 
ALI 2S 0.49 4.0 6794 770 618 0.20 4.75 

BS1 18 0.50 4.5 5237 672 543 0.18 4.17 
BM1 2S 0.50 4.5 5237 672 543 0.18 4.17 
BL1 2S 0.50 4.5 5478 70s 555 0.18 4.26 

CS1 2S 0.49 4.0 5786 72:1 570 0.20 4.38 
CS2 2S 0.50 4.5 5237 672 543 0.18 4.17 
CS3 18 0.48 3.0 4600 584 509 0.13 3.91 

eMl 2S 0.49 4.0 6794 770 618 0.20 4.75 
CM2 2S 0.50 4.5 5237 672 543 0.18 4.17 
CM3 18 0.48 3.0 4140 54S 483 0.13 3.71 

CL1 2S 0.49 4.0 6794 770 618 0.20 4.75 
CL2 2S 0.50 4.5 5478 70s 555 0.18 4.26 
CL3 18 0.48 3.0 4140 548 483 0.13 3.71 
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Table 3 - Load and Deflection Behavior of Test Beams 

Ul timate Exp.Load Deflection Posi tion [I 
Beam Design Ultimate @50% Ultimate of Control 

Number Load Exp.Load Theoret. Ultimate Deflec- Crack 
(kips) (kips) Load Design (inches) (App. ) 

(inches) 

1 2 3 4 5 6 1 

ASI 46.8 53.5 1.14 0.23 1.10 @mid span 
ASI 49.6 54.0 1.09 0.24 1.05 @ 1/3 pt. 
ALI 46.8 55.0 1.18 0.23 1.10 @ 1/3 pt. 

BSI 55.6 65.0 1.17 0.21 1.00 @ 1/3 pt. 
8M1 55.6 65.0 1.11 0.13 0.65 @mid span 
BL1 55.6 12.0 1.29 0.15 0.15 @ 1/3 pt. 

CSI 11.9 80.5 1.12 0.19 0.95 @ 1/3 pt. 
CS2 68.0 10.0 1.03 0.15 0.60 @mid span 
CS3 68.8 82.0 1.19 0.23 0.12 @ 1/3 pt. 

CMl 12.9 82.0 1.12 0.20 1.00 @ 1/3 pt. 
CM2 51.9 - - - - Anchorage 

Block 
CM3 68.8 59.0 0.86 0.13 0.26 @ 1/3 pt. 

0.1 11.9 82.0 1.14 0.23 1.24 @ 1/3 pt. 
Q.2 10.4 14.5 1.06 0.15 0.96 @ 1/3 pt. 
C13 68.8 55.0 0.80 0.09 0.45 @ 1/3 pt. 
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Fig. 1 - Three Dimensional Steel Tripod Frame Gage 

Fig. 2 _ Instrumented Three Di~ensional Steel Frame Gage 
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Figure 3 - (a) Embeddable Strain Gage Frame (b) Location of 
Strain Gage Frame in a Concrete Cylinder 
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Figure 5 - Geometrical Details of Beam Specimens 
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Fig. 6 - Typical Beam Test Set-Up Showing Anchorage Chucks 

Fig. 7 - Typical Anchorage Zone Bursting Crack 
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Fig. 8 - Lower Bursting Crack and Upper Corner Spalling Crack 

Fig. 9 - Longitudinal Splitting Caused by Bursting Crack at High 
Transverse Bursting Stresses 
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Fig. 10 - Failure of an Anchorage Zone Block in one Test Beam 
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FATIGUE RESISTANCE OF POST-TENSIONED CABLES 
IN PARTIAL PRESTRESSING 

TRINH, K. Long Jacques 
E.N.P.C (Paris) & C.H.E.C (Paris) 

structures Consultant, C.E.B.T.P. (France) 

1 - INTRODUCTION 

In partial prestressing, concrete may crack under the 
flexural action-effects (in rare combinations of service 
actions) . Nevertherless prestressing steel, already 
tensioned at a permanent level of about 60% of its 
resistance f pu ' might run the risk to fatigue failure owing 
to high str~ss concentrations located in concrete cracks. 
As such an eventuality might be critical for the 
application of Partial Prestressing design [lJ, a realistic 
knowledge on fatigue performance of this material is indeed 
an actual need in view to predict at best the fatigue 
resistance of structures under the live loads. 

This paper deals with an experimental study related to 
fatigue capacity of strand tendon, on the one hand placed 
inside grouted sheath, and on the other hand located in 
cracked concrete zone.In such a figure a harmful influence 
is oftenly underlined caused by lateral mutual friction of 
adjacent wires or strands, and/or against metallic duct, ... 
This phenomenon (fretting-corrosion) is well-known in 
metallurgic field. Brittle fatigue cracks in steel will 
initiate from superficial attrition pits (fig.1). The 
performance of prestressing steel under those conditions 
depends on many factors, those specific of the technology 
(material manufacturing, geometry of devices according to 
particular prestressing process ... ) or of the mechanical 
response characteristics of cross-sections under action-

1 - International Workshop on "Partial Prestressing - From 
Theory to Practice", in st Remy-les-Chevreuse (France). 
Edited by M. COHN, NATO ASI Series N° 113b, Martinus 
Nijhoff Publishers, 1986. 
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effects (for instance, amplitude of friction slip between 
materials ... ). Therefore many research works are devoted to 
the topic in view to get relevant data for materials 
regarding to regard to their particular types and sources 
and local techniques. 

2 - RESEARCH CARRIED OUT 

2.1 - Experimental set-up (fig.2). 

A special device is therefore worked out, in a similar 
way to what is achieved in some research projects carried 
out elsewhere (E.T.H-Zurich and P. FERGUSON laboratory in 
Austin (TX». 

A particular test element is chosen with the 
objectives on the one hand to make easier the calculation 
of stresses in prestressing steel from applied loads, and 
on the other hand to simulate at best the actual used 
conditions. It consists of a shaped-beam with a rectangular 
cross-section, in its mid-span cross-section the 
compressive member is replaced by a metallic linear hinge 
(f ig . 3). Furthermore measure is taken, by means of a 
vertical notch in concrete, in such a way when subjected to 
bending moment its tensioned member is reduced to the 
tendon. Internal forces can therefore only be transferred 
through this cross-section by means of the two previously 
defined members, the internal lever arm z is then fixed 
and its value is equal to the distance between the axes of 
the hinge and the cable. Thus tension in prestressing steel 
is directly derived from the load intensity Q with the 
equilibrium equation. This avoids the difficult evualation 
of the tension in prestressing steel to characterize the 
conditions of the current tests on beams. 

2.2 - Test programme 

In a first stage (Table 1), the considered main variable 
parameters are 

- stress range in prestressing steel oap ' from a mlnlmum 
tension of about 0.60.f u; 
- curvature of the tendog lay-out, radius R = 3.6 or 36 m ; 

nature of used sheathing: metallic or plastic (High 
Density PolyEthylene HDPE) . 
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3 strand T13 cables are considered (strand area: 93 mm2 ; 
0.1% proof load: 168 kNi breaking load: 182 kN). The cable 
is placed inside a metallic or plastic duct, filled after 
post-tensioning with a cement-based grout. 

TABLE 1 - MAIN TEST PROGRAMME (TEST NUMBERING) 

( 1) oa (MPa) (2) 

R(m) ~ 150 ~ 200 P ~ 250 ~ 335 

36 Test N° 10 11 12 13 
Steel 

sheath 3.6 4 3 / 5 
14 15 16 17 

36 18 / 19 / 
Plastic 
sheath 3.6 6 9 8 7 
(HDPE) / 22 / 23 

(1) R: curvature radius of the cable. 
(2) oap: stress range in prestressing steel. 

2.3 - Monitoring 

The following parameters are continuously monitored all 
along the fatigue loading test. 

- Load variation between the extreme values Qm and Q . 
- Longitudinal displacement at the level of the tendon ¥ay-
out and across the critical section (or critical crack). 
Steel failure is detected by a sudden discontinuity in this 
measurement. 

From time to time measurement of deflection at mid-span of 
the beam is done under the extreme load intensities, as 
well internal temperature by means of thermocouples placed 
on strands and on metallic sheath before concreting. 

3 - CONCLUSIVE REMARK 

The first gained results are presented on Table 2. Although 
the test programme is still ongoing, some general trends 
can be a'lready stated. 
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TABLE 2 - FIRST RESULTS 

( 1) (2) (3) 

Test N° Sheathing R(m) 60p (MPa) Nu (10 6 cycles) 

3 Metal 3,6 191 0.425 
4 Metal 3,6 143 0.962 
5 Metal 3,6 334 0.282 
6 Plast. 3,6 143 - 4.4 
7 Plast. 3,6 479 0.709 
8 Plast. 3,6 267 -2.4 
9 plast. 3,6 201 -2.1 
10 Metal 36 134 -2.3 
11 Metal 36 200 1.456 
12 Metal 36 267 1.511 
13 Metal 36 334 1.127 
14 Metal 3,6 134 - 2.25 
15 Metal 3,6 200 0.495 
16 Metal 3,6 267 0.316 
17 Metal 3,6 334 0.270 
18 Plast. 36 134 - 2.450 
19 Plast. 36 200 - 2.380 
22 Plast 3,6 200 2.038 
23 Plast 3,6 334 0.769 

(1) R: curvature radius of the cable. 
(2) 60 : stress range in prstessing steel. 
(3) NuP : maximum number of cycles when the first steel is 
detected. Fatigue loading was continuing up to ~ 2.106 
cycles. 
------. no failure detected up to this stage of cycling. 

1 - Available results on failure are plotted in the diagram 
of figure 4. It can be quoted that there is definitely an 
influence due to: 
- curvature given to the tendon lay-out; 
- nature of used sheathing, plastic duct indeed provides 
better fatigue resistance. 

2 - On figure 4 is also shown a first comparison of the 
results done with: 
+ the proposal made to the First Predraft of the CEB-FIP 
Model Code 1990 : 

m.log10(60p/60p2) = - log10(N/N2 ) ..• Eq.1 

The values of parameters are indicated in table 3. 
Diagrammes relating to the various conditions are drawn in 
figure 4: normal conditions (diag.1) and figures with 
fretting effect (grouted [diag.2] and ungrouted [diag.3]); 
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TABLE 3 - PROPOSAL TO THE CEB-FIP MC 90 
m.log10(OGp/&Up2) = - log10(N/N2 ) .•. Eq.1 

m 
Conditions N<N2=10 7 (10 6 ) N2 < N &Up2 (MPa) 

normal 4 (4) 6 (7) 145 (200) 

grouted 4 (3) 6 (5) 95 (80*) 
with fretting 

ungrouted 4 (4) 6 (7) 50 (55) 

NOTE - Values between brackets are the late retained values 
(Bulletin N° 195 & 196, March 1990). 

(*) In the case of strands. 

+ a fatigue limit suggested by NAAMAAN (diag. 4): 
OGp/fpu = 0.123 log10Nu + 0.87 ... Eq.2 

An extensive comparison will be carried out later on at the 
completion of the test programme, together with results 
gained by other authors (BREEN, BRONDUM-NIELSEN, MULLER, 
THURLIMANN, TROST, LCPC ... ). 

3 - Future research works 
Based on the available results, an additional test 
programme to the first series of tests is contemplated to 
examine the following parameters. 

- Frequency of cyclic loading. 
For unusual heating in the critical zone has been quoted in 
some tests (specially in those ongoing ln the LCPC, 
France), which is attributed to too high frequency. Such a 
temperature increase would indeed produce test conditions 
more harmful than reality. Although no significant thermal 
increase is observed in our tests performed with at a 2 Hz. 
frequency, a lower rate (:::: 0.1 Hz) will be retained in 
future tests for few figures already examined. 

- Influence of reinforcing bars in partial prestressing 
designed cross-section. 
In the main programme all reinforcing bars are cut at the 
critical croos-section. Owing to better bond quality, the 
presence of reinforcing steel would be favourable with 
regard to fatigue of prestressing steel. This point will be 
also studied in few tests. 
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Fig.l - View of wire failures in fretting-fatigue test. 

Fig.2 - View of the test set-up 
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ASEISMIC PRESTRESSED CONCRETE STRUCTURES WITH CONFINED CONCRETE 

b,y Prof. Kazuo Suzuki and Research Assist. Tadashi Nakatsuka, 
Faculty of Engineering of Osaka Univ., Osaka, Japan 

1. INTRODUCTION 

The most fundamental and essential matter in prestressed multi-story 
buildings which have sufficient seismic resistant capacity is to give 
the members necessary and sufficient ductility with little decrement of 
load carring capacity in ultimate stage under cyclic loading. The 
object of this study is to establish the ductility design method to 
give members the above-mentioned mechanical property using confined 
concrete. Furthermore the ultimate limit index point is proposed herein. 

2. OBJECTS AND STANDPOINTS OF THE INVESTIGATION 

Mechanical properties of seismic resistant prestressed concrete 
structures considered herein are as follows. 
( i )Members of the structures remain in elastic state after removal 
of moderate earthquake loads. 
( ti )For severe earthquake loads with a return period of several 
decades, members absorb sufficiently the large earthquake energy by 
their plastic deformations, and after the removal of strong 
earthquake loads, the members, that is, the structures are again in use 
with such small residual deformations planned in design and with repair 
of damages in plastic hinge regions. 

It can be expected that the mechanical properties above-mentioned are 
obtained by the use of following structural techniques and the ultimate 
limit index points proposed herein. 
( i ) Employment of confined concrete which will give the members such 
mechanical properties through following reasons. 
(a) Confinement of concrete by lateral reinforcing bars give the 
members little increment of flexural capacity and much improvement of 
ductility which can be changed widely by confinement properties. 
(b) Relation between amount of confinement and its effect on ductility 
of the section is clarified to the extent of practical use [1-3]. 
(c) Confining reinforcement makes decrement of flexural capacity of 
the members so exceedingly small under cyclic loading even in large 
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defomations that the plastic ranges of load-deflection relations of the 
members can be utilized actively against severe earthquake attacks. 
( 6) Simultaneous employment of ordinary reinforcing bars and 
prestressing tendons which is used not only for prestressing but also 
for the control of the hysteretic loops and residual deflections of the 
structural members. 
( Hi ) Utilization of both ultimate limit index points proposed 
herein and confined concrete which will lead to establishment of 
design method to give the members required ductility, here termed 
"ductility design", independently of the process of load carrying 
capacity design. 

~. METHODS TO GIVE SECTIONS LARGE DUCTILITY 

Though there are several techniques to give large ductility to 
sections as shown in Table 1 in which advantages and disadvantages are 
illustrated, it may be concluded that employment of confined concrete 
is the most adequate method. Examples of arrangement of confining 
reinforcement in sections are shown in Fig.1. Left one of examples of 
beam is applied already to many buildings in Japan. 

~ PROPOSED ULTIMATE LIMIT INDEX POINTS AND OTHER ONES 
IN ULTIMATE STAGE 

4.1 Index points on moment-curvature relations in ultimate stage 

If some index points on the moment-curvature relation of flexural 
members especially in their ultimate stages can be gotten by 
calculation, those index points are so valuable to estimate the ductile 
behavior of concrete members. Those index points are divided broadly 
into following two categories as shown in Table 2. 
( i ) Index points related to material characteristics 
( ii ) Index points related to moment-curvature characteristics of the 
section 

The "L" points (ultimate limit index points) proposed by the authors 
have useful features such as (a) the points are determined by easy 
calculations, (b) the points have distinct physical meanings, so that 
they are employed efficiently for estimation of ductility and 
deformation capacity of sections. 

4.2 Ultimate limit index points proposed and equations to calculate 
them 

1) Following four ultimate limit index points can be considered. 
Lc [C=T] max or [£ s] ma ----the point when the flexural 

compressive concrete in a section can not support the resultant of 
tensile reinforcement T(=Ty) in spite of increment of neutral axis 
depth as shown in Fig.2 [4] and resistant moment decreases rapidly with 
increase in curvature after the point(see Fig. 3, the sign x). 
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Table 1 Advantages and disadvantages of methods to make beams ductile 

Methods 
Curtail of amounts of 
prestressed and/or non­
prestressed tensile 
reinforcement 

Enlargement of sizes of 
section (b,d) 

Enhancement of concrete 
compressive strength 

Advantages ()) and disadvantages (~) 
~ Decrement of resistant moment of the 

section ~Re-design or calculation of 
the section 

() Increment of ductility 

... Change of 
structural 

design stresses in 
frames ~Re-computation of 

stresses 
~ Change of resistant 

sections -. Re-design or 
of the sections 

o Increment of ductility 

moment of 
calculation 

~ Necessity of reduction of water cement 
ratio - Drop of workability of 
concrete 

~ Enhancement of brittleness of concrete 
~Small improvement of ductility of 
concrete flexural members 

o Increment of ductility 

Use or A Increment of reinforcement index for 
addition of the action of reverse moment 
compressive A Necessity to prevent reinforcing bars 

Use of reinforcing from buckling 
reinforce- bars () Increment of ductility 
ment to ~~;""'---f-T-~+'N:-e'-c-e-f:l-s-:i~t:-y-o-:f::--a-n-e-w""''''r-e'''!i-n'"'lf!''''o-r-c-e-m-e-n-t~t:-o-l 
reinforce confine the concrete in compression 
compression zone,but the amount and region of rein-
zones of forcement are both small and limited. 
flexural Non-change of stresses in structural reinforce- 0 
members flames resulted from no change of sizes ment to 

confine the 
concrete in 0 
compression 
zone 0 

0 

of sections. 
Non- or a little increment of 
resistant moments of sections 
Large increment of ductility 
Improvement of deterioration of load 
carrying capacity under cyclic loads 

ll'WyDD50~ 
(a) (b) (a) (b) (c)' (d) (e) 

Fig.1 Some examples of confinelent 
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Table 2 Index points in ultimate stage and ultimate limit index points proposed 

Researchers Index points in ultimate state Featurtls or Codes 
0Point when extreme fiber 

°tcu is used tor strain compatibili-
Design codBII strain' reaches ultimate 

compressive strain Ecu ty condition on culculating the 
II :(E;cu .. 0.2 -0.4%) ultimate moment capacity. 
u .... 

oPoints when extreme fiber ° The points are defined with no ... 
II clear physical meaning, i.e. they .... Iyenger stress reaches,(i)O.9Fc,and k et al., Pi)O.5Fc do not correspond to any clear II ... S.Okamoto Fc: concrete compressive characteristic pointe in moment u 
II strength) (M)-curvature(~) relation of sec-k 

11 tions. 
u 

M oThe point coincides with the point 
II 

S.Morita oPoint when the coeffcient ot of the maximum moment(Mmax) when ..... 
k et a1., stress block k~/k,k3 reaches yielding occures in both tensile II ... Hognestad' its minimum va ue and compressive reintorecement. 
= et al. oBut in general the position of the 
0 point locates in left or right side ... 

~v;r 
't1 of Mmax according to the amount of 
II tensile and/or compressive reinfor-... 
II ... I cement. M 
II { I: k, k. oThe point coincides with the one k 

II ... I, characterized b,y the minimum depth ... 
0:: 0 tc of neutral axis when yielding oc-.... 

·0 cures in both tensile and .p. 
compressive reinforecement. I< 

GI Muguruma oPoint when the coefficient of o But in general the position of the 
'g stress block k,k3 reaches its point locates in lett or right side .... maximum value of Mmax according to the amount of 

tensile and/or compressive reinfor-
cement. 

o Point at maximum moment oThe point have clear physical 

Ghosh NVJ------- moderate meaning. It is difficult to calcu-
.:. 'I failure late the curvature of this point et a1. except some moderate failure spe-. rapid failure 

• cial cases, furthermore no informa-
e:" tion is given after Mmax. 
~S 

• Point ata:':t::l!"ax . oThe point enable us to estimate a ..., .... 
II'" deflection capacity of sections >u R.Park ( .. : 0.8-0.9) 
",GI 

after Mmax. ~., et a1., Nf;-; u oBut the value of a.has no clear , .... S.pkamoto, M iax a· M,t:: "'0 J.Motooka meaning, and the point can be dete-0::., 
"u et al- p rmined after whole M-'1 relation is 
e ..... calculated only stepwise. 0 ... 
elll 

o The point has clear physical mea-0· .... ...,'" oThe.point when IC=Tl max (~.e ning . ., 
"" ... maX1mum value of compress1ve oM and 'f at the point is calculated .,u resultant=tensile one) or ...,'" by relatively simple equations 
oS'" £s max (max. steel strain) ..-loS (See Eqs.(1) through (6) on page .,.<:: takes place • 

5) • ",u 
III Env. "Curve for the 1 st cycle oThe point is very useful to esti-..., 

Nrr~ 
0:: Authors ma te falling branch of M- Cf rela-..... ~.Lpoint tions because it always appears 0 
D-

Env. Curve for the nth. in large value of ~ after Mmax. x sr,cle oThe point is considered to be the ., 
"" limit index point of deformation 0:: oThe point when a tensile H because of a Significant decrement ·reinforcement ruptures. of moment capacity after the point. oThe point when a compressive 

reinforcement buckles. o Furthermore the point can be also 
calculated in the case of cyclic 
loads (see Figs. 5 and 6). 
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~ : The point when tensile reinforcement ruptures and which takes 
plade generally in the case of sections with scarce tensile 
reinforcement. 

LBu: The point when compressive reinforcement buckles. --Some of 
logitudinal reinforcing bars subjected to tensile and compressive force 
alternately will rupture under tensile force after buckling. 

L~r : The point when rupture of a lateral reinfocing bar of 
conflned concrete in a flexural compression zone of a member occures. 

2) Equations to calculate the ultimate limit index points [4-6] 
The moment and curvature at the ultimate limit index points are given 
by equations (1) through (6) provided that both ordinary reinforcing 
bars and prestressing tendons are yielding in the stage of large 
curvature in which the ultimate limit points appear. In derivation of 

xr.c=1+t9Cf-gsp/dPl (1) 
tecf 

r 2 tecf 1 2.2 ~)]/ ) XLP= L(l+teCf-qsp/dpl)- (l+tecf-qsp/dpl) +2tecf (-2-+ii+I+dpl' Eocf tecf (2 

XLBu=[l+tecf-qsp/dCl+ (l+tecf-qsp/dcl) 2+2tecf (EBU .qsp/dCl-ltecf+.l:...l)] /tecf (3) 
Eocf 2 n+ 

XLsr=ESr/Eocf 
ML--Ty (d-xn)+Tpy (dp-xn)+Cy (xn-dc)+Cc(1-k2)xn 

EL EocfXL 
~L= 

xn kJ~1XL Jd 
Where,qsp=(atoy+apopy-aocry)/bdFc , dpl=dp/d 

XL : the value of' e:r/Eocf at each "L" point 
(]c 

4-D25 
Fc=240 
(]y = 4000 

1'=0.153 

Stress distribution 
when force equilibriun 

ill being satisfied 

Fig.2 Illustration on mechanism existence 
of point "Lc" in M-¢ relation 

(4) 
(5) 

(6) 
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U Co ... c 
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~ --.L A yield of tsns.ordi. 
•• 0 Mu rain. 

g..sp=O.30 

g..sp=O.lO 
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e:o=0.002 I!"J Xn min 
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lIE Lp Point 
*------

rupture of PC bar'./ ~ 
O~~~~~~~--~~~~~-L~~~~~u-~~ 

2.0 4.0 6.0 8.0 

Curvature (XlO-Ycm) : rp 
Fig.3 Various index points and "L" points on 

M-rp relations 
Oc the equations, stress-strain curve of 

concrete shown in Fig.4 and elasto-plastic 
stress-strain relations of ordinary and kf 

prestressing reinforcement are assumed. 

3) Application of ultimate limit index 
points to the analyses under cyclic loads. 
As far as earthquake loads are concerned, 
moment-curvature relations under monotonical 
loading are not adequate to estimate 
ductility of members. 

Fo 

Fig.4 
AssuBed stress-strain 
curve of concrete 
in the equation 
( 1)-(6) 

In experiments described in the following section specimens were 
subjected to cyclic loading at some planned deflections in plastic 
regions of load-deflection relations. Figure 5 shows a typical result 
on comparison between experimental envelope curves of moment-curvature 
relations and analytical ones. The experimental ones for the 1st and 
the nth(10th) cycles of each loading step can be successfully 
estimated by analytical ones using the envelope stress-strain curve of 
concrete under repeated loading and bond deterioration behavior 
expressed by F value ( see Fig.6 ). This result indicates that the 
ultimate limit index point of the section under even cyclic loading can 
be calculated successfully by the aforementioned analysis. 

5. EXPERIMENTS ON PARTIALLY PRESTRESSED CONCRETE MEMBERS WITH 
CONFINED CONCRETE AND ANALYSES 

Experimental and analytical studies were carried out to investigate and 
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to assess the effects of confining reinforcement on ductile be-havior 
and deformation capacity of partially prestressed concrete beams and 
columns (see Fig.8) subject-ed to scores of high intensity cyclic 
loading in ultimate stages using sixteen and twenty one specimens 
respectively [2,3]. Moreover, four specimens of beam-column joints (see 
Fig.9 and Table 3) under the same loading condition were tested to 
examine the effects of devices of reinforcement in the joint on 
slipping behavior and on load-deflection hysteretic loops of the 
specimens [7]. 

en cycles of loading were applied to the specimens as a rule (some 
specimens were subjected to five, twenty and thirty cyclic loading 
respectively) at each planned rotation angle of members (R) such as 
1/100,1/50,1/30,1/20,1/14 and 1/10. The cyclic loading adopted in 
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the tests presumes scores of principal shocks of a severe earthquake by 
which members behave in plastic stages of load-deformation relations. 
Summarized results are described hereafter. 

The main concluding remarks obtained from the tests and discussions are 
as follows. 
(a) Remarkable defferences between the envelope curves for the 1st and 
10th cycles of each loading stage (see Fig.5) imply that the mechanical 
behavior of flexural concrete members against strong earthquake loading 
should be evaluated on the basis of behavior of relatively large number 
of cyclic loadings such as ten cycles at each loading stage. 

(b) Beams and columns with sufficient confining reinforcement show 
spectacular deformation capacities, even in the both cases of beams 
with very large reinforcement indexes and of columns with large axial 
loads under scores of high intensity cyclic loading. 

(c) Experimental envelope curves of moment-curvature relationships of 
each nth cycle of loading in the plastic hinge regions of beams and 
columns can be estimated analytically by the degraded monotonic stress-
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strain relations of concrete which are determined from the envelope 
curves of each nth cycle of loading of cylinder specimen (see Figs.5-
7). 

(d) In the specimen which had supplemental reinforcing bars welded to 
beam reinforcing bars inside the joint, the best mechanical behavior is 
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observed among specimens employed in the experiment, that is, the 
degree of pinching of load-deflection histeretic loops is slight 
because of the amount of slip of beam reinforcing bars and the joint 
shear distortion are clearly restrained (see Figs.10 and 11). 

6. DUCTILITY DESIGN BY THE APPLICATION OF "L" POINTS 

As described in section 3, application of confined concrete improve 
deformation capacity of sections so widely that the use of both the 
confined concrete and the ultimate limit index points proposed herein 
will establish the ductility design method which gives required 
deformation capacity independently of bearing capacity design, that is, 
without feedback in a flow chart of design. As shown in Fig.12, 
sections are determined by the stages from A through E in which both 
serviceability and ultimate limit state designs are included. The 
stages from F through H show a ductility design process in which 
employment of confined concrete furnishes deformation capacity required 
in plastic hinge region which is determined from the assumed ductility 
for the story in the former design stages. 

Deformation capacity given to sections by the ductility design shall 
sa tisfy a safety factor (a) relating to absorbing energy as shown in 
Fig.13, that is, the maximum response (deformation DOU) due to seismic 
load is multiplied by a (>1, for example 1.5) and confined concrete is 
applied to the section to get the relation "L" point> a Do U • 
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Moreover, generally the following deflections shall be considered in 
the design as other kinds of criteria, 
(a) the maximum deflection limited by P-o effect, 
(b) the maximum deflection at which residual deflection is allowable 
for repair and use, 
,c) the maximum deflection determined by deformation capacity of non­
structural things such as window etc.. Ideally those maximum 
deflections shall be designed with little differences each other. 

7. CONCLUSION 

An approach to seismic prestressed concrete structures is described 
with the aid of ductility design in which required ductility determined 
by multipling the safety factor to the maximum deformation during 
strong earthquake is calculated as proposed "Limit index points" and 
the required ductility is made by the technique of confined concrete. 
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1. Introduction 
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Optimum Structural Design (OSD) has a well established position in Structural Mecha­
nics. Its scope being limited to the simplified computational model of a structure, OSD 
aims at the precise mathematical treatment of the problem. As a result, a well posed for­
mulation is obtained, with clear conditions regarding existence and uniqueness of the so­
lution. The latter is obtained in an algorithmic way and the required computational ef­
fort can be assessed in advance. 

Despite these favourable circumstances, solutions supplied by OSD are usually far 
from being directly applicable in engineering practice. This is due to a considerable gap 
between the computational model and its real life prototype. Many goals and constraints 
that must be met are not reducable to mathematical expressions. Some of them, when 
formalized, exhibit such unpleasant properties as non-differentiability or non-convexity. 

It is not surprising, therefore, that presently the research impetus shifts from the con­
ventional OSD towards the so-called Knowledge-Based Design (KBD) [I]. Instead of re­
placing an ill posed real life problem by one or several mathematically well posed but 
oversimplified problems, one tries to retain in the formulation of the problem as much 
of the real world features as possible and to solve that problem by applying 
knowledge-based techniques. 

At present the research in KBD is conducted in many places. The recent IABSE sur­
vey [2] mentiones the following expert systems that assist the design of Civil Engineering 
structures: EKSPRO (Denmark), WINDLOADER (Australia), ARCHPLAN (USA­
Switzerland), EDESYN (USA). These programs extend the developments initiated at the 
Carnegie-Mellon University in 1984-87 by the systems HI-RISE [3] and STRUPLE [4]. 

Aimed at the preliminary planning of the layout of multistorey buildings, the above 
mentioned systems are not primarily concerned with OSD in the sense of Structural Me­
chanics. The efforts to introduce knowledge-based techniques in the latter field were ta­
ken by several authors (compare, e.g., [5] to [11]). In the present paper we discuss the re­
lations between the conventional structural optimization and the knowledge-based design. 
We present also some preliminary results of the joint research conducted on KBD at the 
Institute of Fundamental Technological Research (Polish Academy of Sciences, Warsaw, 
Poland) and the Institute of Structural Analysis (University of Stuttgart, Germany). 
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2. Modelling structural optimization problem 

Let us compare two models of the structural optimization problem. The first one, refer­
red to as the OSD-formulation, is of procedural nature. It assumes that the response s of 
the structure to the given external factor p is uniquely defined by the mapping 

A(p,s,x)=O. (2.1) 

Here A is an operator (generally non-linear) and x is called the design variable, since it 
describes the freedom to change the structure. 
The response s is subject to the behavioral constraints (e.g. limited displacements) and 
the choice of x is restricted by the design constraints (e.g. limited dimensions). Both re­
quirements can be summarized as 

SES,x~X, (2.2) 

where S and X are the admissible domains for the state and for the design, respecti­
vely. In order to compare different designs one introduces an evaluation measure f ( s . 
x ) . The goal of the structural optimization is to find such an x that corresponds to 
the infimum of f over S n X . 

In general s, x are the elements of functional spaces and the OSD-formulation le­
ads to the problem of variational calculus, which, apart from few simple cases, must be 
solved by a discrete approximation. One replaces the functions p, s, x by a finite 
number of parameters ordered into the matrices p E R n , s E Rm , x E Rk. Struc­
tural optimization falls then into the category of Mathematical Programming (MP) pro­
blems: 

min { f ( s , x) I gj ( S , x ) = 0, hj ( S , x ) ~ 0 } (2.3) 

i = I , 2 , ... , Ng , j = I , 2 , ... , Nh . 

For the sake of simplified notation, we do not distinguish behavioral and design con­
straints in (2.3). 

The second model, referred to as the KBD-formulation, is based upon the declarative 
description. This means that the design goal and the constraints imposed upon the design 
variables are expressed verbally, i.e. there exists a certain knowledge about plausible de­
signs and about the design searched for. Choosing a proper formal representation of that 
knowledge, one can perform reasoning about design in the form of inference rules. The 
way to reach the goal is not given explicitely in this model. It is determined implicitly 
by an inference mechanism that processes the knowledge. 

The most popular tool for declarative programming is Prolog. It uses the first order 
predicate calculus as the knowledge representation. The inference follows Robinson's re­
solution principle with the backtracking as the main control function. A program in Pro­
log is a finite sequence of logical statements. Running the program means an attempt to 
prove that a certain additional statement (the goal statement) is a logical consequence of 
the program. Each statement can include variables that assume certain values in the 
course of proof. Thus, computing the values of variables is in Prolog a side effect to the 
main answer "yes" or "no". 
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The KBD-formulation of structural optimization problem can be written in Prolog as 
follows: 

optimal_structure (P1, P2, ••• , Pn, 81, 82, ••• , 8m, Xl, X2, ••• , Xk, F) :-

input(P1, P2, ••• , Pn) , 
trial _structure(P1, P2, ••• , Pn, 81, 82, ••• , 8m, Xl, X2, ••• , Xk) , 

design_goal (81, 82, ••• , 8m, Xl, X2, ••• , Xk, F) , 

output(X1, X2, ••• , Xk, F) • (2.4) 

trial _structure (P1, P2, ••• , Pn, 81, 82, ••• , 8m, Xl, X2, ••• , Xk):-
state(P1, P2, ••• , Pn, 81, 82, •.• , 8m, Xl, X2, ••• , Xk) , 

admissible(81, 82, ••• , 8m, Xl, X2, •.• , Xk) • 

Here PI, P2, ••• , Pn are the demand attributes, like loading, fixed dimensions etc. 
In (2.3) they were hidden in the functions g and h. The state attributes Sl, S2, 
••• , Sm, the design attributes Xl, X2, ••• , Xk and the evaluation attribute F cor­
respond to 5, x and f , respectively, in (2.3). 

At the first glance (2.4) is merely an adaptation of (2.3) to the different syntax. The 
predicates input , trial structure , etc. can be interpreted as procedures that per­
form actions indicated by their names. There are, however, principal differences bet­
ween the models (2.3) and (2.4), which will be discussed subsequently. 

3. Algorithmic optimization 

The well posed problem (2.3) has the following properties: 
a) the state and design variables are real numbers, 
b) the set of admissible solutions is not empty and convex, 
c) the evaluation function is convex over that set, 
d) the minimum of that function is finite. 
The MP-theory tells us then that there exists a unique solution ( s. , x. ) of the problem 
(2.3). The functions f, gi ,hj are at least locally differentiable. This means that, given 
a point xk ' a certain information about the sourrounding of that point can be computed 
(e.g. in form of gradients). Based upon such an information, we can choose the direction 
dk and the step length lk of the move to the next trial solution: 

(3.1) 

Moreover, an optimality condition is available that tells us, whether the current point 
corresponds to the constrained minimum of f. 

A large number of algorithms is available for solving the problem (2.3). It seems, ho­
wever, that the classical idea of expanding functions f, gi ,hj into Taylor series leads 
to the most reliable solvers. Depending upon the number of terms retained after expansi­
on, one obtains either Sequential Linear Programming (SLP) or Sequential Quadratic 
Programming (SQP) algorithms. Both were successfully applied in structural design [12]. 

The main advantage of the algorithmic approach as compared to the knowledge-based 
methods, lies in its superior efficiency. The latter deteriorates considerably, when the 
requirements regarding smoothness and convexity of the problem are weakened. Thus, 
the algorithms proposed for non-differentiable, non-convex or integer MP-problems are 
comparable in their computational speed with the search methods discussed in the next 
section. 
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Fig. 3.1. Optimization of the static scheme for a frame: a) geometry and loading, 
b) lumped elastic model, c) plastic model. 

It is worth mentioning that some apparently ill posed problems can be solved algorithmi­
cally after proper reformulation. Consider, e.g., possible static systems for the frame de­
picted in Fig. 3.1.a. At the first glance, it is a typical search problem. One would try to 
solve it by the heuristic comparison of the alternatives shown in Fig. 3.2. It turns out, 
however, that a discrete decision, where to place a hinge, can be modelled by the smooth 
optimization. 

In order to achieve that we replace the frame by a chain of rigid bars connected by 
elastic rotational springs (Fig. 3.1.b.). Taking the spring stiffnesses as the design varia­
bles, we look then for a minimum total stiffness that ensures sufficient rigidity of the 
frame: 

min {c T x I K w = p , ± w ~ w 0' x ~ 0 } (3.2) 

Here the matrix c represents the weight factors proportional to the lengths of bars adja­
cent to each spring, K is the stiffness matrix dependent upon the topology of the fra­
me and the design variables, the matrices p and w represent, respectively, loading 
and displacements. The latter should not exceed certain values given in w 0 • 

o hinges 

1 hinge etc. 

2 hinges etc. 

3 hinges etc. 

Fig. 3.2. Alternative static schemes. 
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Fig. 3.3. Optimal static schemes for elastic frame. 

The solutions of the non-linear problem (3.2) for different ratios Ph: P are shown in 
Fig. 3.3. When the horizontal force is absent, one obtains a simple beam. For other ratios 
Ph: Pv the optimum static schemes are far from being trivial. 

It might happen that the safety margin against the plastic collapse is more important 
than the overal rigidity of the frame. In order to find the optimum static scheme for 
such a case, we replace the springs by plastic hinges (Fig. 3.l.c). Taking the yield mo­
ments in those hinges as the design variables and minimizing the total plastic resistance 
of the frame, we end up with the following linear optimization problem: 

min {cT x I CT S = P , ± x - P So 0, x ~ 0 } . (3.3) 

Here C is the compatibility matrix and the matrix s collects bending moments at the 
cross-sections I to 5. The optimum solutions are shown in Fig. 3.4. It happens that the 
same static scheme is optimal for any Pit > 0 . 

This example shows that even quite sImple conceptual models can deliver valuable in­
formation. Since the selection of a static scheme is situated closely to the root of the de­
cision tree in the structural optimization problem, it is important to consider possibly 
small number of alternatives. Hence, the assistance of algorithmic optimization at that 
point is very valuable. 

I 1 1 1 
a) Ph: P y = 0 b) Ph: P y > 0 

Fig. 3.4. Optimal static schemes for plastic frame. 
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4. Search and generation of alternatives 

The KBD-model (2.4) has the following properties: 
a) the values of attributes are either numbers or symbolic strings; 
b) admissible solutions constitute a non-empty finite set; 
c) the evaluation attribute F is a number and attains a finite minimum over that set; 
d) the notions of convexity and differentiability do not apply. 
A convenient graphical interpretation of (2.4) can be obtained by placing the admissible 
states in the nodes of a graph and by connecting those nodes by arcs that correspond to 
possible transitions. According to Sause and Powell [13], the design process can be mo­
delled by an AND/OR tree, with the AND-nodes corresponding to the subsequent levels 
of substructuring and the OR-nodes reflecting the choice of alternatives. 

Model (2.4) includes also a significant procedural component. This is the computation 
of the structural response, given both the demand and the trial design. Taking the values 
of X-attributes from a proper database, model (2.4) performs the depth-first search until 
F matches the design goal. More refined search strategies would require the evaluation 
of nodes and arcs in the decision tree. 

In the preliminary design we are usually interested in obtaining a qualitative compari­
son of plausible alternatives. Then a simplified KBD-model can be used: 

alternative_structure (P1, P2, ••• , Pn, Xl, X2, ••• , Xk, F):-

input(P1, P2, ••• , Pn) , 
trial _structure(P1, P2, ••• , Pn, Xl, X2, ••• , Xk, F) , 

fail. 
(4.1) 

trial _structure(P1, P2, ••• , Pn, Xl, X2, ••• , Xk, F) :-

admissible (P1, P2, ••• , Pn, Xl, X2, ••• , Xk), 
merit (Xl, X2, ••• , Xk, F) • 

Here the admissibility of X -attributes is checked qualitatively, without calculating the 
exact response of the trial structure. As a result one obtains a list of alternative designs. 
That list can be sorted after F. In order to control the combinatorial explosion, the user 
should prune the decision tree. Some applications of the above considerations are presen­
ted in the next section. 

S. Moving towards practice 

5.1. Design in structural engineering 

Designing a building, a bridge or a traffic junction is a complicated multistage process. 
It involves many specialists that solve specific subtasks. However, the main responsibility 
for the outcome of the project lays in the hand of the architect and the structural engi­
neer. The first one creates an initial design fixing general shape and dimensions of the 
object. The task for the structural engineer then is to convert the architect's idea into a 
technical solution that satisfies the requirements of strength, rigidity, manufacturing, etc. 

The OSD problem comes into play in the general design process as a subtask related 
to the strength and rigidity constraints only. Using computer-oriented tools of structural 
optimization, the structural engineer can either modify the architect's proposal or come 
out with his own alternative of the load carrying structure. 
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It is worth pointing out that practical design goals almost always fall out of the scope of 
Structural Mechanics. Thus practical optimization should allow us to: 
- reduce manufacturing costs, 
- reduce manufacturing and construction time, 
- reduce maintenance costs, 
- improve quality and durability. 
An additional aspect to be considered in optimizing structures are the design codes that 
still differ in European countries. 

The engineer's task, when concerned with optimization of the preliminary design, 
mainly consists of finding an economically better solution. This is important in the early 
stage of the process, when the architect prepares, with the engineer's help, the initial da­
ta in order to invite tenders, as well as in the later stages, when contractors are looking 
for special proposals. The latter may differ from the solution proposed by the architect, 
provided they improve it with respect to the above mentioned aspects. 

A large amount of the structural engineer's activity is devoted to the modification and 
adjustment of existing projects. This kind of routine design can be efficiently supported 
by the database access. 

5.2. Exploiting experience 

Storing past designs in a database and using this knowledge to create new solutions is the 
most obvious application of features provided by computers [9]. This is efficient for de­
sign bureaus and for building contractors with a long history of realized projects. In lar­
ge firms it is often difficult to get access to the descriptions of projects realized some 
years ago, because nobody has thought about a suitable representation and archivation. 
Especially younger engineers would like to use such data. Project data worth to be stored 
in the database include: 
- general data, 
- geometric data, 
- costs, 
- materials, 
- form, type and description of the structural components, 
- data about manufacturing and erection on site. 
These data can be stored in a relational database, the acquisition of data being done by 
the structural engineer via a suitable user interface. When the attributes of the projects 
are too complex, it is better to use a frame-oriented representation instead of a relational 
representation. But even in this case it is useful to have an interface to the commercial 
relational database, because such database systems offer useful utilities, like indexing 
and setting filters. 

Large project databases avoid the difficulty of conventional knowledge acquisition, 
where the knowledge engineer tries to extract knowledge from the experienced planner 
by asking questions. In practice this procedure is very often doomed to failure for seve­
ral reasons: 
- lack of experienced planners who have time to answer questions, 
- difficulty of formulating questions, 
- impossibility to reproduce design knowledge without being faced with the actual de-

sign context, 
- ambiguity of design knowledge between several design experts. 
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One of the remaining problems is to evaluate past projects. This is important for the ef­
ficiency of the database for future designs. The evaluation must be done by experienced 
engineers. Also, the results of evaluation must be reconsidered from time to time. For 
example, in the past it was cheaper to build a concrete beam on site. Today the expense 
for human work and material has increased in comparison to the transport. Therefore, it 
is cheaper in most cases to prefabricate a concrete beam in a plant and to transport it to 
the building site. 

Another problem is to derive new knowledge from the raw experience stored in the 
database. This is the subject of machine learning - the rapidly developing branch of Ar­
tificial Intelligence. The current efforts to apply such a procedure in the context of 
structural design proceed in various directions. One of them is the case-based learning 
[10], [11]. It has been shown that after a certain training the program is able to predict 
rational cross-sections of a given structure, without carrying out analysis or optimization. 
This kind of qualitative reasoning is very useful in the stage of preliminary design, when 
conceptual decisions are to be taken 

5.3. Intelligent database access 

In order to investigate the features that an intelligent user interface to the design databa­
se should possess, a small prototype has been implemented on a MS-DOS computer. The 
database consists of about 25(} steel roof trusses, optimized according to (2.3) and di­
mensioned after the German code for steel structures (DIN 18800). The FE-system CA­
RAT [14], developed at the Institute of Structural Analysis, University of Stuttgart, has 
been used for that purpose. The trusses have been generated by combining 3 spans, 3 
loadings, 3 heights at midspan, 3 types of bracing and 3 shapes. Fig. 5.1 shows sample 
structures. In order to describe the internal structure of the database, several attributes 
were chosen. Their mutual relations constitute the taxonomy depicted in Fig. 5.2. 

The database itself has been implemented using dBASE-IV. This environment allowed 
us to handle comfortably data acquisition and storage. Since the relational query langua­
ge of dBASE-IV was not powerful enough for our purposes, an interface to a program 
written in Prolog has been developed. That program, called FIND, works in two phases. 
First, the user is asked to enter the values of 2 obligatory attributes: the span and the 
load. The remaining 4 attributes, the height at midspan, the height at support, the type 
and the shape are facultative. If the user doesn't provide these attributes, the program 
finds them using a rule-based knowledge base. 

y\l\l\lVV"l 
m-truss 

yvvvvv"l 
rectangular 

fJSNSNSVVVVVl4 
n-truss 

K S zS:7VVV'¥. 
trapezoidal 

YSV\V\V\VSVSl 
w-truss 
~ 6 . D. 

tnangular 

Fig. 5.1. Sample roof trusses. 
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geometry at 

height at 

type of truss 

profiles 

Fig. 5.2. Taxonomy for roof trusses. 

After all 6 attributes are bound to certain values the query of database is performed. 
The requested values of the attributes are compared against the values stored in the da­
tabase in order to find most similar solutions. A weighted difference between the reque­
sted value a.o and the database value a .. is defined as 

1 lJ 

(5.1 ) 

i=I,2, ... ,6 j = 1 , 2 , ... , Ndb 

where Ndb is the number of solutions stored in the database. Numerical values of attri­
butes are kept non-dimensional. The differences between symbolic values belong to the 
range [ 0 , 1 ] and are taken from a distance table. For example the difference between 
the rectangular and triangular shape is assumed to be 0.2, whereas the difference bet­
ween the rectangular and triangular shape is taken as 0.4. 

In order to differentiate the significance of attributes, the weight factors wi [ 0 , 
1 ] are introduced. The highest factors w. = 1.0 are assigned to the span and the lo­
ad. ~he shape and the type of bracing hav~ wi = 0.75 and the heights are considered 
less Important (w. = 0.5). 

The distance between the request and the j-th entry of the database is calculated 
from the formula 

D. = 
J 

(5.2) 

After D. were found for all entries, ten "nearest" solutions are sorted out. Thus the result 
of the Jrocedure FIND is a list of ten trusses, nearest to the requested one in the sense 
of similarity measure (5.1) and (5.2). Fig 5.3. shows the screen after a sample run. 
The user set only two values, span = 20 m and load = 10 kN/m. Other attributes of the 
request were values assigned by the program. A database entry with the smallest D. is 
displayed as the result of the search. Subsequent matches can be browsed upon request. 

Since each record of the database includes in addition to the values of attributes the 
description of the cross-sections and the weight of the structure, the user obtains a list 
of completely desribed trusses. He can choose one of them as an initial solution for furt­
her refinement. Such a refinement can be performed in an integrated environment that 
includes the moduli for analysis, optimization, dimensioning and graphic-oriented in­
put/output [9]. 
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PROGRAM FIND 

ROOF TRUSSES 

POLISH ACADEMY OF SCIENCES. WARSAW 

UNIVERSITY OF STUTIGART. GERMANY 

I a) obligatorl: input I I c) accepted I I d) selected 1 I e) diff.1 weight 
factor 

span [m] L = 20 20.0 (0.83) 18.0 (0.75) 0.08 1.00 

load [kN/m] Q = 10 10.0 (1.00) 9.0 (0.90) 0.10 1.00 

I b) optional input I (the value in brackets are normalized) 

height at support [m] H = ? 1.67 (1.11) 1.50 (1.00) 0.11 0.50 

height at midspan [m] Hl = ? 0.80 (0.53) 0.75 (0.50) 0.03 0.50 

shope S = ? trapezoidal trapezoidal 0.00 0.75 

bracing B = ? n-truss n-truss 0.00 0.75 

I PROFILES OF BARS IN SELECTED PROJECT I IWEIGHTI I COM M E N T S I 

lower chord IPE 140 41.7 kg/m L accepted Q accepted 

upper chord IPE 160 assumed H = L/12 

vertical bars QH 70 x 4.0 Hl = accepted 

skew bars QH 70 x 4.0 slope accepted 

assumed 5 = trapezoid 

15 TAT U 5 1 1. solution: good match because L >= 20 and 

total distance 0 1 0.17 Q >= 10 
= 

10-th distance °10 = 0.68 
assumed B = " n" 

because L >= 20 and 
1 CONTINUE ?I Q >= 10 

Fig. 5.3: Sample screen output of program FIND 

5.4. Generating and comparing alternatives 

As a step towards computer supported conceptual design the program TREE has been 
developed. It allows the user to generate alternative solutions of the structural design 
problem and to evaluate them with respect to the measure of merit. 

The knowledge domain of TREE covers the design of single bay halls with rectangu­
lar ground shape. This domain is much wider then the one related to the program FIND. 
A symmetric plane cross-section of the hall is considered. The load carrying structure to 
be designed consists of the foundation, the column and the beam (Fig. 5.4). 

The design process is modelled according to the MSD-scheme [13]. At each selection 
node (OR-node) TREE presents possible alternatives and asks the user to accept them or 
to prune some of them. If several decisions are to be made at the same level the user is 
allowed to choose the order of selected nodes. This feature, absent in the original MSD­
model, seems to be rather important. Previous decisions obviously influence the alterna­
tives that have to be considered at a certain selection node. If, for example, steel. and 
wood were pruned as beam material, then thin-walled and braced should not be con­
sidered as cross section. 



www.manaraa.com

289 

/ 

column __ / 
beam 

foundatIon ----D 

Fig. 5.4. Cross-section of rectangular hall. 

Generally, the decision process begins with the decomposition that supplies alternative 
solutions for the components. Then the aggregation is performed resulting in alternative 
designs of the overall structure. Finally these designs are evaluated and the best propo­
sals are presented to the user (Fig. 5.5). 

One should not forget, however, that certain decisions must precede the transition in­
to the lower level of the decomposition chain. A good example is the selection of the 
static system. The alternatives must be known before one starts considering the founda­
tion, the column and the beam separately. 
The tree of alternatives is generated by applying the selection node 

static_system - beam column 
- frame 
- arch 

at the structural level and the nodes 

material - steel 
- reinforced concrete 
- prestressed concrete 
- wood 

shape - rectangle 
- trapez 
- triangle 

cross section - braced 
- thin-walled 
- solid 

manufacturing - on site 
- precast 

foundation - flat 
- piled 

at the component level. The node shape is relevant for the beam only. 
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I user 
I· t \. mpu .J 

( user 
dialog 

I( user Il dialog./ 

=={> 

evaluated 
structures 

Fig. 5.5. Design phases according to program TREE. 

<l== ( design tree ) , 
(knowledge base) , 
( optimization ) 

<l== (knowledge base ) 

<l== (knowledge base) 

After the complete tree of alternatives has been generated and accepted by the user, the 
program performs the evaluation of the leaves. This means that an approximate sizing of 
the components is carried out and the estimated cost is computed for each structural ele­
ment. This evaluation is supported by a small rule-based knowledge base. 

In the next phase plausible combinations of the components are taken as alternative 
proposals for the overall structure. The aggregation knowledge base eliminates non­
feasible cases such as a concrete beam supported by wooden columns. The user is all­
owed to reject some proposals as well. 

The last phase of the consultation requires less interaction with the user. TREE com­
putes the total cost for each alternative structure and presents ten best, i.e. cheapest, so­
lutions. Thus the user gets valuable information about the conceptual alternatives embo­
died in this particular design task. 

6. Concluding remarks 

The KBD-approach is more flexible than the conventional OSD-model. It supports 
the multistage design process, allows us to consider goals and constraints that are non­
expressable in closed form, leads in a natural way to the generation of alternatives and 
makes the exploitation of the design experience easy. Hence, it might be foreseen, that 
the KBD-approach will prevail in the future development of the integrated structural 
design environment. 
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Two Notes on Structural Optimization 

Abstract 

David G Carmichael and H Max Irvine 
School of Civil Engineering 

The University of New South Wales 
Kensington 2033 

Australia 

Two notes on structural optimization are given. The ftrst relates to 
the preliminary design of a structure. The development illustrates 
the worth of teaching structural optimization principles to structural 
engineering students while at the same time gives a neat classroom 
demonstration of optimization methodology. The second note relates 
to the practice of approximating the problem formulation in structural 
design. A particular approximation based on a linear-quadratic 
formulation is developed through the use of the matrix Riccati 
equation which simpliftes the problem solution. 

Introduction 

The paper develops two notes on structural optimization. 

The ftrst note demonstrates the applicability of structural optimization methodology at the 
preliminary design stage. The note also gives a neat classroom demonstration of the 
principles of structural optimization. 

The problem used as a focal point for the ftrst note is the preliminary design of a steel 
double arch for train trafftc. Loadings are approximated as is the structural behaviour for 
preliminary design purposes. For member behaviour, crushing in compression, Euler strut 
buckling and local plate buckling are considered. The problem reduces to a graphical one in 
the cross-section variable space. 

The second note demonstrates the value in approximating the optimization problem 
formulation in order to facilitate the solution process. The approach also has applicability in 
converting a conventional structural design problem into a synthesis format from the usual 
iterative-analysis format. 

The formulation considered is the one where the structural model is linear, the objective is 
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quadratic and constraints have been included in the objective. For the particular optimal 
control version, the problem reduces to the straightforward solution of the matrix Riccati 
equation as an 'initial' value equation. The solution to the overall problem follows directly. 

15000 

portal frames stability ties 
for lower chord 

6 at 12500 

Figure 1 Double arch bridge. 

The Preliminary Design of a Double Arch 

top 
chord 

This problem illustrates the preliminary design of a 75 m span steel double arch used for 
heavy goods trains. The development below not only illustrates the worth of teaching 
structural optimization principles to structural engineering students but at the same time 
gives a neat classroom demonstration of optimization methodology. 

The layout of the structure is given in Figure 1. Live loading (without any impact factor) to 
simulate a locomotive is taken as 250 kN loads at 1.6 m centres. To approximate the worst 
loading including the dead load, for preliminary design purposes, spread 4 x 250 kN over 
two arches (side-by-side) and over 6.4 m to give a loading of 1000/12.8 - 78 kN/m. This 
is equivalent to 78 x 12.5 =1000 kN at each arch node (Figure 2). The corresponding 
support reactions, bending moments and axial forces are also given in Figure 2. The axial 
forces in the chords C1 and C2 are 2720 kN and 2210 kN respectively. 

Consider the use of a square hollow section for both the top and bottom chords of the 
arches. Figure 3 shows the cross-section with variables t (plate thickness) and b (section 
dimension). 

The following 'failure' modes are considered: 
- crushing in compression 
- Euler strut buckling 
- local plate buckling 
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1000 

kN 

1750 750 

~ 
31000 

kNm 

1000 

1000+ J T AFC 

C1~C2 
208~~~ 2083 

t kN t 
1750 750 

Figure 2 Reactions, bending moments and axial forces. 

The problem reduces to one of finding b and t such that the above failure constraints are 
satisfied while minimizing the amount of steel used (equivalently minimizing the product 
bt). 

Consider the development from the viewpoint of C1 as it has the higher loading. Here 
L = 16.3 m, E = 2 x 108 kN/m, and Oy = 350 MPa = 3.5 x lOS kN/m2• 

Assume a factor of safety of 2 for failure by crushing in compression, Euler strut buckling, 
and local plate buckling. 
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The fIrst constraint may be expressed as follows, 

2720 < 350 
4bt - 2 

or 
bt ~ 3.9 x 10-3 m2 

b 
.... 

4 t 
n.a. 

--.- ........ t 

Figure 3 Cross-section of chord. 

The second constraint may be written, 

1 iEl 2720:5;- n.a. 
2 L2 

or 

(1) 

b 

(2) 

For local plate buckling the plate is assumed to buckle with nodal lines distant b apart along 
the chord. Using a result in Roark (1965) for simply supported sides of a plate in 
compression, 

where u is Poisson's ratio (= 0.25). This leads to, 

4 

bt ~ 1.4 x 1O-3b3 (3) 
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The objective function as stated above is bt. 

bt 
(m2) 

3.9x10-3 

0.53 

(3) 

(2) 

0.93 2.20 

Figure 4 Graphical solution (schematic only). 
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(1 ) 

b (m) 

The constraints may be plotted as in Figure 4. Clearly any solution along the line AB is 
optimal. A solution corresponding to available plate sizes and fabrication methods would 
be preferred. 

The above is a preliminary design that reduces to a straightforward graphical solution. 

More detailed design would look at plate sizes chosen for robustness, fabrication, welding 
and corrosion as well as a more thorough treatment of the loading conditions. Additional 
considerations not explicitly included are the effect of chord bracings, wind load, 
earthquake load, train sway effects, joint details and erection procedures. A detailed design 
gives a solution not too different in weight to that obtained by the preliminary design 
procedures above. 
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The Matrix Riccati Equation in Structural Optimization 

Much of the work in structural optimization has centred on the approach of defining a 
problem and then trying to find a closed form or numerical solution, when by altering the 
problem slightly a more convenient solution may be available; approximations, it is 
suggested, should not only be looked at in the solution but also in the problem formulation. 

It is also noted that in the interest of converting conventional structural design from an 
iterative-analysis format to a synthesis format, approximations in the problem formulation 
are acceptable. 

In this line of thinking it is suggested that there are many structural design problems that can 
be approximated by or converted to what are termed linear-quadratic problems. That is the 
model of the structure is linear and the objective function is quadratic. Constraints may be 
incorporated into the objective in a quadratic form. 

Numerous solutions exist for linear-quadratic problems depending on the mathematical 
form (e.g matrix equations, differential equations, ... ) of the problem components. The 
solution method that is promoted here is the matrix Riccati equation for design problems 
formulated as optimal control problems. See for example Carmichael (1981). 

Consider as an illustration the case where the structure is modelled as a difference equation, 

where 

x(k+l) = A(k)x(k) + B(k)u(k) 

x(k) is a state vector of size n, at position k 
u(k) is a control vector of size r, at position k 
k is a position counter, and 

k = 0, 1, ... , N-l 

A(k) and B(k) are matrices of size n x n and n x r respectively 

And the objective function is of the standard form, 
N-l 

1 T 1 ~ T T 
min J = "2 x (N)gxxx(N) +"2 ""-' x (k)Gxx(k)x(k) + u (k)Gw(k)u(k) 

k=O 

where gxx' Gxx and Gw are matrices of size n x n, n x n and r x r respectively. 

The solution to this problem is given by the matrix Riccati equation, 

-1 
P(k) = G (k) + AT(k)[p-l(k+l) + B(k)G-1(k)BT(k)] A(k) 

xx w 

with 
P(N) = gxx 

where P(k) is a matrix relating the state and costate variables. The equation is solved 
backward in k. 

To illustrate this, in state equation form, the equations governing the behaviour of a 
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cantilever beam are, 

with xl (0) = X2(0) = 0, where xl and x2 are slope and deflection respectively, u is related to 
the flexibility, R is an applied end load and L is the length of the cantilever divided into N 
subintervals of size 11. 

Consider an objective of, 
N-l 

. 2 '" 2 2 2 mm J = Xl (N) + £.J a (k)Xl (k) + ~(k)X2(k) + y(k)u (k) 
k=O 

where a.(k), ~(k) and y(k) are weighting coefficients. 

Here, 

B = [8R:-kl] 

g,,=[::] 

laCk) 0] 
Gxx = 0 ~(k) 

G = [tJ 
uu 

peN) is known. The matrix Riccati equation may then be solved with a single pass for 
P(k). 

The optimality condition, obtained from maximizing the Hamiltonian is, 

T 
0= G (k)u(k) + B (k)P(k+ l)x(k+ 1) 

uu 

The control so obtained may be substituted into the state equations which can then be 
solved. 
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ABSTRACT. A brief retrospective of the past eight years of research efforts at the University of 
Colorado, Boulder, in reliability-based structural optimization (RBSO) is presented. This includes 
research related to (a) new formulations of both multi-limit state and multi-objective RBSO of steel and 
reinforced concrete structures, (b) use of interactive graphics in RBSO, (c) sensitivity of RBSO solutions 
to change in problem parameters, (d) RBSO of special structures such as large frames and bridges, (e) 
damage-tolerant RBSO, and (f) new probabilistic finite element formulations for nonlinear concrete 
structures. 

1. Introduction 

Reliability-based structural optimization (RBSO) has attracted intensive attention of 
researchers and considerable results have been produced. A review of these developments as 
of 1985 has been presented by Frangopol (1985a, 1985b). In a recent paper Thoft-Christensen 
(1990) cited 125 references dealing with RBSO from 1960 to 1989 and showed that more than 
half of these were published in the years 1985-1989. This paper presents a brief retrospective 
of the past eight years of research efforts at the University of Colorado, Boulder, in 
reliability-based structural optimization (RBSO). This includes research related to (a) new 
formulations of both multi-limit state and multi-objective RBSO of steel and reinforced 
concrete structures, (b) use of interactive graphics in RBSO, (c) sensitivity of RBSO solutions 
to change in problem parameters, (d) RBSO of special structures such as large frames and 
bridges, (e) damage-tolerant RBSO, and (f) new probabilistic finite element formulations for 
nonlinear concrete structures. Some of the results obtained are briefly outlined together with 
a number of illustrative numerical examples. 

2. New RBSO Formulations 

In RBSO of structural members and systems it is generally assumed that both the loads and 
the resistances are random variables (see, e.g., references in Frangopol, 1985a, among others). 
In this probabilistic context, several RBSO formulations have been suggested. These include 
(a) minimization of the total cost of the structure; (b) maximization of the global utility of the 
structure; (c) minimization of the overall probability of system failure for a fixed cost; and 
(d) minimization of the total cost or weight for a specified allowable overall system failure 
probability. 
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Most of the earlier research at the University of Colorado, Boulder, focused on the goal of 
finding the minimum weight structure with a prescribed overall system failure probability 
level (Frangopol, 1983, 1984a-f; Nakib, 1985). In this earlier research, a single scalar-valued 
objective function was used, the serviceability and ultimate limit states were treated 
separately (i.e., without considering limit states interaction), and the system residual 
reliability was not taken into account in the optimization process. By 1985, because of the 
foregoing limitations, it had become apparent that these earlier approaches might lead either 
to a considerable waste of money because of overdesign or to a low reliability of optimized 
systems with respect to the limit states that were not considered in the RBSO process. 

From this point on, after reviewing the state of RESO field as of 1985 (Frangopol, 1985a, 
1985b) our attention was focused on developing a novel method for multi-objective 
reliability-based optimization of structural systems under serviceability, ultimate and residual 
reliability requirements imposed simultaneously. For this purpose, multi-criteria probabilistic 
design concepts developed earlier by Cohn and Parimi (1972) and Parimi and Cohn (1978) 
were actively used for optimizing both steel and reinforced concrete structures (see, e.g., 
Frangopol 1985e, 1985f, 1987). Also, special emphasis was placed on nonlinear material 
behavior (see, e.g., Frangopol and Klisinski, 1989a, 1989b) and multi-objective (also called 
vector) deterministic optimization techniques (see, e.g., Frangopol and Klisinski, 1989c, 
1991a). 

Motivated by the need of a rational reliability-based multi-limit state optimization 
approach (Frangopol, 1986b, 1986c, 1986d; Frangopol and Nakib, 1986), where different 
conflicting requirements in the design of structural systems are considered simultaneously, a 
multi-objective RESO approach was formulated in Fu and Frangopol (1988) and Frangopol 
and Fu (1989). In this approach a vector-valued objective function, including both 
deterministic (e.g., weight) and probabilistic (e.g., system residual reliability) objectives, was 
examined, and the system safety was considered with regard to multiple reliability 
requirements imposed simultaneously. The solution to this problem (i.e., the Pareto solution) 
was defined as the set of noninferior solutions in the space of decision variables. A three-step 
reliability-based vector-optimization strategy was suggested, a decision support space was 
proposed, and examples of solutions for both nondeterministic truss and frame systems were 
presented (Fu and Frangopol, 1988, 1990a, 1990b; Frangopol and Fu, 1989, 1990). Figures 1 
and 2 (reproduced from Fu and Frangopol 1988, 1990b, respectively) are examples of decision 
support spaces for nondeterministic simple frame systems. 

3. Use of Interactive Graphics in RBSO 

Even though computer graphics have been applied in several fields of structural 
engineering, including graphical displays of finite element meshes and deflected shapes, their 
use in structural optimization has remained limited. When user-friendly interactive computer 
graphics capabilities are implemented, the obstacles which have made RBSO unappealing or 
inaccessible to practicing engineers in the past can be reduced to a large extent or even 
removed. 

Interactive graphics are of major importance in the decision-making process during an 
optimum design session. The plotted data using real time displays can provide the user with 
important decision-making information concerning algorithm performance and design status, 
allowing better selection of problem dependent variables such as the algorithm parameters, 
convergence criteria, and problem formulation. The continuous monitoring of the optimum 
design process through graphics displays of design variables and objective functions, as well 
as reliability constraint functions, makes it possible for the engineer to take various decisions 
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Figure 1. (a) Nondeterministic portal frame; and (b) Associated decision 
support space for four-objective optimization (3-D unreliability space 
with isovolume surfaces). 
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such as to interrupt or restart execution, fix or release design variables, or end execution, 
when necessary. These capabilities can tremendously improve the efficiency of the optimum 
design process. 

The advantages of interactive graphics stimulated work on the development of an 
interactive graphics reliability-based structural optimization (IGRBSO) computer program at 
the University of Colorado (Nakib and Frangopol, 1990b). A reliability-based structural 
analysis (RBSA) program developed previously (Nakib and Frangopol, 1990a) was combined 
with the automatic design synthesis (ADS) multi-menu deterministic optimization program 
written by Vanderplatts (1986). The ADS program includes a variety of linear and nonlinear 
optimization algorithms. 

In the optimization process, the ADS optimization program calls the RBSA 
reliability-based analysis subroutines and passes to them the values of the design variables, 
receiving in return the values of objective function and constraints as shown in Figure 3 
(reproduced from Nakib and Frangopol, 1990b). Full control is given to the user through an 
interactive session (see Fig. 3) where command-driven controls allow the following tasks: (a) 
re-examine problem formulation; (b) display the problem status; (c) change data; (d) fix or 
release design variables; (e) interrupt or restart problem; (f) change algorithm; and (g) 
request graphical displays. Figure 3 also shows how the graphics subroutines are linked to 
the program through the interface session for graphical visualization of the optimization 
functions and variables (objective function, reliability constraint functions, design variables) 
during the optimum design process. These subroutines are supported by a device 
independent, integrated system of graphics software tools which can run on highly interactive 
environments. As shown in Figure 3, there is an interaction between the designer, the ADS 
optimization menu, and the graphics terminal (Apollo 3000 Series). 

As an example, Figure 4 (reproduced from Nakib and Frangopol, 1990b) illustrates the 
RBSO optimum design convergence process of both the structural weight and system 
reliability index of a two-story one-bay frame in the interactive environment provided by the 
IGRBSO program using the method of feasible directions. 

4. Sensitivity of RBSO Solutions 

By 1985 it was shown (Frangopol, 1985d) that sensitivity analysis of optimum solutions 
plays a central role in the RBSO process. In this process there are three main reasons for 
needing sensitivity information (Frangopol, 1985d). 

First, if the statistical parameters (e.g., mean values, coefficients of variation, coefficients 
of correlation), or specified reliability levels are modified after the optimization is complete 
this will provide the designer with a measure of what effect such changes will have on the 
optimized structure. Because there is limited statistical information on loads and strengths, 
approximations can not be avoided in arriving at the statistical parameters associated with 
these random variables. The critical parameters can be identified through sensitivity analysis. 
This will allow for an efficient control of errors, in specifying the required level of 
approximation for each parameter of interest, so that a reasonable compromise between 
reality and simplicity could be achieved in RBSO. 

Second, the information provided by sensitivity analysis of the optimum solution to 
changes in the objective functions, in the probabilistic methods to determine structural 
system reliability, or in the optimization techniques themselves, can be effectively used by the 
designer to rationalize the computational effort and to develop a reasonable level of confidence 
in the final design. 

Third, the sensitivity analysis information is valuable for indicating new paths of research 
in RBSO. 
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With this as motivation, a RBSO sensitivity analysis technique based on the feasible 
directions concept was developed for plastic design of redundant structures (Frangopol, 
1985d). This technique is specialized to a formulation of the problem of plastic optimization 
for minimum weight based on a rational reliability constraint for sizing members. The 
technique was demonstrated with a structural design example (see Figure 5 reproduced from 
Frangopol, 1985d) where emphasis was placed on the sensitivity of the reliability-based 
optimum solution to both the correlation among strengths and the method for evaluating the 
overall probability of plastic collapse of a nondeterministic portal frame. Additional 
developments in computer-automated RBSO were reported in Frangopol (1984d, 1986a) and 
Nakib (1985) among others. 

5. RBSO of Special Structures 

In 1988 the U.S. National Science Foundation sponsored a Workshop on Research Needs for 
Applications of System Reliability Concepts and Techniques in Structural Analysis, Design 
and Optimization at the University of Colorado, Boulder (Frangopol, 1989; Frangopol and 
Corotis, 1990). This event provided a forum for: (a) revealing the state-of-the-art of structural 
system reliability; (b) producing a unified picture of the problems of reliability analysis, design 
and optimization of structural systems; (c) identifying research needs for applications of 
system concepts and techniques in structural reliability analysis, design and optimization; (d) 
identifying and prioritizing opportunities for high-risk/high-cost research investments to bring 
theoretical advances in the field of system reliability within the grasp of engineering practice; 
(e) developing guidelines for structural design codes, utilizing system reliability theory; (f) 

promoting modern structural systems reliability theory and encouraging education, research 
and innovation in this field; (g) advancing international cooperation in the field of reliability 
of structural systems; and (h) developing an effective avenue for informing the structural 
engineering community of applications of system reliability theory. 

At this workshop four working groups (Le., Concepts and Techniques; Safety Evaluation; 
Design and Optimization; and Code Implementation) formulated research needs in their 
respective areas. One of the long-term research needs proposed by the working group on 
Design and Optimization was the development of optimization algorithms for large systems. 
As stated by this working group, "Most of the optimization algorithms developed so far are 
not suitable for large-scale complex systems. Also, they have been evaluated only for small 
or moderate size systems. There is a critical need to develop algorithms that are suitable for 
large-scale systems. They also need to be evaluated on such systems. This becomes essential 
when reliability-based design and optimization of practical systems is considered." (Frangopol 
and Corotis, 1990, p. 306). 

The above research need was recognized and addressed at the University of Colorado, 
Boulder, for multi-objective RBSO of relatively large frame systems (Frangopol and Iizuka, 
1990, 1991a-c; Iizuka, 1991). Also efforts in this direction were made for deterministic and 
nondeterministic RBSO systems by Nakib (1988), Frangopol and Nakib (1990), and Robson, 
Frangopol and Goble (1991). 

Figures 6 (reproduced from Frangopol and Iizuka, 1991) and 7 (reproduced from Nakib, 
1988) illustrate the type of structures studied and their corresponding optimum objectives. 
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6. Damage·Tolerant RBSO 

Most of the RBSO research deals with optimum design of structural systems under 
serviceability and/or ultimate limit states requirements only. For most structures 
serviceability limit states are related to disruption of the functional use due to excessive 
deformation or initiation of component damage, and the ultimate limit states are related to 
plastic collapse or instability occurrences. However, in many practical cases it is desired to 
control the behavior of structural systems associated with intermediate stages of behavior 
(i.e., between initiation of unserviceability and final collapse.) These intermediate stages of 
behavior are characterized by damage conditions affecting one or more members of a 
structural system (e.g., significant damage to one or to a limited number of members of a 
structural system, failure of one or a group of members of a structural system, more than one 
plastic hinge occurrence in a highly indeterminate structural system). Therefore, the designer 
has (a) to consider probable future damage to the structure in the RBSO process, and (b) to 
provide enough margin of safety against the occurrence of such damage situations during the 
entire performance life of the structure. According to Arora, Haskell and Govil (1980), a 
structure is called damage-tolerant if it continues to perform its basic function even after it 
sustains a specified level of damage. 

During the past four years, the theoretical foundation of time-invariant damage-tolerant 
RBSO approach was established at the University of Colorado, Boulder, in a number of 
papers (e.g., Frangopol and Fu, 1989; Fu and Frangopol, 1990a) and Ph.D. theses (Nakib, 
1988; Napitupulu, 1990; Iizuka, 1991). This has been accomplished through the combined use 
of (a) deterministic damage-tolerant optimization techniques (Frangopol and Klisinski, 1991b; 
Frangopol, Klisinski and Iizuka, 1991); (b) deterministic vector optimization techniques 
(Frangopol and Klisinski, 1989c, 1991a); (c) system reliability techniques (see, e.g., Frangopol 
and Corotis, 1990); and (d) reliability-based vector optimization techniques (Fu and 
Frangopol, 1990a, 1990b). 

As an illustration, Figure 8 (reproduced from Frangopol and Fu, 1989) shows the decision 
support space of a nondeterministic 16-bar truss under two random loads obtained by solving 
a three-objective (i.e., material volume, system probability of collapse initiated from the intact 
state, and system probability of collapse initiated from given damaged states of the truss) 
RBSO problem. 

7. New Probabilistic Finite Element Formulations 

Probabilistic finite element formulations play an important role in applications of RBSO 
concepts in real engineering practice. In general, the value of the optimum solution 
associated with any RBSO formulation depends highly on the realistic modeling of the 
mechanical behavior of the structure. Realistic representation of the mechanical behavior of 
a nondeterministic structure under random loads requires the use of random fields (see, e.g., 
Frangopol and Corotis, 1990, p. 300). Recently at the University of Colorado, Boulder, Teigen 
(1990) and Teigen et al. (1991a, 1991b), in an effort to capture the nonlinearity in material 
and geometry of nondeterministic concrete structures under random loads, formulated a 
probabilistic finite element method. This method is an extension of nonlinear finite element 
techniques, where (a) the new quantities required at the element level are the derivatives of 
the external and internal forces with respect to the basic random variables, (b) the loads are 
applied in increments until collapse, and (c) the equilibrium at each load level is achieved by 
using a modified Newton iteration scheme. In contrast to currently available methods the 
proposed formulation allows for Taylor series expansion of the response about arbitrary 
reference values of the basic random variables. Furthermore, the collapse load of the system 
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associated with a given combination of reference values of the random variables becomes a 
result of the analysis. A computer code called PFRAME was developed for the application of 
the proposed method to concrete frame structures exhibiting a geometric and material 
nonlinear behavior, and which accounts for randomness in loads, material properties, and 
geometry. 

Two reinforced concrete application examples including a simply supported beam and a 
portal frame were investigated using the proposed probabilistic finite element method (Teigen 
et al., 1991b). The problem definition for the portal frame example, the mean material and 
cross section properties, and the interaction diagrams for beam and columns are shown in 
Figures 9, 10, 11 and 12 (all reproduced from Teigen et al., 1991b), respectively. Some of the 
results obtained in terms of moments and displacements are shown in Figure 13 (also 
reproduced from Teigen et al., 1991b). It is interesting to note that the method proposed is 
also applicable to the safety assessment of material and geometric nonlinear nondeterministic 
concrete structures under random loads. It is also envisioned that this method will be useful 
in RBSO of large-scale systems. 
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ABSTRACT 

This paper reviews work conducted by the writer over the past twenty-five years dealing 
with the computer-automated design of least-cost or least-weight civil engineering struc­
tures. The work owes its beginnings to Professor Mircea Cohn, who supervised the 
writer's Ph.D. studies in the 1960's concerning the optimal design of reinforced concrete 
frames. In fact, while numerical solution techniques have certainly changed signifi­
cantly, the statement of the optimal design problem originally posed to the writer by Pro­
fessor Cohn has changed remarkably little over the years. 

First reviewed are linear programming applications in the 1960s and 1970s to the 
optimal limit design of reinforced concrete and steel frameworks. Then considered is 
work conducted in the 1980s concerning the least-weight design of structural steel frame­
works using Dual mathematical programming techniques. Finally presented is recent 
work in the 1990s dealing with the application of mathematical programming and 
optimality criteria techniques to the optimal design of steel and reinforced concrete struc­
tures. 

INTRODUCTION 

An oft-repeated design task in structural engineering offices is to size the elements 
or members of a steel or reinforced concrete structure such as to meet the 
strength/stability and stiffness requirements of the governing design standard. Tradition­
ally, over many years past, such design has involved a trial-and-error process wherein 
repeated analysis and design of the structure is carried out until the performance require­
ments have been met and some measure of economy has been achieved. However, in the 
absence of any automation, such a process is usually quite tedious and very often con­
verges to a less-than-optimal design solution. 
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Computer-based optimization techniques attempt to address the shortcomings of the 
trial-and-error approach to design by providing automated procedures to directly solve 
the design problem 

Minimize: Z =!(xi) (la) 

Subject to: l!J 5,P/Xi) 5,~ U = 1,2, ... ,m) (lb) 

!i 5, xi 5, Xi (i = 1,2, ... ,n 1) (I c) 

xi EXi (i = nl + 1, ... ,n) (ld) 

Equation (la) defines the cost or weight of the structure, where the xi are the variables to 

the design (e.g., cross-section area, reinforcement percentage, safety parameter, etc.); 
Eqs. (lb) define the m performance requirements for the design (e.g., strength, stability, 
stiffness, safety, etc.), where l!..j and Pj are specified lower and upper limits on structure 

response (stresses, displacements, collapse modes, etc.); Eqs. (Ic) define the lower and 
upper bounds ;!j and Xi on the n 1 continuous-valued variables to the design (e.g., depth 

and width of reinforced concrete sections); Eqs. (ld) define the available sets of values Xi 

for the n-n 1 discrete-valued variables to the design (e.g., area of standard steel sections). 

The design optimization problem Eqs. (1) has exactly the same form as that posed to 
the writer by Professor Mircea Cohn some twenty-five years ago when the writer was 
commencing his Ph.D. studies under Professor Cohn's supervision. Remarkably, this 
form has remained essentially intact over these years as the writer has investigated a 
variety of problem types and corresponding numerical solution algorithms. 

The main focus of this paper is a retrospective review of work conducted by the 
writer to solve the design problem posed by Eqs. (1) for civil engineering structures. The 
work of Professor Mircea Cohn is also cited extensively to demonstrate his significant 
contribution to the writer's early work and, as well, his own continued activity in the 
field. The discerning reader will notice chronological gaps in the discussion and accom­
panying reference list, due mainly to the fact that the writer researched in other areas dur­
ing those periods (e.g., research work for a good part of the 1970s focussed primarily on 
the elastic-plastic analysis problem). As well, reference to Professor Cohn's work on 
optimal design is intended only to be representative rather than complete (apologies to 
Professor Cohn if some particularly important work has been omitted). The reference list 
deliberately cites only papers by the writer and Professor Cohn on optimal structural 
design; reference to work by other researchers in the field is implied through the indivi­
dual reference lists of the cited papers. 
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THE 1960s AND 1970s 

Many of the fundamental concepts underlying the optimization problem posed by 
Eqs. (1) for reinforced concrete structures were developed in the 1960s by Cohn 
[2,3,4,6,7,8,9] and Cohn and Petcu [1,5]. These studies considered flexural structures 
and resulted in the Equilibrium Method of limit design, which seeks to ensure limit 
equilibrium against plastic collapse while providing adequate safety against fIrst yielding 
so as to ensure satisfactory serviceability (acceptable cracking, etc.). During the late 
1960s and early 1970s, Cohn's early work was extended to encompass a broad range of 
concepts, design philosophies and structure types [11-23]. In particular, work by Cohn 
and Grierson [12,16] and Grierson [14] concerning flexural reinforced concrete frame­
works resulted in the following explicit statement of the design optimization problem 
posed by Eqs. (1) 

n 
Minimize: Z = L C,X-I I (2a) 

i=l 

n 
Subject to: La··x- > p. U = 1,2, ... ,m) (2b) 

i=l 
IJ 1- ..J 

& :::;xi:::; 1 (i = 1,2, ... ,n) (2c) 

Equation (2a) defines the volume of flexural reinforcement for the structure, where the ci 

are known coeffIcients and the variables Xi are the ratios of the, as yet unknown, fIrst­

yield load factors for the member sections to the specifIed ultimate design load factor for 
the structure; Eqs. (2b) defIne m limit equilibrium conditions that ensure the structure 
will not fail in a plastic mechanism mode prior to the specifIed ultimate design load level, 
where the aij and 0 are known constants; Eqs. (2c) define n serviceability conditions, 

where the positive-valued lower bounds & ensure that fIrst yielding of member sections 

will not occur prior to a specified load level, and the upper bound of unity ensures that 
member design moment capacities are never greater than corresponding maximum elastic 
moment effects. (Note that the design problem does not involve any discrete-valued vari­
ables and, therefore, that Eqs. Od) are not represented in Eqs. (2)). 

The design problem posed by Eqs. (2) is a Linear Programming (LP) problem since 
the objective function Eqs. (2a) and constraint conditions Eqs. (2b,c) are all linear func­
tions of the design variables Xi' As such, a number of studies successfully applied the 

well-known LP simplex algorithm to solve Eqs. (2) for a range of structural types 
[12,14,16], as well as variants of Eqs. (2) for a variety of design scenarios [19,22,28]. 
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A difficulty in solving Eqs. (2) for even moderately complex structures is that the 
number m of limit equilibrium conditions Eqs. (2b) can be prohibitively large. More­
over, it is often difficult to identify all such conditions a priori. A study by Ishikawa and 
Grierson [24] resolved these difficulties through an iterative design process that progres­
sively builds up the constraint set Eqs. (2b) by adding, one stage at a time, the limit 
equilibrium condition pertaining to the critical collapse mode for the previous design 
stage. In this way, the number of conditions Eqs. (2b) that need to be considered for each 
load case in never more than the number of degrees of freedom for the structure. 

The design formulation Eqs. (2) does not explicitly provide for the post-elastic 
deformation capacity of reinforced concrete members. Cohn addressed this issue in a 
number of studies [1,5,7,25,27], and noted the importance of checking deformation com­
patibility subsequent to applying Eqs. (2) for the strength and serviceability design of 
reinforced concrete frameworks. Grierson and Cohn [17] developed an augmented for­
mulation of Eqs. (2) whereby, among others, the design conditions of strength, servicea­
bility and plastic compatibility are all simultaneously accounted for. Ali and Grierson 
[29] introduced the concept of an elastic-locking material to explicitly account for the 
plastic compatibility condition within the context of Eqs. (2). Extensions to this latter 
work were carried out in the 1980s for a variety of problem types [40,44]. 

In the late 1970s, while Professor Cohn and his co-workers continued to research the 
optimal design of reinforced concrete structures from a broad range of viewpoints, e.g. 
[30,31,32], the writer focussed on the plastic design of steel structures. Work by Grier­
son and Aly [33,34] accounted for combined stress states and, based on piecewise linear 
yield criteria and the Static Theorem of plastic collapse, considered the following explicit 
statement of the design optimization problem posed by Eqs. (1) 

n 
Minimize: Z = L CjXj (3a) 

j=1 

n I 
Subject to: Lajjxj - Lakj Qk = Pj U = 1,2, ... ,m 1) (3b) 

j=1 k=1 
n I 

Lbijxj - L bkjQk ~ ~ U=ml+1, ... ,m) (3c) 
j=1 k=1 

Xj~O (i = 1,2, ... ,n) (3d) 

Equation (3a) defines the additional weight of the structure beyond that corresponding to 
the specified minimum plastic capacities for the members, where the Cj are known coeffi-
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cients and the variables xi are the required increments in member plastic capacities 

beyond the specified minimum values; Eqs. (3b) define m 1 equilibrium conditions relat­
ing the variables Xi to the, as yet unknown, member stress resultants Qk for each load 

case, where the aij' akj and Pj are known constants; Eqs. (3c) define m-m 1 piecewise 

linear yield conditions goveming member plastic behaviour, where the bi} , bkj and EJ are 

known constants; Eqs. (3d) ensure that member plastic capacities are never smaller than 
specified minimum values. (As for Eqs. (2), the design problem does not involve any 
discrete-valued variables and, therefore, Eqs. (ld) are not represented in Eqs. (3)). 

Unlike Eqs. (2), where the number of limit equilibrium conditions Eqs. (2b) 
increases combinatorially with problem size, Eqs. (3) involve a finite number of equili­
brium and yield conditions by virtue of being based on the Static Theorem of plastic col­
lapse (an equivalent dual formulation of the design problem based on the Kinematic 
Theorem directly provides Foulkes' method for optimal plastic design). By virtue of the 
adoption of piecewise linear yield criteria to govern plastic behaviour under combined 
stresses, the design problem posed by Eqs. (3) is a LP problem. Grierson and Aly [33,34] 
applied the LP simplex algorithm to solve Eqs. (3) for both planar and space steel frame­
works under single and combined load cases. 

THE 1980s AND 1990s 

Beginning in the 1980s, the writer's research focussed on the least-weight design of 
steel frameworks subject to the strength/stability and stiffness provisions of steel design 
codes of practice. Here, a major concern of the design is to ensure that elastic stresses 
and displacements are within acceptable limits. The initial work in this area was under­
taken by Grierson and Schmit [35], who accounted for constraints on both elastic and 
plastic behaviour for thin-walled structures comprised of bar, membrane and shear panel 
elements under uniaxial stress. This work was subsequently extended by Grierson and 
Chiu [36] to include frameworks comprised of beam and column members under com­
bined axial and bending stresses. While the foregoing studies considered member sizes 
as continuous-valued variables to the design, studies by Grierson and Lee [37] and Grier­
son and Cameron [38] considered member sizes as discrete variables, thereby allowing 
least-weight design using commercial standard sections that conform with the perfor­
mance requirements of steel design codes of practice. Here, the design statement Eqs. (1) 
becomes the following discrete optimization problem 
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Minimize: 

n 
Subject to: L aijxi ~Pj 

i=1 

(4a) 

U= 1,2, ... ,m) (4b) 

(i = 1,2, ... ,n) (4c) 

Equation (4a) defines the weight of the structure, where the ci are known coefficients and 

the variables xi are the reciprocals of the member cross-section areas; Eqs. (4b) define m 

strength/stability and stiffness constraints that are formed using first-order Taylor series 
approximations and sensitivity analysis, where the Pj are specified bounds and the aij are 

the sensitivities (gradients) of elastic stresses and displacements to changes in the 
reciprocal-area variables Xi (the adoption of reciprocal areas Xi as design variables 

improves the quality of the constraint approximations afforded by Eqs. (4b)); Eqs. (4c) 
require each reciprocal area Xi to belong to the corresponding discrete set 

Xi == {xl, ... ,xt1 ,4,4+1, ... ,xrJ, the elements of which are arranged in ascending 

order and correspond to the reciprocals of the discrete set of cross-section areas for the 
standard section shape (e.g., W-shape) specified for member i. (Here, unlike that for 
Eqs. (2) and (3), the design problem does not involve any continuous-valued variables 
and, therefore, Eqs. (Ic) are not represented in Eqs. (4)). 

Since the constraints Eqs. (4b) are linear functions of the variables Xi' and since the 

objective function Eq. (4a) and constraints Eqs. (4b) are all separable functions of the 
variables Xi, the Dual algorithm for discrete optimization directly applies for solution of 

the design problem posed by Eqs. (4). In fact, the Dual algorithm involves solving the 
optimization problem 

Maximize: L = I:. C~ + i Aj [I:. aij 4 -Pj 1 
i=1 Xi j=1 i=1 

(5a) 

Subject to: U = 1,2, ... ,m) (5b) 

for the continuous-valued dual variables Aj, where the objective function Eq. (5a) is 

given by the Lagrangian function formed from Eqs. (4a) and (4b), and the value of each 
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x· =x~ I I 

if 
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(6a) 

Ci m 0 ci 
k-l k > L Aj aij > k k+l (6b) 

xi Xi /=1 Xi Xi 

where the A? are the dual variable values from the previous Newton-step taken to solve 

Eqs. (5). 

By virtue of the approximate nature of the constraints Eqs. (4b), the design is con­
ducted through an iterative process that involves solving the discrete optimization prob­
lem Eqs. (4) for a given stage through Eqs. (5) and (6), and then updating the sensitivity 
coefficients aij prior to solving Eqs. (4) again for the next design stage. The iterative pro-

cess terminates with the least-weight design solution when the structure weight is nearly 
the same for two successive design stages. The design method is remarkably efficient, 
with the number of iterations required to achieve the least-weight design generally being 
quite small and almost totally independent of the complexity of the structure. 

During the 1980s, while Professor Cohn and his co-workers researched the optimal 
design of prestressed concrete structures, e.g., [39,43,44,45], the writer investigated the 
solution of the discrete-variable optimization problem Eqs. (4) through Eqs. (5) and (6) 
for a variety of design scenarios. Grierson [41] and Grierson and Lee [42] augmented the 
formulation to also account for constraints ensuring adequate safety against plastic col­
lapse. Hall, Cameron and Grierson [50] accounted for second-order displacement 
(P -~) effects when deriving the sensitivity coefficients aij in Eqs. (4b). Grierson and 

Cameron [46,49] expanded and enhanced the design process for steel frameworks to 
achieve a microcomputer-based structural optimization software system for use in profes­
sional practice. (This software system is currently used in design offices and universities 
and colleges across North America.) Grierson and Cameron [47,48,51,52] included the 
discrete optimization problem Eqs. (4) within the context of a knowledge-based expert 
system for structural steel design. Here, heuristics based on designer experience are 
employed both to provide basic data for the design optimization problem and to evaluate 
the merits of the corresponding least-weight design solution. Kramer, Ohno and Grierson 
[53,54] investigated the least-weight design of steel frameworks subject to constraints on 
stresses and displacements due to both static and dynamic loads. 
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The writer and his co-workers continue in the 1990s to research the optimal design 
problem for a variety of civil engineering structures, using a number of different optimi­
zation algorithms. Cameron, Xu and Grierson [59] formulated the discrete optimization 
problem Eqs. (4) for 3D structures and solved it using the Dual algorithm Eqs. (5) and 
(6). Grierson and Xu [63] account for the influence of semi-rigid connections and con­
duct the design for minimum cost of both members and connections. In this case, the 
design statement Eqs. (1) becomes the following continuous-discrete optimization prob­
lem 

Minimize: 
nl ci n ci 

(7 a) Z=r,-+ r, -
i=l xi i=nl+l Xi 

nl n 
Subject to: r,a··x·+ I) I r, a .. x·<p· I) 1- ) U = 1,2, ... ,m) (7b) 

i=l i=nl+l 

~ $;xi $;xi (i = 1,2, ... ,n 1) (7c) 

xiEXi (i = nl + 1, ... ,n) (7d) 

Equation (7a) defines the combined cost of the connections and members for the struc­
ture: the first term defines the connection costs, where the ci are known coefficients and 

the variables Xi are the reciprocals of the stiffnesses of the n 1 connections (Le., it is 

assumed that connection stiffness is a measure of connection cost); the second term 
defines the member costs, where the ci are known coefficients and the variables Xi are the 

reciprocals of the cross-section areas for the n-n 1 members. Equations (7b) define m 
strength/stability and stiffness constraints that are formed using first-order Taylor series 
approximations and sensitivity analysis, where the Pj are specified bounds: the first term 

represents the connection contribution, where the aij are the sensitivities of elastic 

stresses and displacements to changes in the reciprocal-stiffnesses (flexibilities) of the n 1 
connections; the second term represents the member contribution, where the aij are the 

sensitivities of elastic stresses and displacements to changes in the reciprocal-areas for 
the n-n 1 members (the adoption of reciprocal connection stiffnesses and member areas 
as design variables improves the quality of the constraint approximations afforded by 
Eqs. (7b». Equations (7c) impose specified lower and upper bounds ~ and Xi on the 

reciprocal-stiffnesses of the n 1 connections. Equations (7d) require the reciprocal-area 
for each of the n-n 1 members to belong to the corresponding discrete set Xi of 

reciprocal-areas for the standard section shape specified for the member. (Note from 
Eqs. (7c) and (7d) that the design problem involves both continuous-valued and discrete­
valued variables). 
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Since the constraints Eqs. (7b) are linear functions of the variables xi' and since the 

objective function Eq. (7a) and constraints Eqs. (7b) are all separable functions of the 
variables xi' the Dual algorithm for continuous-discrete optimization may be applied for 

solution of the design problem posed by Eqs. (7). Here, the Dual algorithm involves 
solving the optimization problem 

(8a) 

Subject to: U = 1,2, ... ,m) (8b) 

for the continuous-valued dual variables Aj, where the objective function Eq. (8a) is 

given by the Lagrangian function formed from Eqs. (7a) and (7b), and the value of each 
continuous-valued reciprocal connection stiffness is given by 

X!= 
m 0 
~A' a·· ,L" J IJ 
j=l 

if!i <!l < xi' otherwise if x! <!i from Eq. (9a) then 

or if x! > xi from Eq. (9a) then 

X!=!i 

1 -
xi =Xi 

112 

(9a) 

(9b) 

(9c) 

and the value of each discrete-valued reciprocal member area xl in Eq. (8a) is established 

through Eqs. (6), where the Ay in Eqs. (6b) and (9a) are the dual variable values from the 

previous Newton-step taken to solve Eqs. (8). The continuous-discrete design optimiza­
tion is conducted through an iterative process that progressively updates and solves Eqs. 
(7) through Eqs. (8),(9) and (6) until the structure cost converges to a minimum value. 
The output from the design process involves both optimal connection stiffnesses and 
optimal member standard sections. 

Grierson and Chan [60,62] are investigating the design optimization of the lateral­
load resistance of tall slender steel frameworks. Here, the design statement Eqs. (1) 
becomes the following discrete optimization problem 



www.manaraa.com

332 
n 

Minimize: Z = L cixi 
i=l 

Subject to: 
n a·· 
~ IJ <­
~--Pj 
i=l xi 

(lOa) 

(j = 1,2, ... ,m) (lOb) 

(i = 1 ,2, ... ,n) (lOc) 

Equation (lOa) defines the weight of the structure, when the ci are known coefficients 

and the variables xi are the member cross-section areas; Eqs. (lOb) define m constraints 

on interstorey drift (stress constraints typically do not control the lateral-load design of 
slender steel frameworks); Eqs. (lOc) require each member cross-section area xi to 

belong to the corresponding discrete set Xi of cross-section areas for the standard section 

shape specified for the member. 

By exploiting the fact for building frameworks that member forces are relatively 
insensitive to changes in member sizes, the optimization problem Eqs. (l0) is very effec­
tively solved using an Optimality Criteria (OC) technique. Here, rather than applying a 
formal mathematical programming algorithm, member sizes are determined through the 
linear recursive relations 

(i = 1,2, ... ,n) (11) 

which are derived, from the stationary conditions for the Lagrangian function formed 
from Eqs. (lOa) and (lOb), where 11 is a step-size parameter that controls convergence of 
the recursive process, while v+ 1 and v indicate successive iterations. The Ajo parameters 

in Eqs.(ll) are found a priori from the solution of the following system of simultaneous 
linear equations 

(k = 1,2, ... ,m) (12) 

which are derived by considering the change in interstorey drift due to changes in 
member sizes. For an initial trial design, Eqs. (11) and (12) are applied recursively until 
convergence occurs (Le., xr1 = Xiv), at which point a pseudo-discrete optimization 
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technique assigns the next largest discrete section area to the member (or group thereof) 
which causes the smallest increase in structure weight. The structure is then analyzed to 
update the aij' aik coefficients, and Eqs. (11) and (12) are applied again. This process is 

repeated until all members have been assigned a discrete section area. The OC technique 
is remarkable efficient and allows for the design optimization of large building frame­
works involving many storeys. 

Grierson and Moharrami [64] are investigating the application of the OC technique 
Eqs. (11) and (12) to the design optimization of reinforced concrete frameworks. The 
basic statement of the design problem is given by Eqs. (10). Here, however, the design 
variables Xi are the width, depth and steel percentages for reinforced concrete member 

sections, while Eqs. (lOb) define both strength and stiffness constraints. 

It is finally of interest to note that in the 1990s, Professor Cohn continues to conduct 
research concerning the optimal design of civil engineering structures, e.g. [56,57]. 
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Abstract 

A solution procedure for improved approximate reanalysis of structures, using results of a 
single precise analysis, is presented. The proposed procedure is based on combining the 
computed terms of a first order Taylor series expansion, used as high quality basis 
vectors, with coefficients of a reduced basis expression. The latter coefficients can readily 
be determined for each trial design. The proposed approach is suitable for various types of 
design variables and can be used with a general finite element model. A reanalysis 
procedure is introduced and its physical significance is demonstrated. Numerical examples 
illustrate the effectiveness of the solution process. It is shown that high quality 
approximations can be obtained with a small computational effort for very large changes in 
the design variables. 

Introduction 

In most structural optimization problems the implicit behavior constraints must be 
evaluated for successive modifications in the design. For each trial design the analysis 
equations must be solved and the multiple repeated analyses usually involve extensive 
computational effort. Consequently, optimization of large scale structures might become 
prohibitive. This difficulty motivated several studies on explicit approximations of the 
structural behavior (i.e. displacements and stresses) in terms of the design variablesl -4. 

Various approximate reanalysis models have been proposed in recent years. Two of the 
commonly used methods are: 

a) Series expansion. 
b) The reduced basis method. 

First order Taylor series expansion is perhaps the most commonly used approximation 
in structural optimization. Although this approach can considerably reduce the amount of 
computations during reanalysis, the quality of the approximations might be insufficient. 
Specifically, approximations based on Taylor series expansion are often valid only for 
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relatively small changes in the design variables. For large changes in the design, the 
accuracy of the approximations is deteriorated and might become meaningless. 

In the reduced basis method, the structural behavior is expressed as a linear combination 
of a reduced number of basis vectors, computed for some design points. One problem in 
using this approach is that several precise analyses must be carried out before introducing 
the approximations. In addition, it is not always clear how to choose high quality basis 
vectors. 

Various means have been proposed to improve the quality of the approximations. One of 
the early studies on structural optimization 5 showed that assuming the inverse (reciprocal) 
cross-sectional areas as design variables might considerably improve the results. Since then 
further studies confirmed this property and clarified some of the reasons for this 
phenomenon 1,6,7. The inverse variables formulation can be viewed as a special case of the 
general approach of applying intervening variables6•8•9. The main problem in using 
intervening variables is that it might be difficult to select appropriate variables for cases of 
general optimization where geometrical or shape design variables are considered. 

Another approach to improve the quality of the results is to scale the initial design such 
that the changes in the design variables are reduced 10.11. It has been shown that the scaling 
operation is useful for various types of design variables and behavior functions. This 
approach has successfully been used for homogeneous functions8. The concept of scaling 
has recently been extended to include not only the initial design but also a fictitious set of 
loadsI2.13. This approach has been found most effective for various reanalysis problems. 

The approximate reanalysis method presented in this paper is based on results of a 
single precise analysis. Taylor series expansion is combined with two types of scaling: 

a) scaling of the initial design;and 
b) scaling of a fictitious load vector, 

to obtain improved first order approximations. Integrating these two types of scaling, the 
first order approximations can be expressed in a reduced basis form as functions of two 
coefficients. 

Based on these results, a general solution procedure, for improved approximate 
reanalysis of structures is presented. It is shown that the quality of the approximations can 
greatly be improved by combining the computed terms of a series expansion, used as high 
quality basis vectors, with coefficients of a reduced basis expression. The latter 
coefficients can readily be determined such that a reduced set of the modified analysis 
equations is satisfied. 

The presented procedure is suitable for various types of design variables and can be used 
with a general finite element model. Numerical examples illustrate the effectiveness of the 
solution process. It is shown that high quality approximations can be obtained with a small 
computational effort for very large changes in the design variables 
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Problem Statement 

The problem under consideration can be stated as follows: Given an initial design 
variables vector X *, the corresponding stiffness matrix K*, and the displacements r * , 
computed by the equilibrium equations 

K* r* = R (1) 

where R is the load vector, whose elements are often assumed to be independent of the 
design variables. The stiffness matrix K* is usually given from the initial analysis in the 
decomposed form 

K*= U*T U* (2) 

where U* is an upper triangular matrix. Assume a change ~X in the design variables so 
that the modified design is 

* X=X +~X 

and the corresponding stiffness matrix is 

* K = K + ~K 

where ~K is the change in the stiffness matrix due to the change ~X. 

(3) 

(4) 

The object is to find efficient and high quality approximations of the modified 
displacements r due to various changes in the design variables ~X, without solving the 
modified analysis equations 

* K r = (K + ~K) r = R (5) 

The elements of the stiffness matrix are not restricted to certain forms and can be general 
functions of the design variables. That is, the design variables X may represent 
coordinates of joints, the structural shape, geometry, members cross-sections, etc' . 

Once the displacements are calculated, the stresses can readily be determined by the 
stress-displacement relations. Thus, the proposed approximations of r are intended only to 
replace the set of implicit equations (5). 

Taylor Series Approximations 

A common approach is to consider the first terms of a series expansion, to obtain the 
approximate displacements r a 

(6) 
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Taylor series expansion is one of the most commonly used approximations in structural 
optimization. The fIrst three terms, obtained by expanding f about X *, are given by 

* fl = f 
* f2= fx AX 

* r3j = 1/2 AX Hj AX 

(7) 

where the displacements f *, the matrix of fIrst derivatives f x *, and the matrix of second 

derivatives of rj , Hj *, are computed at X *. The scalar r3j is the j-th component of f3. 
Since calculation of second order derivatives is usually not practicable, linear 
approximations are often used. Substituting Eq. (7) into Eq. (6) and assuming the common 
first order approximations yields 

(8) 

Calculation of fx * involves only forward and back substitutions if K* is given in the 
decomposed form ofEq. (2). This can be seen by differentiation ofEq. (1) to obtain 

* * * * K fX =. Kx f (9) 

The advantage of using flISt order Taylor series is that once r x * is computed, only the 

product r x * AX must be calculated for each redesign. A major problem in using Eq. (8) 
is that the accuracy or the quality of the results might be insufficient, particularly for large 
changes in the design variables. Improved approximations can be obtained by combining 
fIrst order Taylor series approximations with a reduced basis expression, as will be 
demonstrated later in this paper. 

Reduced Basis Method 

The reduced basis method is based on evaluation of the displacements in terms of a 
reduced number ( n) of known basis vectors fl' f2 ... f n by 

(10) 

where 

(11) 

and y is a vector of coefficients to be determined 

(12) 
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Substituting Eq. (10) into the analysis equations (5) and premultiplying by rb T yields14 

(13) 

That is, y is detennined by solving the nxn set of equations (13). The reduced basis 
method is most efficient in cases where the number of basis vectors is much smaller than 
the number of equilibrium equations. A major problem in using the method is that it is often 
not clear how to select efficiently high quality basis vectors. 

Assuming only two basis vectors, or two tenns of the expression ofEq. (10), then 

where 
rb = {rl, r2} 

yT = {Yl' Y2} 

Writing Eq. (13) in the general fonn 

ay=b 

the elements of a and b are given by 

i=1,2 j=I,2 

i=1,2 

A procedure for effective selection of the basis vectors is presented subsequently. 

Solution Procedure 

(14) 

(15) 

(16) 

(17) 

(18) 

The proposed solution procedure is based on combining the computed tenns of the frrst 
order Taylor series (8), used as high quality basis vectors rl ,r2 ' with the selected 
coefficients y of the reduced basis expression (14), such that the quality of the approximate 
displacements r a is improved. That is, the series terms are selected as basis vectors. The 
presented procedure is general; it can be used with various finite element programs, and 
different types of design variables (i.e. geometrical variables, cross-sectional variables etc.) 
may be considered. 

The procedure involves the following steps: 
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a) The modified stiffness matrix K is introduced. 
b) The vector r2 (Eq. (7» is determined. Since r x * is available, this step involves only 

calculation of the product r x * L\X. 
c) The elements of a and b (Eq. (18» are determined. 
d) The coefficients y are calculated by solving the set of (2x2) equations (17). 
e) The approximate displacements ra (Eq. (14» are evaluated. 

Applying this procedure, the computed terms of a Taylor series expansion and the 
coefficients of a reduced basis expression are combined to obtain a powerful solution 
procedure for efficient and high quality approximations. The effectiveness of the solution 
process will be demonstrated later by some numerical examples. 

In summary, the proposed procedure can be viewed as: 

a) a reduced basis approach where the terms of a first order Taylor series expansion are 
used as basis vectors; or 

b) a modified series expansion where the series terms are modified to include scaling 
coefficients y. The latter are selected such that the quality of the approximations is 
improved. In the special case where y=1.0 is assumed, the proposed procedure is 
reduced to conventional series expansion. 

The geometrical interpretation is illustrated in Fig. 1 where the solution process is 
shown for a three bar truss having two unknown displacements. The basis vectors rl' r2' 
r3 are shown in the space of displacements. It can be seen that the conventional Taylor 
series r a=q +r2+r3 diverges. Assuming the proposed procedure, the precise solution 

r=Y1 r1 +Y2r2 is achieved with only two basis vectors. 

yr 
2 2 

EiL..l& Salled approximate displacements 
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Scaling of Designs and Loads 

The physical significance of the proposed first order approximations will be 
demonstrated by combining two types of scaling: 
a) scaling of the initial design X *; and 
b) scaling of a fictitious set of loads Ra. 

It will be shown that integrating these two types of scaling, the first order approximate 
displacements can be expressed in the reduced basis form of Eq. (14). For simplicity of 
presentation, homogeneous displacement functions will be assumed. 

In many structural design problems the displacements r are homogeneous functions 
of degree n in the design variables X, for which we have by defmition 

(19) 

where J1 is a positive scalar multiplier. Euler's theorem on homogeneous functions states 
that 

* • * r xX =nr 

Thus, fJrSt order Taylor series (Eq. (8» for homogeneous functions becomes 

In this case (Eq. (7» 

* * ra=(1-n) r + rx X 

• rl = (l-n) r 

(20) 

(21) 

(22) 

The derivatives of homogeneous functions of degree n are homogeneous functions of 
degree n-l, that is 

rx(J1X) = J1n-l rx(X) 
Assume a point along the scaling line 

(23) 

* X = J1X 

Expanding r about J1 X·, we have by substituting Eqs. (19) and (23) into Eq. (21) 

(24) 

(25) 

This expression can be used instead of Eq. (21) for evaluating r a. The multiplier J1 is 
selected such that the approximations are improved. It should be noted that precise 
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solutions are obtained by Eq. (25) along the scaling line X = jJX *. 
Define the fictitious load vector Ra by 

(26) 

It can be c;>bserved that fa are precise displacements for the stiffness matrix K=K* +~K 
and the fictitious load vector Ra. The fictitious loads Ra can be scaled by 

(27) 

where 0 is a scalar multiplier. The precise displacements f s corresponding to the modified 
stiffness matrix K and the scaled fictitious loads Rs are given by (Eqs. (26) and (27» 

(28) 

Evaluating fa for any given J.I. by Eq. (25), the resulting Ra can readily be calculated 
by Eq. (26). The latter fictitious load vector can then be scaled by Eq. (27) such that the 
final displacements n fa (Eq. (28» are improved. Substituting Eq. (25) into Eq. (28) 
yields 

(29) 

The physical significance of the solution process is as follows. Each evaluation of the 
displacements can be viewed as the following two steps: 

a) Selecting J.I.- scaling of the initial design X * and evaluation of the approximate 
displacements r a for the given loads R. 

b) Selecting 0- scaling of the fictitious loads Ra and the corresponding displacements 
fa for the given modified design K. 

Assuming the transfonnation 

Y1 =0 J.l.n 

Y2 = 0 J.l.n-1 

and substituting Eqs. (22) and (30) into Eq. (29) gives 

f S = Y1 f1 + Y2 f2 = fb Y 

(30) 

(31) 

That is, Eq. (31) which is based on combining the two types of scaling is equivalent to the 
reduced basis expression of Eq. (14). It is instructive to note that J.I. and 0 can be 
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detennined uniquely for any assumed y by Eq. (30). 

In the common case of n=-1 (i.e. cross sectional design variables in trusses) the 
corresponding approximate displacements are (Eqs. (21), (25) and (29» 

rs = n[2W1 r* + 1l-2 rx* X] 

and y is given by (Eq. (30» 
Yl = n 1l-1 

Y2 = n 1l-2 

Numerical examples 

(32) 

(33) 

(34) 

(35) 

Ten-bar truss Consider the truss shown in Fig. 2 with ten cross-sectional area design 
variables Xi (i=1...10). The modulus of elasticity is 30,000 and the eight unknowns are 
horizontal (an) and vertical (rv) displacements in joints A, B, C and D, respectively. Two 
loading conditions have been considered 

Loading A: 100.0 (downward) at joints C,D. 
Loading B: 150.0 (downward) at joints CoD and 50.0 (upward) at joints A,B. 

~ ____ ~ ____ ~~ __ ~ __ ~B 

c 

lk....l.i. Ten-bar truss 

L= 
360 
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Assume the initial design X * =1.0 with the given displacements (for E=L=1.0) 

Loading A: r*T = {l95.4, 465.1, 235.5,1054.2, -264.5, 1094.3, -204.6, 500.6} 
LoadingB: r*T = {l90.7, 447.3, 221.0,1034.1, -279.0,1114.4, -209.3, 518.3} 

To illustrate the physical significance of the proposed first order approximations and the 
effectiveness of the solution procedure, consider the modified design 

XT = {1O, 10, 10, 10,8,8,8,8,8,8 } 

The displacements summarized in Table 1 show that very good results have been obtained 
for these large changes (up to 900%) in the design variables. The reason is that the 
modified design is relatively close to the design line through X * . 

Considering the optimal designs15 

Loading A: XT = {7.94, 0.1,8.06,3.94,0.1,0.1,5.75,5.57,5.57, OJ} 
LoadingB: XT = {5.95, 0.1,10.05,3.95,0.1,2.05,8.56,2.75, 5.58,0.1} 

results obtained for these very large changes in the cross-sections (up to +905% and -90% 
simultaneously) are shown in Table 2. It can be observed that solution by Taylor series 
(Eq. (8» is meaningless. Good results have been obtained by the proposed method (Eq. 
(14» . 

Table l:Results, ten-bar truss, modified cross-sections (E=L=l) 

Load M~thod Dis12lac~m~nts 
A Precise 19.519 53.174 23.491 115.55 -26.509 120.52 -20.481 57.537 

Eq. (14) 19.515 53.172 23.479 115.55 -26.521 120.52 -20.484 57.538 

B Precise 19.038 50.991 21.981 113.07 -28.019 123.00 -20.962 59.719 
;eg 'l~l 12.D~2 ~D2aZ ~1 2~fi 11 J.Dfi -~a.D~D 1~~,22 -~.2fi~ ~2Z12 

Table 2: Results, ten-bar truss , optimal solution (E=L=l) 

Load M~1bod Dis12lacements 
A Precise 25.0 75.0 40.5 184.4 -50.0 200.0 -25.0 75.0 

Eq. (8) -1180 -2201 -1223 -4831 1218 -4873 1219 -2272 
Eq. (14) 23.0 75.0 34.4 175.3 -43.8 186.7 -24.7 84.0 

B Precise 25.0 75.0 38.1 175.0 -50.0 200.0 -25.0 75.0 
Eq. (8) -1078 -2189 -1111 -5031 1406 -5125 1360 -2469 
~. (l~l 251 696 3~ 6 161.1 -423 1~2 4 -234 82.~ 
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Thirteen-bar truss Consider the thincen-bar truss with the geometry and loading 
shown in Fig. 3. The modulus of elasticity is 10 000, the initial cross-sections are 
X· =1.0, and the unknown displacements are Ib and rv in joints B, C, D, F, G and H, 
respectively. 

Assume the following modified cross-sectional areas 

XT = {10, 10, 10, 10,8,8,8,8,6,6,6,6,6 } 

Results obtained for these large changes in cross-sections (up to 900%) by various 
approximate methods are shown in Table 3. It can be observed that: 

- Results obtained by conventional first order Taylor series expansion (Eq. (8» are once 
again meaningless due to the large changes in the design. 
- Very good results have been obtained by the proposed method (Eq. (14». 

5 13 15 

Ei&...Ji. Thirteen-bar truss 
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Table 3: Results, thirteen-bar truss, modified cross-sections 

Displacement Eq. (8) Eq. (14) Precise 

Number Method 

1 -3.90 0.048 0.048 

2 -2.12 0.026 0.026 

3 -11.85 0.168 0.167 
4 -3.1 0.047 0.047 
5 -20.7 0.320 0.319 

6 -3.3 0.055 0.055 

7 -4.0 0.050 0.051 

8 2.1 -.027 -.027 

9 -11.7 0.162 0.162 

10 3.1 -.047 -.047 

11 -21.0 0.329 0.329 1, J.J -.O~~ -056 

Conclusions 

Approximations of the structural behavior in terms of the design variables are essential 
in optimization of large scale structures, where the time consuming analysis must be 
repeated many times. A major problem is that the quality of the commonly used 
approximations might be insufficient, particularly in cases of large changes in the design. 

A general solution procedure for effective frrst order approximations is proposed in this 
study. The quality of displacement approximations can greatly be improved by combining 
the computed terms of fIrst order Taylor series expansion, used as high quality basis 
vectors, with the coefficients of a reduced basis expression that can readily be determined. 

It is shown that the proposed procedure can be introduced by combining scaling of the 
initial design with scaling of a fIctitious set of loads. Integrating these two types of scaling, 
the approximate displacements can be expressed in a reduced basis form as functions of 
two coefficients. The physical signifIcance of the solution procedure is demonstrated. The 
accuracy of the presented fIrst order approximations is often sufficient and calculation of 
higher order terms is not necessary. 

The proposed approach is general and can be applied with different types of design 
variables (i.e. geometrical variables, cross-sectional variables etc.). It can be used with 
various fmite element programs. Simple examples illustrate the the effectiveness of the 
proposed procedure. Excellent results have been obtained for very large changes in the 
design with a relatively small computational effort. This means that the assumed basis 
vectors are most effective. 
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In Summary, the proposed solution procedure is a powerful tool to achieve efficient and 
high quality approximations. It also provides insight and better understanding of the 
behavior of structural models. 
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OPTIMAL PLASTIC DESIGN OF IMPERFECT FRAME STRUCTURES 

Abstract 

A. Siemaszko and Z. Hr6z, 

Intitute of Fundamental Technological Research 
Swietokrzyska 21, PL-00-049 Warsaw, Poland 

The sensitivity of optimal plastic (limit or shakedown) design 
with respect to geometric imperfections and post-critical deformations 
is discussed. It is shown that the concept of optimal plastic design 
should be modified to provide a proper safety factor against collapse 
for specified range of imperfections and configuration changes. The 
optimal design of frame structures is analyzed in detail. 

1. Introduction 

The problem of classical plastic optimization of elastic-plastic 
structures under proportional or variable repeated loading has been 
developed within a framework of geometrically linear theory, cf. Cohn 
et al. [2,3], Cyras [4], Prager and Shield [10]. Usually the cost, 
weight or volume of structure is minimized under the condition of 
shakedown or I imit state. In other approaches the shakedown or limit 
load multiplier is maximized under the constant volume condition. 

Results of investigations of plast ic structures, cf. Duszek and 
Sawczuk [5], Janas [6], Gnat and Haythornthwaite [9], suggest that 
non-linear geometrical effects can strongly affect their behaviour. In 
the context of optimal plastic structures two very important questions 
arise: to what degree optimal structures are sensitive to these effects 
and whether the classical optimization destabilize the structural 
behaviour. 

Mr6z and Gawecki [8], Save et al. [11] demonstrated that the 
optimization procedure in certain cases can ampl ify the non-l inear 
geometrical effects inducing reduction of the post-yield structural 
strength. Siemaszko and Konig [14] have observed similar destabilizing 
effects in shakedown processes of elasto-plastic structures. They also 
found out that optimization can significantly increase structural 
sensitivity to imperfections [17]. 

The classical single-criterion optimization, exhausting all 
structural reserves of strength, exposes the structure to dangerous 
effects of inaccuracy of the mathematical model, geometrical and 
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material imperfections, unexpected and hazardous loading, etc. It is a 
common sense requirement that the designed structure should be of low 
sensitivity to uncertainties and should not exhibit any drastic 
reduction of its strength if its configuration changes during a loading 
process. 

The paper proposes a method of evaluation of the load multiplier 
sensitivity to the two most important factors mentioned: non-linear 
geometrical effects and geometrical imperfections. It is shown that 
these effects can deteriorate structural safety and, moreover, at a 
certain magnitude of imperfections, render the classical plastic 
optimization meaningless. It is concluded that the sensitivity to 
geometrical effects and imperfections should be incorporated into an 
optimality criterion. The authors propose a method of generalized 
plastic optimization accounting for these effects. The problem is 
illustrated by examples of design of imperfect plastic frames subjected 
to monotone or variable repeated loading. 

2. Classical analysis and optimization of discrete elastic-plastic 
structures 

2.1. Shakedown analysis 

We consider an elastic-perfectly plastic discrete structure 
subjected to variable repeated loads pet). The behaviour of a structure 
is described by vectors s, q, and u of generalized stresses, strains 
and nodal displacements, respectively. For these structures the 
shakedown is a widely recognized necessary condition of a safe 
structural behaviour. The shakedown means that after some initial 
period of plastic deformations a structure will further respond 
exclusively in a purely elastic way. 

The fundamental shakedown theorems can be expressed as dual linear 
programming problems [4,7]: 

~ = max { ~ I CT S = 0, ~ d + NT S s k } (2.1) 

(2.2) 

where: 
C and N are matrices of compatibility and gradients of yield 
polyhedrons (we assume a piece-wise linear yield condition), k, ~ and d 
are the vectors of plastic moduli, plastic multipliers and elastic 
stress envelope, respectively, ~ and ~ are load multiplier and 
shakedown multiplier, respectively. 

From the dual problems (2.1) or (2.2) the shakedown multiplier ~ 
can be obtained. The first group of constraints in the problem (2.1) 
specifies selfequilibrated stresses s, the second one ensures that the 
sum of maximal elastic stresses d and residual stresses s will be 
contained within a piece-wise linear yield surface. 

In the problem (2.2) the rate of dissipation kT;\ is minimized 
subject to the constraint of constant rate of work of internal forces 
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T' d A. The second group of constraints ensures that the kinematically 
admissible strain rate cycle q = ~ will be formed. 

For a gi ven load domain 1:., in which loads p( t) may vary on 
arbitrary paths, the vector d of the elastic stresses envelope can be 
found as a solution of the following problem, cf. [71: 

d = max { NTE e (eTE e)-l p(t) I pet) e I:. } (2.3) 

where E is the matrix of elasticity. 

2.2. Limit analysis 

In many practical cases variations of loads in time are negligible 
and it is sufficient to analyse a rigid-perfectly plastic structure 
under constant loading p. Linear programming problems, which allow to 
determine the limit load multiplier <, are special cases of the 
shakedown problems (2.1) and (2.2). They are formulated as follows, cf. 
[4,71: 

< max { ~ I ~ p eT s, NT S :S k (2.4) 

< = min kT~ AT 
1, N A = e A ~ 0 P u = u, (2.5) 

where < is a limit (ultimate) load multiplier. 

2.3. Shakedown optimization 

The linearized plastic optimization problems for discrete 
structures can be formulated as the linear programming problems, cf. 
[2,3,14]' Let the plastic moduli vector m specified for classes of 
elements will be the design variables vector. The vector k of plastic 
moduli will now be specified by a formula 

(2.6) 

where D is a matrix of correspondence. 
Assuming a linear dependence of the structural volume V (total 

weight or cost) upon design variables 

(2.7) 

where 1 is a vector of weight factors, we can formulate the following 
problems of shakedown optimization: 
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V min { I Tm eTS 0, d + NTs T m ~ a } (2.8) = = D m :S 0, 
opt 

V = max { dT~ I e u = N ~, 
opt 

D ~ :S 1, ~ ~ a } (2.9) 

(2.10) 

~ = min { a V I dT~ = 1, e u = N~, D ~:S a 1, ~ ~ 0, ITm = V }(2.11) 
opt 

The dual problems (2.8) and (2.9) allow to find minimal structural 
volume V (also cost or weight) subject to the condition of shakedown ~ 
= 1. The dual problems (2.10) and (2.11) maximize the load multiplier ~ 
subject to the condition of constant structural volume V. 

Considering the shakedown optimization problems, the dependence of 
the elastic response upon the design variables m was disregarded. 
Therefore, one has to update vector d(m) iteratively, accordingly to 
actual values of vector m. 

2.4. Limit load optimization 

Reducing shakedown optimization problems (2.8-2.11) to the case of 
monotonic loading we can formulate the following 1 imi t load 
optimization problems: 

V min { 1 Tm T A 
NTs - DTm :S 0, ° } (2.12) = c s = p, m~ 

opt 

AT . 
V max { p u e u = N ~, D ~ :S 1, ~ ~ ° } (2.13) 
opt 

< = opt 
max { ~ I CTs = ~ p, NTs - DTm :S 0, m~ 0, V=lTm} (2.14) 

AT . 
ITm = I; = min { a V I p u = 1, e u = N ~, D ~ :S a 1, ~ ~ 0, V}(2.15) 

opt 

The dual problems (2.12) and (2.13) allow us to find a minimal 
structural volume V (also cost or weight) subject to the condition of 
limi t state I; = 1. On the other hand the dual problems (2.14) and 
(2.15) maximize the load multiplier ~ subject to the condition of 
constant structural volume V. 
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3. Analysis of sensitivity of optimal plastic design to imperfections 
and non-linear geometrical effects 

3.1. Sensitivity to imperfections 

In this section, a general problem of plastic optimization of 
imperfect structures will be considered. Introduce a new, general 
vector of design variables a. The sensitivity analysis to imperfections 
will be related to imperfections of components of the vector a. 

We assume that the vector a of design variables describes only 
cross-sectional quantities such as, for example, height or width. In 
this case the matrix C is constant and the total volume V (or cost) of 
the structure is a linear function of design variables V = ITa, but the 
vector of plastic moduli m = mea) may be non-linearly depended on a. 

Let us construct the objective function of the shakedown 
optimization problem (2.10), with the extended vector of design 
variables. We will consider the space A of the design variables bounded 
due to some technological reasons (as for example minimal or maximal 
thickness of elements) or due to local stability requirements. For our 
purpose it is enough to consider only the part of the space A in a 
vicinity of classical optimal design. Over the space A we will span the 
surface HO formed by shakedown multipliers ~o(a). This surface, called 
the shakedown surface, is defined in the following way: 

HO = { ~o (a) : a e A } (3.1) 

where ~o(a) are solutions of the shakedown problem (2.1) formulated for 
undeformed structural configuration xc. 

In a similar way we can construct the limit surface ZO constituting 
the objective function for the (2.14) problem. It is spanned over the 
s8ace A of design variables and defined by limit load mul tipliers 
< (a): 

° ° Z = { < (a) : a e A } (3.2) 

° T ° < (a) = max { ~ I C (x ) s 
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where C;O (a) are solutions of the limit Joad problem (2.4) formulated 
for undeformed structural configuration x . o 0 The surfaces H or Z show the sensitivity of the shakedown or 
limit load multipliers, respectively, to imperfections of geometrical 
design variables a. For a prescribed vector Ii of design variables a 
shakedown sensitivity factor ;~ to imperfections Aa can be defined as 
the increment of shakedown multipliers caused by imperfection Aa 

~ 0 A 0 A 

; (Aa;a) = ~ (a + Aa) - ~ (a) 
~ 

Analogously for the case of limit load sensitivity factor ;C;: 

o A 0 A 

= ~ (a + Aa) - ~ (a) 

3.2. Sensitivity to non-linear geometrical effects 

(3.3) 

(3.4) 

The classical plastic optimization has been developed within the 
framework of geometrically linear theory. However, as it has been 
indicated by many authors, cf. [5,6,11,12,13)' the non-linear 
geometrical effects may strongly affect the structural behaviour. 
Neglecting these effects we risk a collapse of the structure at a load 
multiplier considerably lower than that obtained from the linear 
theory. 

Let us define measures of sensitivity of load multiplier to 
non-linear geometrical effects. We introduce the sensitivity factor v, 
defined for a fixed design variables vector a, as a difference be$ween 
the load multiplier for the admissible def'ormed configuration x and 
the load multiplier for the initial undef'ormed configuration xO of the 
structure. In the case of shakedown sensitivity factor v? to non-linear 
geometrical effects we have: 

A a a A 0 0 A 

V (a) = TI [x (a)] - ~ [x (a)] 
TI 

(3.5) 

a where ~ is thea reduced shakedown multiplier for admissible deformed 
configuration x and Tlo is the shakedown multiplier for initial 
structural configuration xO 

In the case of limit load sensitivity factor to non-linear 
geometrical effects v~ we have similarly: 

A a a A 0 0 A 

v~(a) = ~ [x (a)] - ~ [x (a)] (3.6) 

where ~a is the reduced limit load multiplier and ~O is the initial 
limit load multiplier. 

The approach presented here, by comparing the load multipliers for 
deformed and initial configurations is based on the method of 
post-yield behaviour analysis and on its generalization to shakedown 
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problems proposed by Siemaszko and Konig, Cf. [12,13]. The factor v? can 
be obtained from the two-level linear programming problem: 

5 ° v = 11 - 11 
11 

a ° ° x=x+/lu 

(3.7.a) 

a T = 0, E d(x ) + N ask } (3.7.b) 

(3.7.c) 

(3.7.d) 

The upper-level problena (3.7. b) is formulated for an admissible 
deformed configuration x . This configuration is obtained by imposition 

° of the most stringent plastic displacement increments Au on the 
initial configuration xc. In general, increments Auo are calculated by 
integrating displacements velocities ii from the lower-level problem 
(3.7.d). However, the integration over a certain period of time t can 
be reduced to a respective scaling of the displacement velocities gO, 
see (3.7.c). A scale factor /l should be determined in such a way that 
the maximal displacements are lower than some prescribed admissible 
displacements 

'0 
max{/lu} s {u } 

adm 
(3.8) 

Components of the vector u adm may be defined, for example, by using 
design code requirements. Following the code, the beam deflection can 
be taken as 1/350 of its span or a frame side-sway displacement as 
1/1000 of its height. 

The non-linear geometrical effects stabilize the shakedown process 
if the sensitivity factor 1/17 is positive, otherwise destabilize it 
[ 131. 

The analogous procedure can be applied for the case of limit load 
sensitivity factor to non-linear geometrical effects 1/<: 

v = <5 _ <0 
< 

<a= max { E 

a 0 0 x=x+/lU 

E p 
TaT = c (x ) a, N ask} 

o u, 

(3.9) 

~o~ 0 } 
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The non-linear geometrical effects stabilize the post-yield 
process if the sensitivity factor v, is positive, otherwise destabilize 
it [131. 

3.3. Sensitivity to both non-linear geometrical effects and imperfec­
tions 

Now, let us combine the problem of sensitivity of load multiplier 
to imperfections with the problem of sensitivity to non-linear 
geometrical effects. Considering the shakedown analysi~ case we will 
reduce the initial shakedown surface HO into surface H imposing on 
the values of initial shakedown multipliers the shakedown sensitivity 
factors v (a): 

11 

HO = { Tlo (a) + v (a) : a E A } 
TI 

(3. 10) 

Due to the definition (3.5) the reduced shakedowncr.urface HO will 
be simply formed by the reduced shakedown multipliers 11 (a): 

a E A } (3.11) 

where Tlo(a) are solutions of the shakedown problemo (3.7) formulated for 
the admissible deformed structural configuration x . 

In t§e case of limit analysis we can construct the reducgd limit 
surface Z defined by the reduced limit load multipliers < (a) and 
spanned over the space A of design variables: 

where <o(a) are solutions of the limit load problem ~3.9) formulated 
for the admissible deformed structural configurations x . 
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~ ~ Reduced surfaces of shakedown H or limit load 2 show sensitivity 
of load multipliers to both: imperfections and non-linear geometrical 
effects. 

Let us consider an example of a two-story elastic-plastic frame 
subjected to three independent variable repeated load systems, cf. 
Fig.l. We consider an ideal sandwich cross-section of elements with a 
corresponding rhombic yield condition. We will maximize the shakedown 
multiplier at the condition of constant total volume of frame equal to 
V = 0.1. Two dimensionless design variables are introduced: al defined 
by a ratio of cross-sectional areas of the lower column to the beam and 
a2 defined by a ratio of cross-sectional areas of the upper column to 
the beam 

a = F IF 
1 L B 

a = F IF 
2 U B 

(3.13) 

Fig.2 shows the shakedown surface HO of the frame considered. A 
classical plastic optimization problem (3.5) provides a maximal point M 
at coordinates a = (0.4123, 0.2214). This point is located at an 
intersection of piece-wise smooth parts of the HO surface. Each part 
corresponds to a different mechanism of plastic deformation and is 
characterized by a different gradient. Because of this, the sensitivity 
to imperfections depends on their directions. For example for an 
imperfection f.a = (0.001,0) the sensitivity factor is equal I/> 
-0.061, whereas for f.a = (0, -0.001) is equal I/> = -0.211. 

11 

~ ~f1 ~ LOADING PROGRAM: 1 MIMo --- F. -
B P, €: <0,1 > 

NINo 
0 

Fu Pz €: <0,1 > -1 
~ 

!~ 
~ €: < -/,'00 • Yzoo > 

-1 YIELD 

~ -5 CONOITION 

E 
B CROSS -SECTIONS; 

0 
SEAM COLUMN $2 VFL 9 " .....J 

C? :! I E=2'10 8 
I cb ci 00 -2'105 , C:::::J 

5.0 ,.Q:L .QL 
V =0.1 

DESIGN VARIABLES: 

0, - FL / Fs • oz' Fu lFa 

Fig.1. Example of elastic-plastic frame subjected to variable repeated 
loading 
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1]0 shakedown 
multiplier 

70 

69 

0.40 
Q21 

Fig.2. Shakedown surface HO for the frame from Fig.l. 

1]5 reduced 
shakedown M 
multiplier classical 

~R~~~~~~d optimum 

69 

68 

67 

66 

0.25 

0.21 
0.40 

<5 Fig.3. Reduced shakedown surface H for the frame from Fig.l. 
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Assuming the admissible plastic displacements Uedm = 0.002 L (L­
characteristic elementsolength) and imposing sensitivity factors v ~on 
the shakedown surface H , we obtain the reduced shakedown surface H, 
Fig.3. This surface, due to different sensitivity to non-linear 
geometrical effects, is a discontinuous one. The value of shakedown 
multiplier for the classical optimum design (point M) was significantly 
reduced and moreover the point M is no longer a maximum. For example 
the sensitivity factor to the imperfection l1a = (0.0007, 0.0007) is 
positive (</> = +0.106). These results suggest that it is possible to 
indicate other designs, which are less sensitive to non-linear 
geometrical effects and imperfections than the classical one. 

4. Generalized plastic optimization 

The example discussed in the previous section as well as results 
obtained by Mr6z and Gaw~cki [8], Save et al.[ll] Siemaszko and Konig 
[13,14] and Siemaszko and Mr6z [15] show that in the case of 
geometrical imperfections and especially in the presence of strong 
non-linear geometrical effects the classical plastic optimization 
becomes meaningless. Therefore, not only the criterion of maximum load 
multiplier has to be used, but also additional criteria of minimum 
sensitivity to imperfections and minimum sensitivity to destabilizing 
geometric effects should be included into the optimization procedure. 

Usually to account for the influence of imperfectiOns the 
probabilistic methods are used. These methods need a very precise 
information about imperfections and result in time-consuming 
calculations. To avoid a fully probabilistic analysis the quasi 
probabilistic methods has been proposed, which can provide a design of 
large reliability basing only on limited amount of information about 
imperfections. For example Ben-Haim and Elishakoff [11 proposed an 
approach using the concept of convex modelling of uncertainty fields. 
The method of generalized optimization proposed here is also based on a 
quasi probabilistic approach. 

It is assumed that geometrical imperfections cause randomness of 
the design parameters a. Let us denote by pea) their probability 
density function. A variance of each component of the vector a is 
determined by a degree of uncertainty of the assumed imperfections. 
Taking into account the random design parameters a we wi 11 have the 
random multipliers of shakedown ~ or limit load ~. The considerations 
undertaken in [15] show that for imperfect structures a whole vicinity 
of optimum design should be prevented from a drastic reduction of 
strength and suggest that the maximization of the mean of the shakedown 
multipliers can be proposed as a generalized optimum criterion. 

The mean shakedown multiplier ~(a) is defined by an integral of a 
product of the shakedown multiplier ~(a) and the probability density 
function pea) 

J ~(a) pea - a) da 
A 

(4.1) 
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where a is a vector of statistical par~eters of probability 
distributions. In this paper we assume that a is a vector of mean 
values of design parameters. 

In the proposed method the non-linear geometric effects are taken 
into account by ~rforming the optimization for all admissible deformed 
configurations x of the structure. This means that the genegalized 
optimal point willobe sought on the reduced shakedown surface H or on 
the limit surface Z . 

Adopting the maximization of the mean of the reduced shakedown 
multiplier as_~ optimality criterion the generalized optimal shakedown 
multiplier 11 ,corresponding to the optimal mean values of design _ opt 
parameters a ,is a solution to the problem opt 

~o (a ) = max f 1Io (a) pea - a) da 
opt opt A 

Similarly the generalized optimal limit load multiplier l;;opt 

solution to the following problem 

(,0 (a ) 
opt opt max f l;;°(a) pea - a) da 

A 

(4.2) 

is a 

(4.3) 

finally, we arrive at the following generalized shakedown optimization 
problem account ing for geometrical imperfect ions and non-l inear 
geometrical effects: 

-0 -
11 (a ) opt opt 

where 

max f 1Io (a) pea - a) da 
A 

° T ° 11 (a) = max { ~ I C [x (a)] s = 0, 

~ d[a,xo(a)] + NTs - nTm(a) ~ 0 } 

° 0·0 x (a) = x + ~u (a) 

·0 
max ~u (a) 

o 
11 (a) 

~ U 
adm 

o 
u , ~o~ 0 } 

(4.4) 
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In the case of generalized limit load optimization we have analogously: 

(,,0 (a ) 
opt opt 

where 

I;°(a) = max 

NTs 

° 0 x (a) = x 

·0 
max JlU (a) 

= max S I;°(a) pea - a) 
A 

{~I CT[xo(a)1 

- nTm(a) 

·0 
+ Jl u (a) 

:S U 
adm 

:S 0 } 

s = ~ 

1, N ~o 

da 

p, 

o 
U, 

(4.5) 

~o~ 0 } 

The problems (4.4) or (4.5) can be solved in this way that we firstly 
find an approximate solution. For this we can solve the classical 
optimum design problem (2.10) or (2.14) or consider another admissible 
design. Analyzing its vicini ty we can pass by a gradient method to a 
generalized optimum design. Another local maxima which are possible due 
to some discontinuities and also non-convex cases, should be excluded 
by a stochastic analysis. Details are discussed in the prepared paper 
[ 161. 

The proposed method allows to analyze complicated optimization 
problems with non-linear cost function V = I T(a)a. We can also 
optimize a shape of a structure specifying that vector a describes 
element lengths or positions of structural nodes. Furthermore, other 
effects important for structural safety can be accounted for e.g. local 
instability, post-critical effects or material imperfections. 
Deterministic effects wi 11 modify values of load mult ipl iers while 
random ones will be accounted for by introducing respective random 
design parameters. 

A general scope of this method follows the fact that it is a 
decomposi tion method of the optimization problem into a series of 
analyses. This procedure is the same as what engineers usually do when 
designing complex structures. They analyze a certain spectrum of 
possible critical cases by trial-and-error and finally choose an 
optimum design. The criteria suggested in this paper lead directly to a 
generalized optimum design. The proposed method will be advantagous if 
we can avoid too many subsequent analyses. The first results obtained 
in this paper and also in [161 show that it can be achieved. 
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Let us consider now the example of a two-story rigid-perfectly 
plastic frame subjected to proportional monotonic loads, Fig. 4. The 
sensitivity analysis, for admissible displacements equal to 0.002 L (L 
- length of str~ctural elements), provides a discontinuous reduced 
limit surface Z, Fig. 5. The classical optimization (accordingly to 
the problem (2.14» indicates the point M with coordinates aopt = 
(0.2862, 0.1392) as an optimum. We assume that due to geometrical 
imperfections the design variables can be prescribed with uniform 
probability density function pea) spanned over a circle of radius r = 
0.004, cf. Fig 5: 

pea) (4.6) 

The mean of reduced limi t load mul tipliers for the "optimal" point M is 
-a equal l; = 83.95. The generalized optimization procedure provides the 

M -a 
generalized optimum at the point C with l; = 85.37. It is obvious that c 
the design corresponding to the point C, characterized by lower 
sensi ti vi ty to imperfections and to non-linear geometrical effects, 
should be recommended for practical application rather than the 
classical optimum design corresponding to the point M. 

0.0"& ~~ 
Fa 

Fu 

0.O5~ ~~ 
Fa 

~ 

. . 
~2.5 ,2.5;; 

V=0.1, E=2·1Q8, °0. 2'105 

DESIGN VARIABLES: 

o,-FL/Fa ' 02='t IFa 

VI ELD co NDITlON; 

MIMo 
1 

-1 

CROSS-SECTION; 

Fig.4. Example of rigid-plastic frame subjected to proportional loading 
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Fig.5. Reduced limit surface Z~ for the frame from Fig.4. 
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Fig.6. Example of elastic-plastic frame subjected to variable loading 
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Let us analyze an example of a two-bay elastic-perfectly plastic 
frame subjected to three independent variable repeated loads, Fig.6. 

o The shakedown surface H for this frame is shown in Fig. 7. The 
classical optimum point M at coordinates aM= (0.146, 0.326) is located 

on an edge of a large plateau. Values of shakedown multipliers at 

vertices A,B,C of this plateau are very close to the value ~ = 159.16 
M 

at the maximum at M. From practical point of view it makes no 
difference which of these vertices will be cho~sen as optimal. This 
situation drastically changes if on the surface H we impose the values 
of factors v (a) of sensitivity to non-linear geometrical effects. Fig. 

~ ~ 
8 shows the reduced shakedown surface H obtained for admissible 

displacements u IL = 0.004. We can see that the value of shakedown 
adm 

multiplier for point M is significantly reduced (~~ = 156.83). Taking 

into account the uniform density probability function pea) over a 

circle of radius r 

provides the point G 

of coordinates a = 
G 

= 0.004 
~ (with ~ 
G 

(0.188, 

classical optimum point M. 

shakedown 
11° multiplier 

M . I classlca 

the generalized optimization procedure 

= 158.23) as an optimum one. The point G 

0.316) is located far away from the 

optimum 
~~ 

158 

156 

0.20 

0.18 

o Fig.7. Shakedown surface H for the frame from Fig.6. 
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s. Concluding remarks 

369 

The paper proposes a method of evaluation of the sensitivity of 
shakedown or limit load multipliers to imperfections and to non-linear 
geometrical effects. The method makes possible to analyze an influence 
of these factors on the behaviour of optimal plastic structures. The 
results of considerations show that classical plastic optimal design 
may be very sensitive to aforementioned factors. Moreover, at a certain 
magnitude of imperfections and for strong destabilizing non-linear 
geometrical effects the classical plastic optimization provides 
dangerous results, significantly reducing the structural safety. 
Therefore, the generalized optimization of skeletal plastic structures 
has been proposed, which provides designs of low sensitivity to both 
non-linear geometrical effects and imperfections. 

The pr·oposed method is very general and allows to solve 
complicated non-linear plastic optimization problems accounting for 
many effects important to structural safety (such as for example, shape 
imperfections, material imperfections, local instability, post-critical 
effects, hazardous loading, hardening, softening, etc.). 
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Introduction 

Conventional displacement finite element formulations for elastic-plastic analysis are faced 
with the impossibility of enforcing the constitutive relation of rate plasticity locally. This is 
imposed at a selected set of points only, and, because of significant operational advantages, 
Gauss integration points are usually employed to this purpose [1]. A common feature of such 
procedures is that an increase in the number of points where plasticity is enforced, instead 
of producing more refined models, stiffens the element behavior, sometimes so badly that 
the model is described as "locking" [2]. Actually, computational experience shows that the 
best results are obtained by limiting the number of Gauss points to the minimum possible 
value and that so called reduced integration is preferable in several instances [3]. 

In ref. [4] it was shown that the above formulations can be alternatively derived by 
exploiting a two-field minimum principle of rate plasticity, proved in [5]. The formulation 
is obtained by modelling independently (compatible) displacements and plastic multiplier 
distributions, from which plastic strains are determined. In this way it is possible to inter­
pret the inconveniences that are sometimes encountered as due to the lack of consistency 
between the two models. When an excessive number of Gauss points is used, it is implic­
itly assumed that the distribution of plastic strains is governed by polynomials of higher 
order than those governing, through the independently assumed displacement model, the 
distribution of total strains. If this is the case, a number of spurious stress modes is intro­
duced in the element, which are responsible for the inconveniences experienced. The good 
behavior exhibited by some elements (and the benefits provided by reduced integration) 
can be explained by recognizing that consistent models are spontaneously obtained on this 
basis. 

For most elements it is impossible to define a number of Gauss points ensuring that 
the model is a priori consistent. However, consistency can always be restored by following 
the procedure proposed in [4], which is briefly summarized in the sequel. The procedure 
was successfully applied to elastic-plastic frame problems [6]; in this communication it will 
be demonstrated that significant benefits are obtained also with reference to plate analysis. 

Consistent formulation for Kirchhoff plates 

In classical plate theory, displacements are governed by the transverse deflection of the 
plate middle surface, which is modelled via finite elements. Stresses and strains are replaced 

373 

D. E. Grierson et al. (eds.), Progress in Structural Engineering, 373-378. 
© 1991 Kluwer Academic Publishers. 



www.manaraa.com

374 

by the three-component vectors of curvatures X and moments m respectively. Once the 
displacement model is established, the curvature distribution within an element can be 
expressed as function of the nodal displacements by means of the classical relationship 

x(x) = B(x)U (1) 

Alternatively, curvatures can be expressed in terms of element generalized (or "natural") 
strains q by means of the equation 

x(x) = b(x)q (2) 

where matrix b(x) can easily be derived from B(x) by making use of the natural approach 
[7]. The stress state in the element is governed by the vector Q of generalized (natural) 
stresses, defined in such a way that the following work equivalence holds 

(3) 

The local values of moments can next be derived from Q and are expressed as 

m(x) = s(x)Q (4) 

For a given displacement model, matrix s(x) is not uniquely defined, any expression which 
makes eqs. (2-4) consistent with each other being legitimate [4]. A possible choice is the 
following 

s(x) = Db(x) [.L bt (X)Db(X)dA]-l (5) 

where D is the elastic stiffness matrix for the plate element. If the above expression is used, 
eq. (4) yields the same moment distribution as conventional procedures as long as the plate 
is elastic. However, in the plastic range differences do arise. In fact, when conventional 
procedures are used, the moment distribution in the element is effectively governed by the 
values assumed at the integration points [4]; on the contrary, with the proposed formulation 
moments are always governed by eq. (4) and, hence, the spreading of plasticity does not 
alter their shape (even if it affects the values of Q). As was discussed in [4] (where the 
reader is referred to for details) spurious stress modes are eliminated in this way and the 
consequent source of errors is removed. 

From an operational point of view, the only difference with respect to conventional 
procedures is encountered when the constitutive relation is imposed at the Gauss points 
in the element; local values of moments are no longer computed on the basis of the local 
elastic plastic law but are obtained from eq. (4). The modification is extremely simple and 
can easily be implemented into existing elastic plastic codes. 

The procedure was tested on a few simple examples, concerning square, sandwich elas­
tic perfectly plastic plates with different boundary conditions, subjected to uniform load. 
Mises plasticity condition was used. Melosh 12 d.o.f. rectangular element was employed. 
Such element does not ensure C1 continuity strictly and, hence, an approximation is intro­
duced. However, the element performs reasonably well as long as its shape is not distorted 
and it is felt to be adequate for comparison purposes. Both the conventional and the 
consistent procedures were used, each in connection with both a 2 X 2 and a 3 X 3 Gauss 
point grid. Since the element has 9 generalized stress components, conventional procedures 
introduce up to 3 and 18 fictitious stress modes, respectively. Analyses up to collapse were 
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performed by using the program STRUPL2 [81, modified so as to enforce consistency. The 
complete results are reported in [91; only the most significant conclusions are illustrated 
here. 

qL/q 

1.7 

1.6 

1.5 

1.4 

1.3 

1.2 

0 

I • 

• 

o conventional 3x3 G.P. grid 
• 2x2 

o consistent 3x3 
• 2x2 

Yield line upper bound \10 \ 

Finite Element upper bound 
Finite Difference solution 

Finite Element lower bound 

112 \ 

\13 \ 

\12 \ 

4 16 number of elements per quarter plate 

Figure 1 

Collapse load factor for simply supported plate 
qL = computed collapse load; qE = closed form elastic limit 

Figure 1 shows the computed collapse load factors for a simply supported plate and different 
meshes, compared with some results available in the literature. The following points are 
worth a comment: 
(i) the collapse load values obtained with the proposed consistent formulation are sistem­

atically lower than those computed with conventional procedures and, hence, prefer­
able, since a kinematic model was used (note, however, that the relaxation of the 
C1 continuity requirement does no longer guarantee the upper bound nature of the 
results); 

(ii) when the consistent formulation is used in connection with a 3 X 3 Gauss point grid, 
convergence is remarkably faster. The same improvement is not experienced with 
conventional procedures; actually, for the example considered, as the number of Gauss 
points is increased, stiffer results are obtained; 
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TABLE I 
Number of steps required to reach collapse 

(4 elements per half side) 

conventional 
3x3 2x2 

simply supported 165 78 
clamped 
3 edges s.s., 1 free 

-

I' .... --t'--o 

, 
" 

211 
190 

Simply supported 

.. ":-

/ 
/' 

- .. -. -~ .... 

....: "I-- "-..," 

113 
149 

I .. / 
~~~~v~~~~~~~== 

Simply supported 

Figure 2 

OJ 
C> 

" OJ 

consistent 
3x3 2x2 

72 62 
72 60 
86 74 

conventional 

consistent 

Gauss points which are plastic at collapse for a plate supported 
on three edges (32 elements per half plate, 3 X 3 Gauss point grid) 

(iii) consistent formulations also drastically decrease the computational burden, as it ap­
pears from Table I, where the number of steps required to reach collapse in different 
situations is indicated. Not only consistent figures are sistematically lower than con­
ventional ones, but they are also nearly independent of the number of Gauss points 
used. Thus, the improvement of results associated with a more refined grid does not 
entail a parallel increase in the computational effort, even if each individual step is 
longer. 
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The above remarks focus the central nature of the formulation. With conventional pro­
cedures, an increase in the number of Gauss points produces a corresponding increase 
in the number of stress modes in the element; the possibility of stress redistribution is 
unnecessarily augmented and the number of steps required to reach a given load level is 
consequentially increased, with no significant improvement (if any) in computed solutions. 
On the other hand, with the consistent formulation the use of a larger number of Gauss 
points does not alter the stress distribution (always governed by eq. (4)) and gives rise to 
a model which is actually more refined. The increase in computational efficiency exhibited 
by this model is due to the fact that only the essential stress modes are retained. 

With consistent models, some difficulties may arise when the extent of plastic zones is 
to be assessed. The collapse mechanism (Le., the set of Gauss points which are plastic when 
collapse is predicted) obtained with the two formulations for a plate simply supported on 
three edges are contrasted in Figure 2. The rather awkward, "leopard skin" aspect of the 
consistent picture is explained by the fact that eq. (4) does not allow local stresses to be 
in contact with the yield surface everywhere within the element (most of the additional 
steps required by conventional formulations are spent in performing this operation). When 
using consistent models, one ought to think in terms of "plastic elements" rather than 
of "plastic points"; on this ground the picture, even if rougher, becomes identical to the 
conventional one. Note, however, that stresses are computed to comparable accuracy, as 
Figure 3 shows (in both cases, a slight overestimate of the yield capacity is inherent to the 
analysis procedure used). Load-displacement curves also compare very well . 
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~ 
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I 

Figure 3 

Stress state at collapse for a plate supported on three edges only. 
Solid lines = consistent results; dots = conventional results. 
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On the basis of the computational experience acquired so far (even if limited) it seems 
possible to conclude that the enforcement of consistency (which requires only limited and 
easily introduced modifications to existing codes) provides significant advantages in the 
elastic plastic analysis of plates. Consistent models exhibit faster convergence, permit 
the refinement of the model by increasing the number of Gauss points and reduce the 
computational effort by eliminating spurious stress modes. 

Acknowledgments 

Research supported by the M.P.1. (Italian Ministry of Education). 

References 

[1] Nayak G. C., Zienkiewicz O. C., Int. J. Num. Meth. Engng., 5, 113 (1972) 
[2] Nagtegaal J. C., Parks D. M., Rice J. R., Compo Meth. Appl. Meeh. Engng., 4,153 

(1974) 
[3] Dodds R. H., Int. J. Fracture, 19, 475 (1982) 
[4] Corradi L., Meeeaniea, 18, 77 (1983) 
[5] Capurso M, Maier G., Meeeanica, 5, 107 (1970) 
[6] Corradi L., Poggi C., Int. J. Num. Meth. Engng., 20, 2155 (1984) 
[7] Argyris J. H., Proc. 1st Conf. on Matrix Methods in Structural Mechaincs, Dayton, 

Ohio, 1966, p. 11 
[8] Franchi A., Grierson D. E., Cohn M. Z., SM Paper 157, University of Waterloo, 

Ontario, Canada, 1979 
[9] Annovazzi 1., Un modeno consistente di elemento finito per l'analisi elastoplastica 

di piastre inflesse (in italian), graduation thesis, Politecnico di Milano, Facolta di 
Ingegneria, 1984 

[10) Martin J. B., Plasticity, MIT Press, Cambridge, Mass., 1975 
[11] Corradi L., Eng. Fract. Meeh., 21, 807 (1985) 
[12] Hodge Ph. G. Jr., Belytschko T., Thms. ASME, J. Appl. Meeh, 35, 796 (1968) 
[13] Ang A. H. S., Lopez L. A., Proc. ASCE, J. Engng. Meeh. Diu., 94, 271 (1968) 



www.manaraa.com
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GENERAL VISCOUS KERNELS 
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Sununary 

Using a recent basic extended principle for the variational 
formulation of material generally non linear continuum problems, the 
classical variational theorems of the theory of elasticity are extended 
to the viscoelastic case in the presence of any general viscous kernel. 

Finally an illustrative example is presented. 

1. Introduction 

Among the various approaches adopted in the study of the behaviour 
of linear viscoelastic continua, the computational approaches (oriented 
to the direct numerical solution of the Volterra's integral equations 
to which the problem reduces) and the use of variational or extremal 
formulations play an important and particular role. 

To the first kind of approach (the computational one) pertain the 
papers of Zienkiewicz [21] Taylor [25], Cameron [41]. 

The variational approach began with the paper of Curtin (1963) [10] 
where, for the case of hereditary kernel, uniqueness theorems are given 
for viscoelastic solids. Immediately later the variational approach had 
a strong increase of interest in literature in connection with Tonti's 
papers (1972) [29], (1973) [33] dealing with a systematic determination 
of variational principles for general non linear problems, and with 
Magri's papers (1974) [34] dealing with linear operators. Later, 
Tonti's approach was applied to the viscoelasticity problem (see for 
example Reddy [36] with reference to hereditary kernel) or to a number 
of other physics problems. 

Other variational formulations, using various approaches, were found 
by Breuer (1970) [26], (1973) [32], Rafal ski (1969) [24], (1972) [31], 
(1979) [39], Reiss-Haug (1978) [38] etc. 

All the above variational formulations of the viscoelastic problem 
have been found for hereditary-type materials or under particular 
boundary conditions and, anyway, not for general kernels. 

In this paper reference is made to the case of a non-homogeneous, 
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non isotropic viscoelastic solid with general viscous kernel. 
In sect. 2 the problem formulation, using the operatorial notation, 

is given in various forms having one or more unknown fields. 
Section 3 is devoted to the determination of the variational 

formulation of the problem using Tonti's approach assuming a particular 
expression for the relevant "integrating operator" and adopting an 
operatorial form which shows explicitly the boundary conditions. 
Finally in the sect. 4 an illustrative example of the procedure is 
presented. 

2. Problem formulation 

a) Notation 

X 
I 

t 

t ,T 
° 

n,r 
r ,r 

u p 

n (x ) 
J I 

cr (x ,t) 
i J I 

cl/\,t) 
u (x ,t) 

I 1 

F (x ,t) 
I 1 

po(x ,t) 
I I 

uo(x ,t) 
i I 

!/JiJhk(xl,t,T) 

I/> (x, t, T) 
Ijhk I 

<. ,. > 

- position vector of a material point of the 
continuum 

- time variable 

- the initial and final time of the loading 
process 

- Volume and external surface of the solid 

- surfaces where external displacements and 

tractions are imposed (r = r +r ) 
u p 

- the normal unit outward vector of r at x 
I 

- stress tensor 

- strain tensor 

- displacement vector 

- volume force vector 

- external traction vector on r 
p 

- imposed displacement vector on r 
u 

- relaxation tensor 

- creep tensor 

- bil inear form 

b) Problem formulation (classical notation) 

The general viscoelastic problem in the presence 
displacements and strains may be formulated as follows: 

of small 
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{
o- (x ,t) + F (x ,t) 
Ij/j I I I 

0- .(x ,t) n (x) = pO(x ,t) 
I J I j iii 

o 

Compatibil ity 

{
U(X,t) 

I I 

u (x , t) 
I I 

uo(x ,t) on r 
I I u 

in n 

on r 
p 
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(2.1a) 

(2.1b) 

(2.2a) 

(2.2b) 

with the following relationship between displacements and strains: 

C (x, t) 
I j I 

Viscoelastic (direct) 

o-(x,t) 
I j I 

= ~[uII/xl't) + u (x, t)] in n 
j/l i 

constitutive law 

!/J (x , t , t ) 
I j hk I ° 0 

C (x, t) 
hk I 

It a !/Jljhk(xi,t,T) 

+ 
a T 

t 
° 

+ 

C (x, T) dT 
hk I 

Viscoelastic (inverse) constitutive law 

C (x, t) 
I j I 

if> (x,t,t)o- (x,t)+ 
I jhk I ° ° hk I 

° 

(2.3) 

(2.4) 

(2.5) 

No restriction is made on the dependence of the relaxation and creep 
tensors from t and T 
The aim is to find the space and time functions o-lj(Xi,t), ci/Xi,t), 

u (x ,t) for a given time interval t , T. 
I I ° 

c) Operatorial formulations 

The above eqs. (2.1) to (2.5) can be written in more compact form 
using the following operators: 
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def 

- Equilibrium operator E(O' ) =0' / (x ,t) 
I j I j j I 

- Compatibility operator C(u ) 
I 

def 

- Relaxation operator \lI( (; ) = '" (X, t ,t ) (; (X, t) + 
I j I j hk I 0 0 hk I 

------- (; (X,,) d. 
hk I a • 

o 

where, by virtue of the symmetry of 0' and (;hk' 
I j 

while the symmetry'" = '" is not required. 
Ijhk hklj 

def 

- Creep operator ~(O' ) =IP (x ,t ,t ) 0' (x ,t) + 
I j I j hk i 0 0 hk I 

-f 
t 

alP (X,t,.) 
ijhk i 

------- 0' (x ,.) d. 
hk i a • 

o 

~(.)+~(.) 
e c 

where, by virtue of the symmetry of O'lj and (;hk' 

while the symmetry IP = IP is not required. 
ijhk hkij 

Besides: 

- Identity Operator 1(.)=(.) 

(2.6) 

(2.7) 

(2.8) 

(2.8' ) 

(2.9) 

(2.9' ) 

(2.10) 
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- Null Operator 0(.) = 0 (2.11) 

Besides the following relation holds: 

* C(.) = - E(. ) (2.12) 

where * means adjoint operator. 

c1) Three field operatorial formulation (ul ' C I j' 0"1 j ) 

Using the operators (2.6) to (2.11) eqs (2.1) to (2.5) become: 

0(. ) 0(. ) -E(. ) u F I I 

0(. ) 'l!( . ) -1 (. ) C Ij 0 in n (2.13) 

C(. ) -I(. ) 0(. ) 0" 0 Ij 

0(. ) 0(. ) 
0 r n u PI on j I p 

0(. ) 0(. ) 0(. ) C 0 (2.14) Ij 

0(. ) 0(. ) 
0 r -n 0" -n u on j Ij j i u 

which may be written in the more compact form (in the unknowns ul ' cij' 

0" ): 
I j 

rw
" 

= [ in n 

B u g on r =w -

(2.15) 

(2.16) 

where )dt= [ul,CIj'O"I)' [t= [FI ' 0 ,0], gt [p~,o,njU~] and ~w, 
~ware the matrices of the linear operators in the first member of eqs. 

(2.13), (2. 14). 

c2) Two field operatorial formulation (u., 0" •• ) 
1 1 J 

Using the inverse constitutive law (2.5) the same problem takes the 
form in the unknown ul ' 0" 

i j 
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[O( ) E( 1 lUI ] = [-F,] in g (2.17) 
-c(. ) ~( . ) cr ° Ij 

[_:u :; J [::J [::U~] 
on r p 

(2.18 ) 
on r 

J J I U 

i. e. 

rRY 

= £ in g (2.19) 

B u ~ on r (2.20) =R -

where t [u cr] ft= [-F1,0], 
t 

[p;, nju;] and ~R' Bare the JJ.= I' Ij , - g =R 
matrices of the 1 inear operators in the first member of eqs. 
(2.17), (2.18) 

c3) One field operational formulation (u.) 
I 

Assuming as unknown only the vector of the compatible displacements 
u I ' the same problem can be formulated as follows: 

i.e 

E(w(C(u ))) 
I 

n w( c (u )) 
j i 

= - F 

{
" ... IU;) = of 

B (u) = PI' tpe I 

in g 

on r 
p 

in g 

on r 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

A and B being the operator and the vector of the operators in the tpe tpe 
first member of eqs. (2.21)and (2.22). 

c4) One field operational formulations (cr ) 
Ij 

Finally assuming as unknown only the vector of the stresses cr 
Ij 

in 
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equilibrium with the volume and surface forces F , 0 
the same problem 

I PI' 

can be formulated as follows: 

1 
+ u ) (2.25) ~(O"" ) = -(u in 0 

Ij 2 I/j j/I 

where u is a continuum displacement field such that 
I 

{ :: e 

CO in 0 

(2.26) 
0 r u on 
1 u 

i. e. 

A (0"" ) = 1 in (2.27) -(u + u ) 0 
ce Ij 2 i/j j/I 

without other conditions on 0"" • 
Ij 

d) general operatorial formulation 

All the above formulations are amenable to following common form: 

{: !! = f. in 0 

!! = g on r 

(2.28) 

(2.29) 

where ~ is a not-self-adjoint matrix of linear operators and B is a 

linear symmetric operator on the boundary r. 
As it is well known in the linear elastic case the operator ~ (.) is 

formally self-adjoint, i.e. the following relation hold: 

< ~ , ~ ~ >0 = < ~ , ~ ~ >0 + Dr(~' u) (2.30) 

where: 

def 

Io < ~, ~ >0 ut(x ) vex ) dO 
- 1 - 1 

def 

Ir 
t vex ) < ~, v >r ~ (x.) dr - 1 - 1 

(2.31) 

which imply: 
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In this case, at the problem solution, the stationarity of the 
following functional can by stated: 

(2.33) 

3. Variational Formulations 

a) General form 

Making reference to the problem (2.28), (2.29) in the presence, in 
general, of non-self-adjoint matrices of operators, in [44] it was 
shown that an equivalent formulation (in the following referred to as 
the "basic extended principle") is given from the stationarity of the 
funct ional: 

F(u) (3.1) 

where u is the solution of the auxiliary problem: 

{: y ~ y in Q 

y = ~ y on r 

(3.2) 

(3.3) 

being ~(.) an arbitrary linear operator formally self-adjoint such that 

the ~(.) operator is consistent to ~(.) itself, i.e.: 

(3.4) 

In particular, after the decomposition of the operator ~(.) in the 

form: 

~(.) = g(.) + ~(.) (3.5) 

with g(.) formally self-adjoint being ~(.) consistent with it, in [44] 

the following expression for ~(.) was adopted: 

~(. ) g(. ) (3.6) 
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Starting from the above basic extended principle, the classical 
principles of the theory of elasticity can be easily extended to the 
general viscoelastic case simply specializing the operators ~(.) and 

~(.) to the particular ones of the various field operatorial 

formulations described in c1, c2 and c3 of section 2, taking into 
account that now the bilinear forms (2.31) becomes: 

def 

( Ig 
< ~, ~ >g = ut(x , t) ~(x. , t) dg dt 

- i 1 

0 

def 
(3.71 

< ~, ~ >r I: Ir 
ut(x , t) v(x , t) dr dt 
- i - i 

0 

b) Extension of Hu-Washizu principle 

By the decomposition of the operator A (. ) 
=w 

of the three field 

operatorial formulation (2.13), (2.14): 

I[)(. ) I[) (. ) - E(.) [OC) I[)(. ) I[) ( . ) 

~w(· ) ~w(· ) + R (. ) I[) (. ) '11 (.) 1(. ) + I[) ( .) '11 (.) I[)(. ) (3.8) 
=w e r 

C(. ) -I(. ) I[)(. ) I[)(. ) I[) ( . ) I[)(. ) 

the basic extended principle leads to the functional: 

F (u, £ , cr ) 
w i ij ij 

- ~ < E(crij ), ui >g + ~ < 'I1(£ij) - crij , £ij >g + 

+ 1.. < c(u ) 
2 i 

cr 
i j 

> <F u> +1..<n ~ u g- i' g 2 jV ij , (3.9) 

1 0 0 - 2" < n u., cr >r - < 
Pi u >r + < n u cr >r j 1 i j j ij 

u p u 

c) Extension of Hel 1 inger- Reissner principle 

By the decomposition of the operator ~R(.) of the two field operatorial 

formulation (2.17), (2.18): 

~R(· ) 
E(.) 1 
~ (.) 

e 

+ [I[)(.) 

I[) ( .) 

the basic extended principle leads to the functional: 

I[) (.) 1 
~ (.) 

c 

(3.10) 
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F (u , 0-1 j ) 
1 .!. < - C(U ) + i1>(0- ), = - < E(o- ) 0. >0 + 0- >0 + 

R I 2 Ij , I 2 I IJ Ij 

< F , A > + .!. < n 0- 0. > - .!. < n uI ' 0- >r + 
I u l 0 2 j I J' I r 2 J Ij 

(3.11) 
p u 

d) Extension of total potential energy principle 

By the decomposition of the operator A (.) 
tpe 

of the one field 

operatorial formulation (2.23), (2.24): 

A (.)=S (.)+R (.)=E(w(C(.)))+E(w(C(.))) 
tpe tpe tpe e r 

(3.12) 

the basic extended principle, using Gauss lemma, leads to the 
functional: 

(u. ) 
1 1 

+ u )) 
1 A 

+ U ) F = 2" < w(2"(u , -(u >0 + 
tpe 1 I/j j/l 2 I/j j/l 

(3. 13) 

e) Extension of complementary energy principle 

By the decomposition of the operator A (.) 
ce 

of the one field 

operatorial formulation (2.27): 

A (.)=5 (.)+R (.)=4>(.)+4>(.) (3.14) 
ce ce ce e c 

and considering the self-equilibrated stress field 0- solution of the 
Ij 

elastic problem: 

i1> (0- ) 
1 A 

+ u ) in 0 -(u 
e ! j 2 i 1 j j/l 

U E CO in 0 (3.15) 
I 

0 on r u u 
i ! u 

the basic extended principle leads to the functional: 
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F (cr ) = !. < t(cr), > < UO 

ce 1 j 2 1 j cr 1 j Q - 1 
(3. 16) 

Finally it is worth noting that, according to the analogous principles 
of the elasticity, the solutions of the above principles are attained 
at the stationarity of the functionals F and F and at the minimum of 

W R 
the functional F and F . 

tpe ce 

4. Example 

The following example was explicitly choosed for his simplicity in 
order to have the possibility both to derive by hand the solution via 
the extended total potential energy principle (eq. (3.13» and to 
compare it with the available exact one, with the advantage to be able 
to show in details all the phases of the method. 

Let be consider the homogeneous viscoelastic beam of fig. 1a doubly 
clamped with an elastic spring (with stiffness k) and a concentrated 
known load P at the center line c. The problem is to find the 
displacement function v(x,t) for 0 s t s T. 

For the beam the following three-parameter viscoelastic hereditary 
Kelvin-Voigt model is assumed: 

where 

ret) = E + (E - E ) 
co 1 co 

• -t/T 
e 

E = 
co 

E E 
1 2 

E + E 
1 2 

1) • ,T=---
E + E 

1 2 

(4.1) 

(4.2) 

being E , E , 1) the parameters of the reo logical model of Fig. lb. 
1 2 

Denoting with v(x,t) the vertical displacement unknown function, the 
beam moment-curvature relationship becomes (J = constant): 

t ar(t-·r) 
M(x,t) = rCo) J v"(x,t) - J J V"(X,T) dT (4.3) 

° aT 

and the extended total potential energy principle eq. (3. 13) has as 
funct i onal : 

J v" - Jt J 

o 

arCt-T) 
--- v" dT] 

aT 

1JT- tAt JTpAt 
+ ~ k v(~) v(~) dt - v(~) dt 

° 0 

v dx dt + 

(4.4) 
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U2 I U2 r 
Fig. la Fig. lb 

p 
A 

pet) 

Fig. lc Fig. ld 

1.3 -,------------

a 
--C I 

••••••••••••••• 00000001 Fig. le 

o 2 0.5 tiT" 

Fig. 1 - Example of application of the extended total potential energy 
principle: 
a) the viscoelastic beam considered centrally supported by an 

elastic spring of stiffness k; 
b) the three parameter reological viscoelatic Kelvin-Voigt 

model of the beam; 
c) the structure and the loads of the elastic auxiliary 

problem 
d) the particular auxiliary loads deriving from the chosen 

displacement compatible cubic function w(x); 
e) comparison between the exact solution (curve a), and the 

approximate solutions with one degree of freedom (curve b), 
with two degree of freedom (curve c), and three degree of 
freedom (practically coincident with curve a) in the 
interval 0 :s t :s 2T . 
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where v is the solution of the elastic auxiliary problem (3.2), (3.3) 
i.e. of the problem of Fig. 1c with EJ = E J, under the loads: 

1 

p(x, t) (4.5) 

p (4.6) 
s 

When the unknown function v(x,t) is approximate as 

V(X,t) = u(t) w(x) (4.7) 

where w(x) is a displacement compatible cubic function of x over the 
left half of the beam, i.e.: 

••• T 

T) [-tiT -2t/T -nt/T ] [ ] u(t) = N (t (3 = l,e ,e , ... ,e (3 ,(3 ,(3 , ... ,(3 
- - 1 2 3 n 

(4.8) 

w(x) = 12(lf- 16(lf for 0 (4.9) 

w(x) 12 (If- 16(lf + 4 (2 1- 1f for (4.10) 

the load p(x,t) of eq. (4.5) transforms into the concentrated load: 

where 

~t( t) Jt ar(t-·r) 
--- ~(T) 

o aT 

(4.11) 

dT (4.12) 

so that the elastic auxiliary problem of Fig. 1c transforms into that 
of Fig. 1d with the only concentrated load: 

p = p + p 
1 s 

Using eq. (4.7) to (4.13) the functional transforms in 
function of n parameters (31' ... , (3n whose stationarity 

linear system of n equations. 

(4.13) 

a quadratic 
leads to a 
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In Fig. le the exact viscoelastic solution v (curve a) of the 
exact 

problem of Fig. 1a (derived using the so called "correspondence 
principle" and the Laplace transform): 

P e3 

v exact [~] = 384 E J 
1 

(4.14) 

is compared with the constant value of curve b) (corresponding to the 
approximate solution in the time interval 0,1 for n=1) and with the two 
parameter (n=2) solution (curve c) in the same interval. The rate of 
the convergence appear immediately, taking also into account that the 
approximate three parameter solution (n=3) is not distinguishable in 
the diagram because practically coincident with the exact solution. 
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Application of Strain Energy in the 

Characterization of Non-Linear Polymeric Materials 

Abstract 

Om Dutt 
Senior Researcher 
Institute for Research in Construction 
National Research Council 
Ottawa, Ontario, Canada KIA OR6 

The concept of strain energy at break due to tensile testing was studied to characterize non­
linear polymeric materials, such as modified bituminous roofing membranes. The test 
values of load, elongation, and area under the load-elongation curve were used to compute 
strength (T), strain (S), strength-strain product (Q), and strain energy (U). A relationship 
between the strain energy and the strength-strain product was established in terms of their 
ratio (R). The limits of the range of R values were used to develop a graphical method that 
simplifies the application of the strain energy criterion to evaluate membranes without 
measuring energy directly. In this method, each point plotted on the strength-strain graph 
represents three dimensions - T, Sand Q - where the product Q is a measure of energy. It 
is shown that a single requirement of strain energy can replace individual requirements of 
load and elongation, and that it accommodates very low to very high modulus materials. 

Key Words 
Atactic Polypropylene, Graphical method, Load-elongation curve, Modified bitumen, Non­
linear materials, Polymeric materials, Strain energy, Styrene-butadiene-styrene, Tensile 
testing. 

Introduction 
Advances in polymer chemistry and technology have resulted in the development of 
numerous polymeric materials for use in the construction industry. They include products 
such as rigid electrical switches, plumbing pipes and fittings, vinyl siding and flexible 
membranes for roofing and waterproofing [1]. The majority of the membranes are 
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prefabricated and made of synthetic rubbers, thermoplastics, and modified bitumens. 
There are also various polymeric liquid compounds that cure on site after application. 

The present study deals with prefabricated polymeric membranes that may have any kind of 
glass/polyester/polypropylene/nylon fiber reinforcements in the form of randomly placed 
fibers and/or non-woven scrims or fabrics. This gives the membranes the combined tensile 
properties of the constituent materials. In the case of modified bituminous (ME) 
membranes, the matrix consists of asphalt blended with polymer additive. This results in 
highly complex materials that show extensive variation in their conventional stress-strain 
characteristics. Some materials have high tensile strength and low elongation properties 
and others low strength and high elongation. 

The concept of strain energy, frequently used in engineering problems, has been introduced 
as a replacement of both the stress and the resulting strain parameters to the polymeric 
membranes [2]. Strain Energy is related to load and elongation behaviour and is equal to 
the external work done to deform the materials by a gradually applied load. Strain energy is 
computed from the area under the load-elongation curve. For linearly elastic materials the 
load-elongation curve is a straight line (Figure 1.a). While curves for membranes are non­
linear because these composite materials deform visco-elastically. This behaviour results in 
a variety of shapes of the load-elongation curves (Figures 1.b and 2). Evidently it is 
difficult to develop a simple mathematical formula for strain energy that may account for all 
types of materials. 
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A concept similar to that of strain energy employing the tenn load-strain product has been 
used in some standards for roofmg membranes [3]. The objective is to disqualify materials 
that barely meet the load and the elongation requirements. The three requirements related to 
the tensile property are graphically shown in Figure 3, with values converted to strength 
(load/unit width) and strain units (elongation/unit length). In the shaded area - the 
disqualifying region - a material Z is shown as marginally passing the two individual 
requirements but failing to meet the load-strain product requirment. 
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Minimum tensile properties required as per reference [3]. 
Dots represent test values of different MB membrane 
samples from table 1. 

Various perfonnance attributes involve tensile testing [4,5]. The use of the strain energy 
criterion is more realistic for assessing tensile properties than the strength and strain 
separately. To develop a methodology for applying the energy criterion that would 
characterize the membrane performance when subjected to tensile loads a number of 
membrane specimens were tested to rupture and the peak load, ultimate elongation and the 
amount of strain energy expended were determined. 
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Experimental 
l.Materials: Four samples of atactic-polypropylene (APP) and eight of styrene-butadiene­
Styrene (SBS) modified bituminous reinforced membranes and one sample of SBS 
modified non-reinforced membrane were used in this study. Some of the samples were cap 
sheets of the two ply systems. Five specimens each, in machine and cross directions, were 
cut from each membrane. Each specimen was 25 mm wide in the test portion and 175 mm 
long. 

2. Testing: The specimens were tested at room temperature (23Q C, 50% RH) using a 
tensile tester (Instron, model No.II22) having an automatic chart recorder system and an 
integrator for recording the area under the curve. All tests were conducted with an initial 
grip spacing of 75 mm (60 mm for non- reinforced specimens) and a rate of grip separation 
of 50 mm per minute. The testing of a specimen was considered complete when either a 
total break occurred or a hole -'windowing'- or any other discontinuity appeared in the 
specimen, indicating that the membrane was no longer serviceable. If a specimen broke at 
the grip, the test was discarded and a replacement specimen tested. Various quantities 
related to the machine constants were noted on the chart and were used for computing other 
values. 

3. Computation of Tensile Properties: The various quantities (Table 1) were computed 
from the machine chart values and machine constants. Each value is the mean of at least 
five specimens tested. The definition of various terms used in the present context and their 
explanation are given below. 

(a) Tensile strength 'T' (kN/m): The maximum of the peak load per meter width of 
specimen, obtained from the chart value for the 25 mm wide specimen multiplied by 40. 

(b) Tensile strain'S' (m/m): The elongation of a 75 mm long specimen (60 mm for non­
reinforced specimen) was measured from the curve to the point of rupture or to a point 
where the strength ordinate was reduced to 10% of the peak value, as shown in Figure 1.b. 
This was converted to strain, m/m. 

(c) Strength-strain product 'Q' (kN/m): The product of tensile strength and strain in 
kN/m. This quantity represents the area in normalized units of a rectangle that 
circumscribes the load-elongation diagram shown with broken lines and coordinate axes, 
in Figure 1. 

(d) Strain energy '0' (kN/m): Technically, strain energy is the area under the load­
elongation curve and represents the quantity of work done in kN.m. In the present case, the 
area was measured with a planimeter, or computed from the integrator reading, and reduced 
to the energy units, kN.m. This was further divided by the length and width of specimen to 
obtain the value of energy per unit area, kN/m. It may be noted that the strain energy per 
unit volume is known as strain-energy density or Modulus of Toughness. In the present 
context, it is the energy per unit area, ( i.e., with unit thickness) and is denoted as strain 
energy, kN/m, (Table 1). 

(e) Ratio 'R': The ratio of strength-strain product to the strain energy represents a kind of 
shape factor related to their graphical shapes of the curves. In essence, it is the ratio of the 
area of cicumscribing rectangle to the shaded area of load-elongation diagram (Figure 1), 
which must always be greater than one. For a linearly elastic material (Figure 1.a), the 
shape factor or ratio R is obviously equal to 2. 
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Table 1. Tensile properties of modified bituminous membranes. 

SampleP Tensile Strength 
Strain 

No. I Modifier Strength T I Strain S ProductQ Strain I Ratio 
kN/m m'm kN/m energyU R=Q/U 

kN/m 
1 API 25.76 0.123 3.17 1.45 2.19 
2 AP 25.52 0.161 4.11 1.96 2.10 
3 AP 28.0 0.086 2.41 1.02 2.36 
4 AP 22.12 0.064 1.41 0.68 2.07 
5 AP 17.04 0.540 9.20 6.72 1.37 
6 AP 16.56 0.560 9.27 6.82 1.36 
7 AP 22.20 0.438 9.72 7.23 1.34 
8 AP 14.24 0.475 6.76 5.35 1.26 
9 SB2 27.37 0.885 24.22 16.83 1.44 

10 SB 20.30 0.949 19.26 13.06 1.47 
11 SB 10.74 0.168 1.80 0.80 2.25 
12 SB 7.50 0.196 1.47 0.67 2.19 
13 SB 26.05 0.661 17.22 12.35 1.40 
14 SB 22.0 0.704 15.49 11.01 1.41 
15 SB 12.24 0.445 5.45 3.97 1.37 
16 SB 10.66 0.317 3.38 2.61 1.30 
17 SB 19.48 0.600 11.69 8.33 1.40 
18 SB 15.52 0.670 10.40 7.34 1.42 
19 SB 25.12 0.555 13.94 9.72 1.43 
20 SB 16.92 0.603 10.20 7.16 1.42 
21 SB 31.75 0.464 14.73 9.21 1.60 
22 SB 27.14 0.571 15.49 8.35 1.85 
23 SB 26.06 0.696 18.21 12.57 1.45 
24 SB 24.34 0.742 18.04 12.79 1.41 
25 SB 7.40 8.70 64.38 29.53 2.18 
26 NR3 6.80 8.55 58.14 28.33 2.05 . . 

1-3. See correspondmg numbers 10 Table 2 for descnptIon. Note 1. PaIred values represent machme/cross duectlons . 

Table 2 
Summary of tensile test results from table 1. 

Membrane Range of values and % variation* 

No. Description No. of Strength kN/m Strainm/m S train energy Ratio 
samples kN/m R 

1 APP modified 4 14.2 - 28.0 0.06 - 0.56 0.68 - 7.2 1.3 - 2.4 
(reinforced) (+33) (±81) (±83) (±30) 

2 SBS, modified 8 7.5 - 3US 0.17 - 0.95 0.67 - 16.8 1.4 - 2.0 
(reinforced) (±62) (+70) (±92) (+18) 

3 SBS, modified 1 6.8 - 7.4 8.6 - 8.7 28.3 - 29.5 2.1 - 2.2 
(non-reinforced) 

* % variation/rom the mean value. 
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The relationship between Q and U is such that both have the same value for strength T and 
for strain S and each can be considered as a third dimension of the tensile property. The 
values of T: S and Q or U for a few samples are shown in the perspective of a three 
dimensional graph (Figure 4). The total height of a vertical bar represents the Q value and 
the solid portion of the bar, the U value. 
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Tensile properties S, T, Q/U for samples P1, P7, and P11. 
In each case a = SxT and U .. aIR 

Results and Discussion 
The tensile test results from the various samples are given in Table 1. It is seen that each 
type of modified bitumonous membrane, where there are at least three materials, has a wide 
range of strength, strain and strain energy values, with strength having the smallest relative 
variation (Table 2). The variation of strain energy in the case of both APP and SBS is the 
highest of all, which makes it more sensitive than other properties in defining tensile 
behavior. Thus, even statistically, it may be argued that the energy criterion is more 
appropriate than the strength and the strain considered individually. 
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It is obvious that the measurement of the area of load-elongation diagram for computing 
strain energy is cumbersome, unless a computer system is built into the test apparatus. In 
order to generalize and simplify the application of the strain-energy principle, the concept of 
strength-strain product is adopted and a relationship between the two quantities established 
that bypasses the need to compute the energy areas. The method is graphical and is 
explained with some numerical values from Table 1. 

For example, consider that the minimum requirement of strain energy U is set at 2 kN/m. 
Since the ratio R for the majority of materials lies between 1.3 and 2.3 (Table 1), the 
corresponding values of the strength-strain product Q (i.e., U x R) must lie between 2.6 
and 4.6 kN/m. In other words, the energy requirement has been translated into a range of 
Q values, between 2.6 and 4.6, which vary according to the shape of the tensile test 
curves. Using the limits of the range of Q values, hyperbolic curves representing the loci 
of Q (for Q = 2.6 and 4.6) are drawn on a graph with strength and strain as coordinate axes 
(Figure 5). The two curves divide the graph into three regions, J, K and L. This graph can 
now be used for checking whether a tested specimen meets the strain energy requirement. 
The values of T and S of many samples including those in Table 1 were plotted in Figure 5. 

If a plotted point representing the strength and strain values of a sample lies below the 
curve for Q = 2.6, i.e.,in region J, the material has failed to meet the strain energy 
requirement. If it lies above the curve Q = 4.6, in region L, it indicates a pass. And, if it is 
between the two curves, i.e., in the shaded region K, the computation of area under the 
tensile test curve is needed to detennine whether or not the specimen meets the energy 
requirement. Also, if the shape of the test curve is significantly different from those shown 
in Figures 1 and 2 such that its shape factor, or the ratio R, may lie outside the presently 
established range of 1.3 to 2.3, computation of energy may be needed. 

This type of graph can be used as a quality control chart for a particular material where, 
theoretically, there should be only one curve separating the pass/fail regions. However, to 
provide an allowable variation of U within that material, the limits result in a band, such 
as the region 'K' denoted in figure 5. These regions are then used for verification as 
explained earlier. 

The concept of ratio R can be applied to estimate numerical value of strain energy without 
computing the areas of the load-elongation diagram. For instance, a black dot P in Figure 
5, which represents material sample No.7 (Table 1) with a strength-strain product Q of 
9.72 kN/m. Using an extreme value of R, 1.3 or 2.3, of the range established earlier, the 
strain energy of the sample works out as U = QIR = 9.72/(1.3 or 2.3) = 7.48 or 4.23 
kN/m. It means that U can take any value between 4.23 and 7.48 kN/m depending on the 
shape of tensile test curve. 

A similar argument can extend the use of the concept of strength-strain product for 
comparing a sample's energy capacity with the minimum energy required. From the above 
example, (Q available)/(Q required) can be written as 9.72/(2.6 or 4.6) = 3.74 or 2.11. 
This means that the strain energy capacity of the sample cannot be more than 374% or less 
than 211 % of the minimum requirement. The above results can be expressed in different 
mathematical forms according to the objective of the analysis. 

In the case of tensile testing at low temperatures, it is expected that the material will be more 
brittle and exhibit a somewhat linear behaviour resulting in a ratio R close to 2. For such 
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test conditions, a new graph can be developed as explained earlier for applying the strain 
energy principle. 
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Loci of strength-strain product Q. Dots represent test 
values of different MB membrane samples from table 1 . 

The results of various membrane samples plotted in Figure 5 show that the majority are 
well above the minimum requirement of Q, and hence of U, and a few are failing. Only 
three are in the grey (or shaded) area that may require a detailed calculation of energy. 
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Conclusions 
1. A methodology is developed where a strain energy requirement replaces the standard 
tensile requirements. This eliminates the need to for check for strength and strain criteria 
separately. It has the potential for application in many non-engineering problems. 

2. The method of application of the energy criterion, based on the concepts of strength­
strain product Q and ratio R, shows that the energy requirement is translated into a range of 
Q values. This permits the tensile test results to be easily verified for strain energy by 
plotting the test results of strength and strain on the graph, or control chart, containing the 
'pass', 'fail' and 'may be' domains. 

3. It is seen from the proposed graph that the energy criterion accommodates the broad 
range of very low to very high modulus polymeric materials. 

4. Numerical values of the strain energy can be estimated by using the values of the 
selected range of ratios and the strength-strain product without computing the actual area of 
the tensile test curve. 

s. The methodology can be further simplified by developing a graph for load-elongation 
product in N.m. This would, of course, be valid for specific size specimens, but would cut 
down the computation work, particularly in a quality control laboratory. 
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Abstract 

The incremental elastic-plastic constitutive law with Ziegler kinematic hardening is pre­
sented in the form of a pair of dual Quadratic Programming (QP) Problems or the corre­
sponding Linear Complementarity Problems (LCP) with reference to Maier's work. The 
integration scheme is thought of as a two step algorithm: a predictor step described by 
the traditional LCP mentioned before, and a corrector step, interpreted as a neutral equi­
librium phase described again as a pair of strictly convex minimum problems. Both steps 
assume the stress path to generate an error on the yield condition always lower than a 
prescribed tolerance. Applications are presented to compare the proposed scheme with 
other more traditional ones adopted by standard plasticity finite elements codes. 

1. Introduction 

The incremental elastic-plastic problem has been studied for the past twenty years using 
numerical techniques applied to the finite element method. Surprisingly, the structural 
problem was approached before deepening and consolidating numerical methods at the 
constitutive law level. 

To properly identify the contribution of this paper, a set of formulations of the incre­
mental elastic-perfectly plastic, or elastic-plastic with linear kinematic hardening problem 
must be recalled in terms of mathematical programming problems, such as proposed by 
Maier [5, 6] at the end of the sixties. For integrating those formulations, the yield surface 
was assumed to be "a priori" linearized and the constitutive law could be explicitly inte­
grated moving from one yield plane to the next through a corner point. The error was due 
to the "a priori" linearization of the yield surface, while no further numerical error was due 
to the integration algorithm. 

Such an approach was not widely accepted for numerical application, although it was 
developed primarily for that purpose. A possible justification of the reasons that lead 
numerical analysis to neglect this method can be attempted recalling two problems that 
remained without valid answers: the first is the lack of a general theory and of efficient 
algorithms for the "a priori" linearization of the yield surface; the second is the high 
computational cost of the numerical algorithms developed, due to the large number of 
planes necessary to ensure some accuracy of the "a priori" linearization. The question 
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of the accuracy of the numerical integration of incremental elastic-plastic problems was 
rediscovered and exposed to the public only recently [4,7]; attention was shifted from the 
integration of the structural problem to the integration of the constitutive law. 

Within this framework, Hodge Jr. presented a technique for the "a posteriori" lin­
earization of the yield surface with a pre-assigned error control [3]. There was neither 
a general treatment of the convergence problem nor a numerical analysis of the deriving 
error. Following the idea of Hodge Jr., two of the authors developed an algorithm for the 
"a posteriori" linearization of the yield surface during the integration process with a pre­
assigned maximum error on the violation of the yield condition by the stress point [2]. The 
method was limited to the elastic-perfectly plastic law, and the results showed the validity 
of the approach both in terms of accuracy and in terms of computational cost. 

This paper is developed within this framework and intends to first recall the for­
mulations of the incremental elastic-plastic constitutive law with Ziegler kinematic work­
hardening in terms of mathematical programming, then to present a general integration 
algorithm. The results are compared with those obtained using some of the most reliable 
algorithms implemented in the most common computer programs [1]. 

2. Material constitutive law with linear Ziegler kinematic hardening 

Let (1ij and Cij denote the small displacement stress and strain symmetric tensors in or­
thogonal Cartesian coordinates Xi , i = 1,2,3, in a given configuration fl. The stress tensor 
(1ij must satisfy the yield condition 

(1) 

Tensor Clij represents the shift of the origin of the stress reference frame due to kinematic 
hardening. Its evolution law, as proposed by Ziegler, reads 

(2) 

The parameters hk and (10 are determined from a uniaxial test as shown in Figure 1. 

(j 

h t P1 h t P1 

u=hiP1 ; ix=*((j-a)=*~ 

(j ..--jL-___ ~J---.. (j 

Figure 1 

Uniaxial stress-plastic strain curve with kinematic hardening 
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The equivalent plastic strain rate i pl is defined by the relationship 

(3) 

which gives 

(4) 

2.1 The stable non-holonomic material response to a given strain rate tensor i?j 

A given strain rate tensor i?j is conceived as the sum of an elastic iii and a plastic part ifj 

i~· = i~· + iT!· 
" " " 

(5) 

The elastic stress rate-strain rate relationship reads 

'e D ·0 
(lij = ijhkehk (6) 

and 
(7) 

where D ijhk is the symmetric positive definite elastic tensor. The flow rule can be described 
as follows 

else 

(8) 

(9a, b) 

if>" = 0 (10) 

By assuming as a trial solution if> = 0, eq. (8) can be rewritten as 

(11) 

where nij = 01{J/O(lij is the gradient tensor of the yield function and Hk = hk[nij((I;j -

aij )]2 / (I~ is the hardening parameter of the tangent plane to the yield surface. Solving eq. 
(11) for .x, the following is obtained 

(12) 

The solution can be discussed as follows 
(i) the scalar nijDijhknhk is always positive because the elastic tensor Dijhk is definite 

positive; 
(ii) the scalar Hk is always non-negative because hk and (10 are always non-negative and 

positive, respectively, by assumption; 
(iii) the scalar nijDijhki~k may be positive, negative, or zero. If it is positive, then eq. 

(12) holds, otherwise" = O. 
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A unique plastic multiplier rate ~ corresponds to a given strain rate tensor t?j' It can be 
found by solving the following minimum problem 

. {P In-I" 1H \2 ·0· 1 .(. \) < O} ~~ I = '2 ijhkO'ijClhk + '2 k A - eijO'ij cP O'ij, A -
U'j,~ 

whose stationarity conditions are 

oPI n-I ••O •• > 0 
~ = iJ'hkO'hk - eij = -nijf.L ; f.L _ 
VO'ij 

oPI . -. = HkA = HkP, oA 
~ = nijt1ij + Hk~ ~ 0 ; ~p' = 0 

Equation (15) implies that p, = ~. The dual problem of (13) can be written as 

. {n In-I.. 1H \21 n-I . \·0 \ > O} ml~ I = - ijhkO'ijO'hk + - k A ijhkO'hk + nijA = eij ; A _ 
"ii ,>. 2 2 

(13) 

(14) 

(15) 

(16) 

(17) 

Formulations (13) and (17) describe a pair of convex problems. The starting configuration 
is stable and therefore, for the given strain rate i?j' the response t1ij and ~ is unique. 

2.2 The neutral equilibrium holonomic material response due to a negative rate of the 
uniaxial strength and zero strain rate 
The problem described in this section is rather unusual in the theory of plasticity. Its 
fundamental bases are to be found in the numerical algorithm adopted for integrating the 
rate plasticity problem. As most of the existing numerical procedures, the one herein 
proposed consists of two stages: (i) a classical tangent predictor based on the equations 
presented in the previous paragraph, and (li) a corrector step with the scope of returning 
the stress point closer to the actual yield surface. The strategy of the integration scheme 
presented in the next sections is such that the stress point moves along the yield surface 
within a prescribed maximum error. 

The idea of the return step is that of keeping constant the strain tensor (i?j = 0) and 
of prescribing a decrease of the uniaxial strength TWO (if < 0). This step is named neutral 
equilibrium holonomic because: (i) an infinite set of stress solutions O'ij is found at the 
same load level €?j (defining a neutral equilibrium configuration); (li) holonomic because 
the stress path is of a purely mathematical nature with no physical basis, and because it 
has no influence on the final solution. This idea is expressed in analytical terms as follows 

·0 n-I • + \ 0 
eij = ijhkO'hk nijA = (18) 

(19) 

The plastic multiplier rate, ~, can be found by solving eq. (18) for t1ij and substituting it 
into eq. (19), obtaining 

(20) 
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The sign constraint in eq. (20) holds because Dijlk is definite positive and H k is non­
negative. It can be proved that nijiTij < 0, i.e., that the stress rate vector, in this step, 
points inside the original yield surface, even in the presence of kinematic hardening behav­
ior. In fact 

(21) 

As iJ(1o < 0, eq. (21) yields nijiTij < 0, Q.E.D .. 

The problem defined byeqs. (18) and (19) can be regarded as the stationarity condi­
tions of the following minimum problems 

. {F I D- 1 •• IH \21 . . H \. O} ~l~ 2 = '2 ijAk(1ij(1Ak + '2 k'" cP = nij(1ij - k'" - 1](10 = 
CT,j ,). 

(22) 

or its dual 

. {D I D- 1 •• IH \2 \. 1 D-1 . \ O} ~n, 2 = '2 ijAk(1ij(1Ak + '2 k'" + "'1](10 ijAk(1Ak + nij'" = 
CT.; ,). 

(23) 

In conclusion 

(i) a rate problem for fixed external loads (i~ = 0) and a negative rate of the uniaxial 
strength error iJ < 0 has been formulated as the minimization of a pair of definite 
positive quadratic functions in the stress rate iTij and plastic multiplier ~ unknowns; 

(ii) the two problems (22) and (23) are formally very similar to the classical formulation 
of the elastic-plastic constitutive law described in the previous paragraph for a given 
strain rate i?j; properties like existence and uniqueness of solution follow in similar 
way; 

(iii) the return nature of the incremental step is ensured by the relationship nijiTij < O. 

3. Integration scheme 

The integration scheme strategy is described with the help of Figure 2 which refers to the 
special case of perfect plasticity. Two surfaces are represented in the stress space. The first, 
cp«(1ij, (10) = 0, is the original yield surface, while the second, cp«(1ij, (10(1 + 1])) = 0 is the 
same yield surface with a yield stress value increased by the quantity 1/(10. The sequence 
of predictor and corrector steps is such that the stress point trajectory always lies within 
the two surfaces. 
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Figure 2 

Stress path resulting from the integration scheme of 
perfectly plastic problem 

More specifically, point A is the elastic limit; for a given increment of the strain vector 
6.e~j = t~jo6.t, the behavior is considered elastic up to point 1; then the increment of total 

strain is set equal to zero and the rate quantities lUij and l~ are found by solving problem 
(22) or (23), where lnij is the gradient to the yield surface at 10'ij. If nij is constant in 
the finite step, Ui; and ~ are constant as well and therefore explicit integration rules apply 

(24) 

The stepsize l6.t is determined by the condition that the final stress point must stay on a 
plane tangent to the actual yield surface. At point 2, problem (13) or (17) is solved for a 
given total strain rate e~j' where nij = In;j, i.e., the gradient to the yield surface at point 

1. The rate problem (13) gives 2Uij and 2~ which can be integrated according to eqs. (24) 
where the index 1 is changed to 2. 

The stepsize 26.t is determined by finding the intersection of the stress rate vector 2Uij 
with the outer yield surface CP(ctib 0'0(1 + TJ)) = O. Having found point 3 on the outer yield 
surface, the new gradient 2nij is computed and the procedure continues as at point 1. 

It is apparent from the above discussion that the core of the integration scheme is 
represented by the computation of the stepsize 6.t for the neutral equilibrium holonomic 
and stable non-holonomic steps. 

3.1 Stepsize in the neutral equilibrium holonomic step 
In this section special reference is made to Mises yield criterion or, more generally, to yield 
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functions homogeneous of degree one, i.e., such that 

(25) 

Therefore, if the tensors O'ij and O:ij are such that 

f(O'ij - O:ij) = ao(1 + 17) (26) 

i.e., they satisfy the outer (approximate) yield condition, then it follows that the tensor 

(27) 

will satisfy the actual yield condition. 

Figure 3 

Neutral equilibrium holonomic step with hardening 

Equation (27) represents a sort of radial return. In fact the stress tensor O'ij, minus the 
tensor of the rigid motion of the origin O:ij, is scaled by the factor 1/(1 + 17) (see Figure 
3). The equality of the gradient tensors to the yield surface at point O'ij and O';j/(l + 17) is 
next proved. By definition of homogeneous function of order one, in fact, one has 
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and 

from which 

The neutral equilibrium holonomic step moves the stress tensor from point 1, on the plane 
of equation <PI = 0, to point 2 which satisfies the equation <P2 = O. 

The decrement of distance Tl of plane <PI, such that it coincides with the plane of 
equation <P2 and distance T2, is determined next. If the equation of plane <PI is written as 

then the equation of a parallel plane passing through the point (Uij - (iij )/(1 + rt) becomes 

from which 

T2 - _T_l_ or LlT = Tl - T2 = Tl (1 __ 1_) = Tl-rt-
- (1 + rt) 1 - rt 1 + rt 

The step size lLlt is defined by the condition 

from which 
1 Llt = _ Tl - T2 = _ Tl _rt_ 

f f l+rt 

By prescribing f = -Tl, such that a unit step would bring to zero the strength Tl, the 
following is obtained 

lLlt = Tl _rt_ = _rt_ 
Tl 1 + rt 1 + rt 

It is observed that while the stress point moves on a plane parallel to <PI = 0 with decreasing 
distance from the origin, incremental plastic strains develop and the yield surface translates. 
It remains to prove that, for a finite step Llt = lLlt, the distance of the plane on which 
the stress tensor lies is always within the two planes tangent to the internal and external 
surfaces. With reference to Figure 3, planes <PI = 0 and <P2 = 0 translate in such a way that 
their distance from the origin decreases and increases, respectively. Plane <P2, originally 
tangent to the internal surface, translates in such a way that its distance from the origin 
increases, owing to the plastic deformation increment, in a way not slower than the surface 
itself. With reference to Figure 3 
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1 {)2!p 1 {)2!p 
+- ~CTi;~Ohk + -2 {) {) ~Oi;~CThk + .... 

2 {)CTij{)Ohk Oi; CThk 

The linear term is zero as the stress point belongs to the translating plane, while the second 
order term is positive if the function !p is convex (not necessarily strictly convex), in the 
stress space CTij' In fact, the linear term can be expressed as 

and the quadratic term can be rewritten as 

Going back to the original problem, it is now possible to observe that plane 4>t decreases 
its distance from the origin, while plane 4>2 increases it during step l~t, in such a way 
that they result to be superimposed. This observation, together with the previous one, 
completes the proof. 

3.2 Stepsize in the stable non-holonomic step 
The computation of the non-holonomic stepsize 2~t for increasing load (e?j) is meant to 
determine the intersection of the incremental stress tensor with the yield surface which 
moves according to a Ziegler kinematic hardening law. This is based on: (i) the knowledge 
of the rate quantities Uij and .x, and (ii) the fact that the gradient tensor nij, the tensor 
Uij, and the scalar .x are constant along the step. In analytical terms 

(28) 

where iii; represents the stress tensor at the beginning of the step and Oij(2~t) indicates 
the value assumed by tensor Oi; at the end of the step governed by stepsize 2~t. To solve 
the nonlinear equation (28), the relationship giving the tensor Oi; after a stepsize 2~t must 
be obtained. To this end, the definition of the rate of translation of the frame of reference, 
eq. (2), is recalled, where the final stress tensor CTij is replaced by its linear expression 
function of the interval ~t 

(29) 

This equation can be integrated analytically to obtain Oij(~t), i.e., the value of tensor Oi; 
at the end of a step as function of its value at the beginning of the step and of the stepsize 
~t 

. . l' 
Oij(~t) = e-k~tO:ij + (1 - e-k~t)iiij + [~t - 1(1- e-k~t)luij (30) 

To solve the nonlinear equation (28) with Newton's method it is necessary to compute also 
the first derivative of the function f(CTij - Oij) with respect to 2~t, which is 

(31) 
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ABAQUS 

Load Number of a" e P1 

" Step Iterations (ksi) (10-3 ) 

1 1 10.00 0.000 

2 3 15.00 0.500 
3 3 20.00 1.000 
4 3 25.00 1.500 
5 1 12.55 1.500 
6 3 0.10 1.010 
7 1 15.05 1.010 
8 3 30.00 2.000 

9 1 15.05 2.000 
10 3 0.10 1.010 

T 
I !i:>t-------t 

PROPOSED 

Number of 
Iterations 

2 
1 
2 
1 
2 
1 
2 
1 

a 

Figure 4 

1] = 0.05 1] = 

a" ep1 a 
x x 

(ksi) (103 ) (ksi) 

10.50 0.050 10.10 
25.00 1.500 25.00 

4.50 1.450 4.90 
0.10 1.010 0.10 

20.59 1.060 20.20 
30.00 2.000 30.00 

9.50 1.950 9.90 
0.10 1.010 0.10 

ao=10ksi 

E=h k =10.0xl0 3 ksi 

Uniaxial problem example [1]. Data and results 

0.01 
eP' x 

(10-3 ) 

0.010 

1.500 
1.490 
1.010 
1.020 

2.000 
1.990 
1.010 
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where the yield function gradient and the stress rate iTij tensors are constant along the 
step, while the tensor Oij(~t) is computed by means of eq. (29). 

4. Numerical examples 

Two numerical examples have been tested, both taken from the ABAQUS Example Prob­
lems Manual [1]. The first one consists of a plane stress, 4-node single element structure, 
under uniaxial load undergoing a loading-unloading history. The analytical solution is 
trivial and easily plotted in a stress-strain uniaxial plot. The goal is that of testing the 
ability of the numerical scheme to correctly predict the plastic strain and the corresponding 
shift of the origin according to the kinematic hardening model under loading-unloading 
conditions. Load history, material data and results of the example are given in Figure 4. 
The Table included in Figure 4 shows ABAQUS results at different loading steps compared 
to the proposed scheme outcomes for two given values of the tolerance parameter 'T/. 
Remarks. 

1) ABAQUS needs 3 iterations for going from load step 1 to load step 2, while only 1 
iteration is needed by the proposed approach. This confirms that, when the gradient 
to the yield surface nij is constant, the present method integrates in closed form 
the Ziegler kinematic hardening evolution law Oij, while ABAQUS introduces some 
numerical approximation. 

2) The proposed scheme needs generally 2 iterations, one to reach the outer yield surface 
and one to backtrack on the inner one, 1 only in the special case of uniaxial plastic 
loading, for each loading step. Here the total number of iterations is 12, while 18 are 
required by ABAQUS. 

The second problem consists of the same statically determined structure, subjected to 
biaxial loading. Mises yield function and Ziegler kinematic hardening are used. Reference 
[1] reports an exact solution obtained for the case of a piecewise linear loading history 
subdivided into 37 steps. The goal of this example is that of testing the ability of the 
numerical procedure to integrate correctly the equation of evolution of the origin, eq. (2), 
when the stress point moves considerably on the yield surface. The loading and material 
data are given in Figure 5. 

Figure 5 

Biaxial example problem [1]. Geometry, material and loading data 
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The loading sequence is as follows: load steps 1 to 7 are of uniaxial plastic loading. The 
maximum stress reached at load step 6 is 40.5 ksi. In step 6 to 7 the plate is elastically 
unloaded to a stress level of 40 ksi. In load steps 8 to 37 (or 19 or 81, depending on the 
number of piecewise linear loading steps adopted) the equivalent Mises stress is maintained 
constant at 40 ksi. 

Uy (ksi) 

Figure 6 

Biaxial problem example: evolution of vectors Uij, Qij and nij 

Figure 6 gives the evolution of vectors Ujj, Qjj, njj and (Ujj - Qjj) as computed by the 
present approach with 81 steps and Tf = 0.001. It is easy to check graphically that eq. (29) 
is always complied with. Figure 7 gives the U x - ex plot for the entire loading history, as 
computed by the present method with 'fJ = 0.001 and by ABAQUS, with 37 loading steps, 
as well as the corresponding exact solution. 

<D THEORETICAL 
~ PROPOSED 
~ ABAQUS 

50 (Ix (ksi) 

-50 
Figure 7 

Biaxial problem example: comparison of theoretical, 
proposed method and ABAQUS results 
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Figure 8 

Biaxial problem example: comparison of proposed method and ABAQUS results 
for two different linearizations of the loading path 

<D 1]=0.0001 
~ 1]=0.001 
c3 1]=0.01 

50 ax (ksi) 

-50 

Figure 9 

Biaxial problem example: proposed method results 
for different values of the tolerance parameter Tf 
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Figure 8 presents results obtained with 19 and 81 steps by ABAQUS and the proposed 
method ("I = 0.001). Finally, Figure 9 shows the same plot computed by the present 
method using different values of the error control parameter "I, "I = 0.01,0.001,0.0001, for 
the 81 step case. 
Remarks. 

1) ABAQUS is very sensitive to the loading path discretization, as apparent from Figure 
8. 

2) ABAQUS tends to underestimate the plastic strain e~ in the range of stresses for which 
e~ > 0, and to overestimate it where it is negative (Figures 7 and 8). 

3) Remarks 1 and 2 seem to confirm the "holonomic" (deformation theory) nature of 
the nonlinear loading step as performed by ABAQUS. During the step, in fact, the 
plastic strain increment vector (or, in other words, the gradient to the yield surface) 
is computed at the final stress point [8]. Of course, holonomic behavior tends to the 
rate one when the number of loading increments tends to increase. 

4) The proposed model is almost insensitive to the number of loading steps, because of 
its truly nonholonomic nature (see Figures 7 and 8). 

5) The influence of the tolerance value "I appears to be what a good engineering approach 
to the solution of the problem would indicate. Using "I = 0.01 the maximum computed 
error on the total strain ex during the whole loading history is of about 10% (see Figure 
9). There is no appreciable difference between the solutions obtained with "I = 0.001 
and "I = 0.0001. 

5. Conclusions 

The rate plasticity problem with Ziegler kinematic hardening is presented as a pair of 
constrained minimum problems with reference to the material constitutive law. The pro­
posed integration scheme allows for a maximum prescribed "a priori" error tolerance on 
the violation of the yield condition by the stress path. The two step algorithm (predictor 
and corrector) finds its basis more on the mechanics of the problem than on the area of 
numerical analysis. The two numerical applications suggest the following conclusions: 

1) the accuracy of the numerical solution depends on the "a priori" prescribed error 
tolerance on the violation ofthe yield condition. A 1% allowed local error has produced 
a 10% maximum error on the computation of the strain history. 

2) The integration scheme presents a truly incremental nature. It does not need to subdi­
vide the load in fixed subincrements as the generality of more traditional procedures. 
These last reach convergence to the exact solution only as the number of subincrements 
becomes large. 

3) As far as Ziegler kinematic hardening is concerned, a closed form solution for the 
integration of the evolution law has been implemented in the integration procedure 
during a step with constant gradient to the yield surface. 
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LARGE PLASTIC DEFORMATION OF SHORT TUBES AND RINGS 

A.N. Sherbourne, F. Lu and R.N. Dubey 
Solid Mechanics Division, Univ. of Waterloo 
Waterloo, Ontario, Canada, N2L 301 

Summary 

A thin circular tube laterally compressed between two rigid plates is investigated 
for its 10ad(P)-displacement(~) behaviour. Two approaches i.e. the moving-hinge tech­
nique and continuous modelling, are attempted and the results are compared with exper­
imental data. The analysis points to a way of dealing with large plastic deformation 
problems in general. 

Introduction 

A metal tube is considered a good energy absorber because of its high specific energy, 
stable load-deflection behaviour and favourable stroke efficiency, as documented 
[1,2,3]. Research attention had been focused on its plastic deformation behaviour, 
which is usually associated with impact or high load situations. The essential part of 
assessing the energy absorbing capacity is the prediction of the load-displacement 
behaviour. 

The problem considered is that of a circular tube of radius R and thickness t com­
pressed between two rigid flat plates as shown in Fig.l(a). The nature of the loading 
allows the tube, especially a short tube, to be treated as a ring of unit length. Although 
such problems had been tackled numerically at an earlier time [4], it is generally 
acknowledged that a theoretical investigation, the so-called limit analysis, was first pro­
posed in 1963 by DeRuntz and Hodge [5]. The suggested four-hinge mechanism 
(Fig.l(b», which takes into account only the geometrical stiffening effect, gave rise to 
the foundation-laying yet underestimated load-displacement curve as compared with 
experimental values. The discrepancy was caused primarily by the neglect of strain 
hardening which was later claimed to play a significant role in the shape of the load­
displacement curve [6,7]. Redwood [8] confirmed the experimental data [5] by refer­
ring to the experiments performed by Burton and Craig [8] but challenged the four­
hinge model. Efforts were made to correct this discrepancy by considering , rather 
empirically, an alternative deformation mechanism (Fig.l(c» in which strain hardening 
can be taken into account. Despite the seemingly right choice of the plastic hinge 
length, the curve still fell short of experiment. This problem was later re-examined 
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extensively by Reddy and Reid who proposed the ring crushing plastica theory [7]. By 
applying the idea of the standard elastica theory [9] to the defonnation mode in Fig. 1 (c), 
one is able to replace the side plastic hinges with plastic regions that are strain harden­
ing. 

In all these approaches, the methodology remains the same i.e. a defonnation 
mode is assumed and then the applied force is calculated considering the equilibrium of 
the mechanism. While this so-called inverse method is commonly accepted in dealing 
with large defonnation problems, the valid question here is whether the assumed shape 
is a realistic one. The tube tests of the present authors and others [5,6,8] all confinned 
that the actual defonnation fits neither the four-hinge mechanism nor the pattern pro­
posed in the plastic a theory. 

P 
/. P/2 P/2 P/2 

P P/2 P/2 

(0) (b) (c) 

Figure 1: Tube Crushing Between Two Rigid Plates 

This paper models the actual defonnation of tubes obtained from experimental 
measurements and examines the effectiveness of the energy-balance techniques used. 
In this study, two methods are proposed: i) the moving-hinge technique and ii) continu­
ous modelling. The preference for one approach or the other may be decided based on 
the complexity of defonnation and the computational facility. The methods can be used 
in other similar situations with large deformations. 
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Formulation 

The tube is treated as a flexural beam and it is assumed to be thin so that the effects 
of the axial and shear stresses can be neglected. A detailed explanation of this assump­
tion is provided elsewhere [5] which suggests that the condition t / D < 0.1 can suffi­
ciently maintain accuracy. Although strain-hardening can be incorporated into the anal­
ysis, a rigid-perfectly plastic material is presently assumed. It can be shown that the 
plastic moment per unit length is 

M =a l/4 (1) p , 

and the initial collapse load, Po, from limit analysis is 
P =4M /R (2) 

o p 

where cr, is the yield stress. Po is later used as a normalizing factor for the external 
forceP. 

The governing equation can be established using the energy conservation principle 
i.e. the total work done by the external forces must equal that of the internal forces: r IP.1ldt= f r latldtdV (3) 

o • 0 

where the dot is a time derivative, and 

t = time; 

P = external load (p = P / P.); 

I:l = displacement (0 = I:l/ R); 

cr, E = stress and strain; 

v = volume of the solid. 

P/2 Y 

P/2 P/2 

Y 
P/2 

t B(xB 'YB) 

C(xc,O) 

I.->.'""""' ...... ~~x 

(0) (b) 

Figure 2: Deformation Mode - Continuous Modelling 
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Double symmetry allows us to analyse only a quadrant of the tube (Fig.2(a», with the 
equivalent system shown in Fig.2(b). Since the bending moment is the only internal 
force involved, Eq(3) takes the following form 

(I ~ ~ Idt= (C(IMpKldtdS (4) 
• 

where K and S ( k = R K , S = S /R ) are the curvature and arc length. 

When actual calculations are carried out, Eq(4) may break down to different forms 
depending on the types of deformation modes chosen for modelling. 

Moving-hinge technique 

The concept of a moving hinge was first introduced in the parametric study of the 
indentation problem [10]. A moving hinge is a point of curvature discontinuity rather 
than a plastic hinge at which a plastic moment resides. Moving hinges devide the arc 
into segments of constant curvature, a mechanism that varies with time. 

For computational convenience, the quarter tube is assumed to consist of three cir­
cular arcs of lengths SI ' S2 and S3 with their respective radii RI ' R2 and R3, as shown in 
Fig.3. Two moving hinges HI and H2 are located between the arcs. In general, the three 
radii are different from the original radius R and change with the progress of displace­
ment Ll. Eq(4) can be differentiated, with special consideration of the two discontinu­
ous points HI and H2, to obtain the external load P 

_ Mp . .... 
P - T ( I( KI - K2) Stl + I (K3 - K2) S31 + lSI Kti + IS2 K21 + IS3 K31 ) (5) 

where 
Kl = 1/ R1 , K2 = 1/ R2 , K3 = 1/ R3 

are the curvatures of the arcs and 
~=~~, ~=~~, ~=~~. 

It can be seen that the first two terms of the right-hand side in Eq(5) denote the plastic 
energy dissipated in hinge-travel. 

Continuous modelling 

Differentiating Eq(4) yields 
4M fSc 

P=-.-J!. IKldS 
tJ. s. 

(6) 

The "peanut" form y = f (x ) of the deformed shape can be implicitly represented with 
the kinematically admissible Cassinian curve, valid for the first quadrant, 

[(cx-a)2+iJ[(cx+a)2+iJ=b4 (7) 
where a, b, and c are constants subject to change for any particular deformation stage. 

To fit the Cassinian curve to a measured shape, values of a, b and c are selected so 
that points A, B and C (Fig.2(b» match with the measured ones. The assumption of 
non-existent axial deformation further requires that 
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Figure 3: Defonnation Mode - Moving-hinge Technique 
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A 

(8) 

Experiments 

Seamless aluminium alloy tubes (6061-T6) with 2.5in (63.5mm) outside diameter 
and 0.065in (1.65mm) thickness were used, of which 0.5in (12.7mm) length rings were 
cut out as test specimens. Some rings were heat-treated to improve ductility since pre­
mature cracking was observed during the trial tests. 

The yield strength of the heat-treated tubes is derived from tension tests. Coupon 
test and ring specimens were heat-treated in the same batch at 530°C for half an hour 
and then quenched in cold water. This procedure significantly softens the specimens. 

Ring test 

Six ring tests were perfonned in which three specimen were in the "as received" 
state and the other three in the heat-treated state mentioned above. A wedge-shaped 
loading head was used with a load cell of 10,000 lb (4,540 kg) capacity. As the dis­
placement of the loading head was being monitored throughout the test with a displace­
ment transducer, several interruptions were made to record the defonned circumferen­
tial shape on to chart paper. Thus, the load-deflection relationship and the defonnation 
history can be obtained from the test. For either the as-received or the heat-treated 
tubes, the test results seem to be fairly reproducible as shown in FigA. The computer­
reproduced record of one representative defonnation history is also shown in Fig.5. 
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Figure 4: Experimental Results 

2 

o (MR) 

Tension test 

The longitudinal tension specimens were prepared according to ASTM Standard 
B577. The tests were conducted at a crosshead speed of 4mm/min.. The properties in 
the circumferential direction are assumed to be equal to the longitudinal ones. 

The 0.2% offset yield strength was found to be 117 MPa. Taking into account the 
aging effect, since the ring test were performed six days later, the yield strength is 
adjusted to 135 MPa with reference to the 6061-T4 aluminum. For the as-received 
tubes, the value of 275 MPa is used. 

tion. 

Calculations and Results 

The calculations basically consist of three steps: 
(1) Measurement of the recorded experimental shapes; 
(2) Modelling of the shapes to the measured ones; 
(3) Determination of the forces associated with the known progressive deforma-

All values are non-dimensionalized, with forces by Po and lengths by R. 
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(0) (b) 

!J./R=O.72 (~/R=O'BB) 
(c) (d) 

G~ C !J./R=1.0B ) 
1 em 

(e) 1---1 (f) 

Figure 5: Representative Shape Change 

Results of the Moving-hinge Technique 

A fairly realistic model is possible if RJ and R2 vary with the displacement or more 
segments are arranged for the quarter tube. Nevertheless, for purposes of illustration, it 
seems sufficient to assume the following simplified equations 

R3 ( 1 - 293 / 1t )" 
RJ=R. R =R -= (9) 

2 • R 1-29)1t 

where n and eo are two adjustable constants. In the present analysis, 
n = 1, eo = 1t / 6 for the as-received and n = 5, eo = 21t / 5 for the heat-treated tubes. 
The resulting shapes are shown in Fig.6 for 0 = 0.0, 0.5 1.0 and the final stage where the 
two central points meet. They represent the experimental shapes reasonably well when 
compared to those in Fig.5. 

The two non-dimensionalized p - 0 curves based on Eq(6) are plotted with the test 
results in Fig.7. The curve from limit analysis is also included for comparison. 
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As-received 
Heat-treated 

= O.OOR 
= O.50R 
= 1.00R 

Figure 6: Calculated Shapes From Moving-hinge Technique 

Results of Continuous Modelling 

Continuous modelling generates shapes substantially closer to the actual ones. The 
curve form of Eq(7) automatically satisfies the non-rotation conditions at the boundary 
points A and C(see Fig.2(b», i.e. 

dy =0 at x=O 
dx 

dx =0 at y=O 
dy 

The constants a, band c are chosen so as to satisfy the coordinate values, specifically, 
YA , YB and Xc at A,B and C. The level of approximation can be examined from Table 
I, where the values for the modelled shapes are seen to be very close to the measured 
ones, with an approximate error of 5 %. 

Execution of Eq(6) leads to the p - B curves also given in Fig.7 along with the other 
data. 
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Figure 7: Load-Displacement Relationships 
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Table 1: Modelling of the Deformed Shapes 

Modelled Measured 
--------------------------- -----------------------
5 YA YB Xc 5 YA YB Xc 
--------------------------- -----------------------

As-Received 
--------------------------- -----------------------
0.46 0.77 0.77 1.13 0.46 0.76 0.77 1.19 
0.72 0.62 0.64 1.22 0.72 0.60 0.62 1.25 
0.90 0.51 0.55 1.28 0.90 0.50 0.54 1.34 
1. 00 0.44 0.50 1.31 1. 00 0.43 0.49 1. 37 
1.10 0.39 0.45 1.35 1.10 0.36 0.43 1.39 
--------------------------- -----------------------

Heat-Treated 
--------------------------- -----------------------
0.28 0.86 0.86 1. 05 0.28 0.86 0.86 1. 03 
0.38 0.81 0.81 1.10 0.38 0.80 0.80 1.15 
0.46 0.77 0.77 1.13 0.48 0.75 0.76 1.18 
0.72 0.63 0.64 1.23 0.83 0.56 0.57 1. 30 
0.90 0.54 0.55 1.30 0.88 0.54 0.55 1.30 
1. 00 0.48 0.50 1.33 1. 02 0.46 0.48 1.35 
1.10 0.43 0.45 1.36 1. 09 0.43 0.44 1.37 
1. 20 0.36 0.40 1.39 1.17 0.36 0.40 1. 40 
1.40 0.25 0.30 1.45 1. 37 0.26 0.30 1. 44 
1.50 0.20 0.25 1. 48 1. 47 0.19 0.24 1.46 
1. 70 0.09 0.15 1.53 1. 66 0.11 0.16 1.50 
1. 75 0.07 0.13 1.54 1. 74 0.08 0.13 1.52 

Discussions 

Calculations and Experiments 

All the calculations are valid when the deformation is predominantly plastic. As 
Fig.7 indicates, the load-displacement relationships produced by both methods general­
ly reflect the actual behaviour of the tube despite some deviation. Theoretically, the 
moving-hinge technique and continuous modelling should give very similar results 
since the same energy principle is used. However, in view of the modelling accuracy, 
the continuous approach gives a better representation of the true shapes and, therefore, 
it is more accountable as far as the adequacy of the use of energy principles is con­
cerned. Given accurate modelling and the rigid-perfectly plastic assumption, a comput­
ed load is naturally higher than the actual one, thus creating "stiffened" load­
displacement curves. This phenomenon is not so obvious for the heat-treated tubes 
because of the improved plasticity. 
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Yield Strength Value 

The choice of the yield strength, 0'" and, subsequently, the collapse load, Po, used 
in plotting the experimental curves affects the relative position of the data points as 
opposed to the calculated results. Conventionally, the 0.2% offset stress for aluminum 
is used as the yield strength. However, with the noticeable strain-hardening behaviour 
of aluminum, it might be more justifiable to adopt an average flow stress due to the 
assumption of the rigid-perfectly plastic material. This arbitariness of choosing material 
stress-strain properties was also mentioned by Reid [7] who indicated the vagueness in 
[5]. 

Comparisons with Limit analysis and Plastica Theory 

The limit analysis solution [5] reveals conveniently the qualitative behaviour of a 
crushed tube by the following equation 

p=lr"1-f?/4 
It universally applies to tubes of any material usually associated with a different defor­
mation pattern. This same inadaquacy rests also with the plastica theory, which has 
supposedly been applied to aluminum, copper and steel tubes. This problem cannot be 
resolved unless variations of deformation with material are considered. As has been 
shown in this paper, two different temper states of aluminum tubes display behaviours 
of their own. Consideration of the different deformed shapes in the calculation gener­
ates two distinguishable p - 8 curves which are consistent with the experimental results. 
Nevertheless, limit analysis has the undisputed merit of simplicity. It clearly shows the 
geometrical stiffening effect and the necessity for the load to increase with the deforma­
tion. 

From continuous modelling we can calculate the curvature for any point in the arc 
from A to C (Fig.2(b». The curvature progressions with increasing deformation are 
illustrated in Fig.8. It is interesting to compare this with the deformation pattern pro­
posed in the plastic a theory [7]. Referring to Fig.2(b), the plastica theory assumes that 
the arc AB is horizontal with zero curvature and the curvature increases from B to C 
with the highest value at C. However, as Fig.8 indicates, this is untrue until the later 
stages of the defonnation process. At 0 = 0.46, for example, the highest curvature is 
located around the middle point of the quarter tube (s "" 0.8). This behaviour implies 
that the internal unloading of the tube is not necessarily insignificant. The neglect of 
this internal unloading and the assumption of a monotonically increasing curvature 
apparently weakens the soundness of the plastica theory. 
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Conclusions 

Large defonnation problems are usually difficult mainly due to the geometrical 
complexity and the uncertainty of the changing constitutive relationship. While an 
exact solution is virtually impossible, the inverse method can be used with some prior 
knowledge of the structural behaviour. The analysis presented in this paper is based on 
such philosophy. 

4 -~ 3 - As-received 
0=1.10 

~ 
2 0=0.90 

0=0.4 

0 

-1 
0 2 

s (SIR) 
(a) 

10 

- 0=1. 7 
a: 8 
~ 0=1.40 - Heat-treated 
~ 6 

4 

2 0=0.9 

0 0=0.2 

·2 
0 2 

(b) 
s (SIR) 

Figure 8: Progression of Curvature 
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The moving-hinge technique and continuous modelling both give reasonable 
results. The "stiffer" load-displacement curves using continuous modelling reflect the 
assumption of perfect plasticity as opposed to the reality of elasto-plasticity. This ener­
gy approach can be extended to axial or shear deformations, thus enabling us to solve a 
wider range of problems. 
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MATHEMATICAL EXPRESSIONS OF NON-LINEAR BEHAVIORS IN STRUCTURAL MECHANICS 

Professor Dr.-Ing. Minoru YAMADA 
Fac., Engrg., Kobe Univ., (657) Kobe, Japan 

Dipl.-Ing. Takeshi YAMADA 
(565) Suita, Osaka, Japan 

1. Introduction 

In order to express the non-linear behaviours in structural mechanics by 
the most simple formula not only the ascending but also the descending 
process of resistance, some simple mathematical expressions are proposed 
in this paper for the analysis of common non-linear processes in struc­
tural mechanics. 

2. Non-Linear Behaviours in Structural Mechanics 

Non-linear behaviours are very common processes in structural mechanics. 
Pure elasto-plastic processes are, on the contrary, very rare cases ex­
cept for structural steel. Typical non-linear processes are well known 
such as the stress-strain relationships of brittle materials like con­
crete, as bond resistance process between reinforcement and surrounding 
concrete or as friction resistance process between piles and surrounding 
soils. 

Such processes contain usually the ascending convex processes of resist­
ance with gradually softening through the spreading out of local frac­
ture, and after the arrival of maximum resistance, the descending con­
cave processes of resistance. 

For such well-known non-linear processes have been already presented nu­
merous formulae since many years by many researchers [1]. However, 
only one important fact is that these numerous mathematical formulae are 
not truth of behavoiurs themselves but only the approximate expressions 
of their behaviours. Therefore such formulae must be composed object 
oriented for analysis. 

In this paper the authors propose a very simple mathematical expression 
for the object oriented approximate expression of such non-linear behav­
iours in structural mechanics, as the expressions of stress-strain rela­
tionships of concrete, bond resistances-slipping process between rein­
forcement and surrounding concrete, or friction resistance-settlement[2] 
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processes between piles and surrounding soils etc. 

3. Mathematical Expression 

In order to express the common normalized non-linear process with convex 
ascending and concave ascending resistance by only one formula, the fol­
lowing formula is introduced: 

ao + al£l + a2d 
0'1 

bo + bl£l + b2d 

where 

a F normalized-stresses,-resistances 0'1 --= -F-a max max 

£ 0 normalized-stla.i.ns,-displacements £1 
£(0'=0' ) O(F=F ) 

max max 

ao, aI, a2, bo, bl, b2, constants. 

Then 

(al+2a2£1)(bo+bl£1+b2£~) - (ao+al£1+a2£t)(bl+2b2£1) 

(bo+bl£l +b2d) 2 

At the initial point, 

£1 = 0, 0'1 = 0, therefore ao ° from 

dall al Eo 
dEl £1=0 

-= bo 

At the maximum resistance point, 

£1 = 1, 0'1 = 1, therefore 0'1 1 

o 

In the case a2= 0, 

(1) 

etc. , 

etc. 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 
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from Eq. (5) 

al = 2bo+bl 

(2bo+bl)El 

bO+b 1El+bOd 

E = ~ = 2bo+b1 
o bo bo 

If bo = 1, 

EO 

(2+bd El 

1+b1E1+d 

2+bI 

Now three cases of bI(= 0,1,2) are indicated as follows: 

(a) bl = 0, 

--~ °1 
l+d 

Eo = 2 

(b) b 1 = 1, 

EO 
l+q+d 
3 

(c) bl = 2, 

EO 

These three fundamental cases are illustrated in Fig.l. 

0,50 

o o 1,00 2,00 3,00 4,00 
Fig.l fundamental 01 - E1 relationships 
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(8) 

(9-a) 

(9-b) 

(IO-a) 

(IO-b) 

(ll-a) 

(ll-b) 

(l2-a) 

(12-b) 

(13-a) 

(13-b) 

E1 
5,00 
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4. Application and Discussions 

4-1 Application of Proposed Expressions 

According to the behaviours of objective processes like the expression of 
stress-strain relationships of plain concrete, it may be possible to se­
lect the nearest ascending- and descending approximate processes with the 
same maximum resistance and deformation at the maximum resistance and the 
nearest initial tangent modulus Eo. For example, the stress-strain re­
lationship of plain concrete with ordinary strength may be expressed by 
Eq.(ll) and the effects of hoops upon the stress-strain relationships of 
confined concrete may be expressed mainly by the increase of the values 
of maximum resistance 0 and strains at maximum resistance s as a 
f . fl' f max . a 1 h h f h 0=0max b unctIon 0 lOOp reIn orcement ratIo. n y t e c ange 0 s ape may e 
expressed by the constants of a and b. The skin-friction-settlement­
characteristics of cast-in-place reinforced concrete large bored piles 
for several elemental stratum (clay, sand, gravel) [2] by Eq. (12) or the 
bond stress-slipping displacement processes between reinforcement and 
surrounding concrete are expressed by these formulae. 

4-2 Discussion and Comparison with Already Presented Another Expressions 

Numurous formulae for the expression of such processes were already pro­
posed and presented by many researchers. 

(a) Sargin [3] had developped his research on the stress-strain relation­
ship of concrete under the guidance of Professor Cohn and Dr. Handa as a 
dissertation at the University of Waterloo, Canada, and presented the 
following excellent expression in p.36 of [3]: 

(J 

a + aIX + aIIX2 

where a = 0, aI = A, all = D-l, alII 
had proposed in p.133, 

o = k3f' 
c 1 + (A-2)X + DX2 

AX + (D-l)X 2 

(14-a) 

A-2 and aIV D, and finally he 

(14-b) 

with the discussion of the effect of parameter D for the descending part. 
This expression coinsides with the general form of Eq.(l). 

(b) Desayi and Krishnan [4],[1] had proposed their expression; 

Es ----
I + (..£) 2 

So 

f = (15) 

This expression coins ides with the Eq. (11). As the discussion to this 
expression [4], Saenz [5] had proposed the following formula; 

(16) 
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Tulin and Gerstle [5] had also proposed the following formula; 

f = __ E....;O!......E--,,-

( £ib a + -I 
EO' 

Both expressions are also corresponding to Eq. (12) and Eq. (11) too. 

(c) Muto and Umemura [6] had proposed an exponential function, 

- aE 1 -bEl 
01 = K (e - e ) 

where K, a and b are constants. 
By this expression the following conditions must be satisfied; 

dOl _ K ( -aEl b -bEl) -- - -ae + e 
dq 

At the maximum resistance point, 

£1 = 1, 01 = 1, ~~lll = 0 
1 q=l 

1 = K (e-a _ e-b), 

therefore, 

and 

1 K = ------,-­
-a -b 

e - e 

K + 0, 

then, 

a -b (-ae- + be ) = 0, 

-a -b ae = be , a b 
or a = b 

e e 
At the initial point, 

El = 0, 0 1 O dOli 
, dEli q =0 

K (-a + b) 

EO 

1 
-_a---c_b,- (-a + b) = 
e - e 

b ae 
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(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

By this exponential function Eq. (18), it may be possible to describe the 
non-linear behaviours with ascending- and descending processes too, how­
ever it may be fairly difficult to determine the constants, K, a and b. 

This exponential expression is illustrated in Fig.2. The calculated re­
sult shows almost equal to the result of Eq. (12) in Fig.l. 
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0,50 

o o 1,00 2,00 3,00 4,00 
Fig.2 exponential 01 - £1 relationship 

5. Concluding Remarks 

Eq. (18) 

q 
5,00 

For the non-linear processes with ascending and descending resistance in 
structural mechanics, like the stress-strain relationships of concrete, 
the skin friction-setting relationships of friction piles, or the bond 
stress-slipping relationships of reinforcements, some simple mathematical 
expressions Eqs.(11),(12),(13) are presented as normalized form and dis­
cussed their characteristics, and then compared with already presented 
numerous expressions. Any such expressions - even if the expression so 
highly complex or by higher order functions - describe never natural fact 
themselves but only approximation. Therefore object oriented simple ex­
pressions may be chosen for analysis. 
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THE DEGREE OF RESTRAINT-a useful concept for practical stability 
analysis. (Columns, frames, bars on elastic foundations, shells.) 

Joseph Appeltauer, Technical University Hamburg-Harburg. 
Thomas Barta, University College London. 

o. Introduction 

As young researchers the authors found the concept of the "degree of restraint" a useful tool for 
stability analysis; they remember with great pleasure the friendly discussions they had at that time 
with M.Z. Cohn. It gives them special pleasure to collaborate again (after a very long interruption) 
for this special occasion to reconsider and expand the use of this concept. 

The degree of restraint permits the simple consideration of realistic boundary conditions for a 
variety of structures. Some examples for columns, frames, bars on elastic foundation and shells are 
presented briefly here. 

1. Notes on the "degree of restraint" 

Elastic restraint can be best defined through the "degree of restraint" [1] 

1 
6=1+8 (hinged) 0::; 6 ::; 1 (fixed) 

or the "complementary degree of restraint" [8], [11], recently used in design-codes. 

• 1 {j 6= -6=--
1+8 

(fixed) 0::; € ::; 1 (hinged). 

In these definitions, 8 is a normalized rotation: 

(hinged) 0::; 8 ::; 00 (fixed) 

with if> the support-rotation under a unit-moment and k the bar stiffness: 

(Ll) 

(1.2) 

(1.3) 

(1.4) 

It is obvious that 6 and E., bounded between 0 and 1, are more suitable measures of partial 
restraint than 8 or 1/8 which are sometimes used. 

The number n can be chosen conveniently to relate to concepts from structural analysis. Usual 
values are n = 3; where 63 is double the carry-over factor [1] and n = 4, where E.4 is the distribution 
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factor [8], [l1J. (The subscripts denote the number n. Parameters (j and e4 have been used recently 
in design codes [3J.) 

In the case of partial base restraint the rotation of the foundation is: 

<P= _1_ 
qlf 

(1.5) 

where q is the modulus of the subgrade reaction and If is the second moment of area of the foundation 
slab. 

2. Columns 

The critical load of an elastically restrained column can be written: 

(2.1) 

where 

(2.2) 

is the critical (Euler) load of the standard (double-hinged) column and f3 and p are the effective 
length-factor and the Euler-load factor respectively. For the case of translational restraint 0 ::; f3 ::; 1 
and 1 ::; p::; 4. 

Values of f3 and p calculated numerically from the stability equation can be used to establish 
though convenient collocation practical formulae of sufficient simplicity and accuracy. We give as 
an example two such formulae (max. error ~ 1%): 

for n = 3 

(2.3a) 

or 

(2.3b) 

for n = 4: 

(2.4a) 

or 

(2.4b) 

(the subscripts refer to the ends of the bar 1-2). 
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3. Frames 

3.1 Portal frame 

Writing the equilibrium condition for one half of a symmetric portal frame the critical value of 
the symmetric loading with column forces P is obtained as: 

p _ 7r2 Ec1c 2 + e(4 + ,') 
cl - l~ 4(2 + ,') - 2e' 

(3.1) 

where 

(3.2) 

The subscripts c and b are associated with the geometric properties of the column and beam 
respectively. The number n in (1.3) has been taken n = 3. 

Then, the effective length factor is [1], [2] 

(3= 
4(2 + ,') - 2e 
2+e(4+,1)' 

giving good approximation in the whole interval of e, for " :s 10. 

3.2 Portal frame with crane loads (one-step columns) 

tz Fa 

IC2 Ib Ic 
2 

2 

~ e' 4 

lc 

lc ICI IC4 

o 

Figure 3.1 Portal frame with crane loads 

(3.3) 

Puwein's energy-method was generalized for portal frames with asymmetric crane loads [1], [9], 
to obtain the critical force 

(3.4) 

where 
(3.5) 

and 

(3.6) 
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The additional symbols in (3.6) are: 

(3.7) 

, P{ 
p = PI' (3.8 - 3.9) 

f-· - 6Ec1c1 f·· ( 1 2) ,- "i= , , 
I~ 

(3.10) 

p, being a shape-factor for the column deformation line. 

The reduced deflections Ii can be easily calculated with the two-step deformation method [9]. 
In the first step we assume a beam of infinite stiffness (fig. 3.2a). In the second step, the frame is 
loaded with (fig. 3.2b) 

H = 2(1 - p) +/~(1 + p')p (3.11) 

1-p ~pl 
--... "t-----.;;~.~ 

o -

~p) 

Figure 3.2 Calculation of reduced deflections 

The coefficients /0, /1, /2 and /~ can be determined with the force method, where the correspond­
ing values for rigid foundations are read in terms of >. and 

(3.12) 

from tables in reference-books. This way explicit formulae can be derived. 

Similar formulae can be derived also for the shape-factor p" depending on the position of the 
column inflection point [9]. If 

where 
1 1->.2(1-n) 

~ = "2 -1---(-1---n'-)->'-+-'£ll.""-63-e" 

There the coefficients 60 result from the known relations (l.3), (1.4). 

"-_8_1_ 
'Y - °3E I ' c c 

(3.13) 

(3.14) 

(3.15) 

(3.16) 
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with the reduced degree of restraint t: 

e being now 

1-6 
t=--, 

6 

1 
6---.",.-.--

- 1 + 3 Ee 1e2 .1!... 
Ie 60 
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(3.17) 

(3.18) 

For the reduced deflections h, relatively simple formulae are written [IJ, [9J. Finally, the effective 
length factors are 

(3.19) 

(3.20) 

3.3 Some thoughts on the effective lengths of frame-columns 

The concept of equilibrium bifurcation leads to the following correlation between two effective 
length factors of the frame: 

Ni Ejlj 
N j Ei1i' 

(3.21) 

where N symbolizes the axial column force. This corelation shows the contradictory character of 
the effective length of a frame column. The shorter the column, respectively the smaller the axial 
force, the larger the effective length! To avoid this contradiction, active and passive columns can be 
distinguished. Since the whole transverse stiffness of a sides way frame vanishes at the bifurcation 
point, the active columns must attain negative transverse stiffness, while the passive columns retain 
their positive stiffness. Rationally, only active columns will be affected by effective column-length. 
To separate active and passive columns, their bifurcational axial force has to be compared with the 
critical force of the isolated column. The latter can be modelled by a two-hinged bar for a frame 
with transversally fixed points, respectively by a swaying damped bar for a sidesway frame. 

4. Bars on elastic foundation 

The differential equation describing the buckling of an axially loaded bar on elastic (Winkler) 
foundation, with the foundation modulus kF, is well known 

(4.1) 

4.1 The standard case 

For the standard case (bar with hinged supports) a closed solution has been obtained by Engesser 
(1892), which can be put in the form: 

2 0 1 N; 
N=m N E +--2 - 0 . 

4m NE 
(4.2) 
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This is an interaction equation between the critical loads of two simpler, extreme, cases, i.e. 

and 

the Euler (1778) Load: NO _ 11"2 E I 
E- 12 

the Engesser limit-load: NE = 2VkFEI 

for an infinitely long bar on elastic foundation. 

The integers m are the half-wave numbers defining the different buckling-modes. 

(2.2) 

(4.3) 

The equation can be rewritten in a (non-dimensional) normalized form, by dividing with Nl 

(4.4) 

with the "reduced Euler load" or "Euler-load factor" 

(4.5) 

and the "strength stiffness ratio": 

(4.6) 

Evaluation of the parabolae defined by equation (4.4) for successive values of m leads to a set of 
festoon-curves. The points of interaction of the festoon curves lie on the line: 

(4.7) 

The envelope of the festoon-curves, is the common tangent to the parabolae (the Engesser line) 

(4.8) 

Fbr practical purposes it is sufficient to consider for "short" bars the festoon curve m = I, and for 
long "long bars" (m > 1) the envelope. The point of transition (or tangency) defines the domains 
of applicability. 

Using the subscripts 8, L, T for "short", "long" and "transition", we can summarize: 

Where 

for 0 :5 .,po :5 .,p~, 
.,po ~.,p~. 

(4.9) 

(4.10) 

(4.11) 
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4.2 Partial restraint 

Closed solutions for other boundary conditions are not available, but an inspection of plots for 
other boundary conditions (0 :5 g :5 1) suggests a simple, practical closed solution. 

We assume, that Oust as in the standard case) a parabola (short bar), and its tangent with a 45° 
slope (long bar) represent the two equations. For this purpose we shall use again the generalized 
Euler-load: 

N - INO-pNO E - 7fI E - E' (2.1) 

In addition we use the "interaction-factor" 6: [not to be confounded with the rotation (1.3)] 

6 ~ 0.21 + 0.47 f32 + 0,32/1 (4.12) 

This empirical formula has been obtained through collocation with results from the numerical 
solution of the exact equation. (These numerical results have been obtained in 1983/4 by Mr J. 
Dodia-at that time a postgraduate student at UCL.) 

Equations (4.9-4.11) can now be generalized to: 

(4.13) 

and 
(4.14) 

with: 
th = 2p6, (4.15) 

and 
(4.16) 

Figure 4.1 B.E.F.-Classical plot 



www.manaraa.com

452 

The line connecting the points of intersection of the festoon curves is: 

(4.17) 

Figure 4.1 illustrates this approach. Note that for the standard case (hinged ends) p = 15 = 1. 

The lines (4.14) and (4.17) are parllel to the Engesser-line (4.18); the distance between them 
in the point of transition being pI5. The fact that they converge at infinity to the Engesser line 
does not justify the suggestion by an early author (since then copied by others) to use (4.17) as an 
approximation to (4.14). 

A more useful, alternative formulation is obtained by normalizing with respect to the Engesser­
load, Le. using 

and the generalized variable: 

- N 
Ne =­

Ne 
(4.18) 

(4.19) 

This means simply to substitute the effective length for the real length, as in other stability 
problems. 

We have now: 

- 1 1 
Nes=":;j;+ 415"" o 5. "" 5. 'I/JT Nes 5. Nt!/' (4.20) 

and 

- 1- 15 
NeL=I+ T "" 5. 'I/JT Nes ~ NeT (4.21) 

with: 
'I/JT = 215 (4.22) 

and: 
- 1 

NeT = 215(1 + 15). (4.23) 

The asymptote of (4.21) is the Engesser-line: 

(4.24) 

Figure 4.2 illustrates these relationships. 
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Figure 4.2 B.E.F.-Modern plot 

5. Circular cylindrical shell under axial compression 

5.1 Fundamentals 

The differential equation for this problem can be written in symbolic form: 

D[Lo(w)](2) + :2 Willi + N[LN (w)] = O. (5.1) 

N is the stress-resultant in the longitudinal direction; the shell. 

The shell-geometry is described by length, radius, and thickness, l, R, t, and the fiexual stiffness 

Et3 

D = 12(1 _ u2 ) (5.2) 

and the extensional stiffness 
A=Et. 

The derivatives in the longitudinal and circumferential direction are: 

:x = ()' and :y = oRo</; = ( )'. 

(5.3) 

The simplest "accurate" equation is due to Morley. It has been shown [4] that even simpler, more 
manageable equations for "short" and "long" shells can be obtained through directional separation. 
The operators for these theories are: 

General theory: 

(5Aa) 

(5Ab) 
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Short cylinders 

Long cylinders 

Lo == LN = ()"" 

Lo = [( ) .. + ~2] ( ) .. 
LN = [( ) .. - ~2] ( ) .. " 

5.2 The standard case (hinged supports) 

The deflection can be taken as: 
ny . 7I"X 

W = Wo cos Ii sm T 

where n denotes the number of the half-waves in the circumferential direction. 

The equations reduce to: 

and 

with 

The two limiting Euler-loads are: 

( 71")2 A 
Ns = T D+ R2 

io = n2 (n2 -1) 

iN = n2(n2 + 1) 

( 71")2 71"2 Ee 
N~s = T D = 12(1 _ v2) l2 plate strip 

( 71")2 AR2 71"2 EtR2 
N~L = T -2- = 2 -l2- tubular column 

(5.5) 

(5.6a) 

(5.6b) 

(5.7) 

(5.8) 

(5.9) 

(5. lOa) 

(5.lOb) 

(5.11a) 

(5.11b) 

The minimum load for the short cylinder, identical with the maximum load of the long cylinder, 
is the "classical" load, (Lorenz 1911) 

N = 2VDA = 1 Et 
C Rl J3(1- v2) R2' 

(5.11e) 

The equations (5.8) and (5.9) can be rewritten: 

Ns 2 No (5.12) 

(5.13) 



www.manaraa.com

455 

(The analogy with the bar or elastic foundation, although present from the initial stage of the 
derivation, is very obvious in this form.) 

The normalized variables are easily defined 

and 

with 

2 21(l2) 'YS = (1 - V). tR 

- N 
N=­

Nc 

2 2 1 (l2t) 
'YL = (1 - V)2 R3 

(5.14) 

(5.15a) 

(5.15b) 

(5.15b) 

(5.15d) 

As usual in column [5] analysis, we have introduced the "generalized slenderness-ratios" >.. The 
parameters {) appear (without a special notation) in Fliigge's [8] reproduction of Kromm's (1942) 
plot. 

Our parameters are easily related to the Kromm-Fliigge-parameters: 

N= ~P2 (5.16a, b, c) 

The normalized equations are now: 

0::; t/Js ::; 2 (5.17) 

(5.18) 

The short cylinder equation, which can be also obtained from the less general, but very popular, 
Donnell equations, is well known and directly comparable to the BEF-equation (4.9). 

The long cylinder needs some further investigation, as we have to determine for practical purposes 
the envelope of the festoon curves. These are well defined through equation (5.19) and it can be 
easily shown that festoon curves with consecutive wave-numbers n intersect at 

- ..fi -
>"L = for Nc = 1 

n(n ± 1) 

The minima of the festoons occur at 

2 
t/JL=-10 

- 10 
as Nmin = IN 
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The curve connecting the minima can be obtained by eliminating n from the last two equations: 

- 1 

N
min

= (1 + 4.\Lf -v'2.\L[1-V1+¥]" 

A practical approximation of the envelope of the festoon curve can be obtained by neglecting the 
second term in the denominator; so: 

(5.19) 

lis envelope intersects the curve for n = 1 (tubular column) 

(5.20) 

We can now summarize our results, and modify and supplement the Kromm-Fliigge plot (Figure 
5.1). We recall that the three extreme cases, i.e. the two Euler-load and the "classical" Lorenz-load 
appear in a log-log diagram as straight lines. The equations for the three domains are now: 

- 1 .\} o ~.\s ~ v'2 Ns ~ 1 (5.21) Ns=~+~ ,x} 4 

- 1 o ~.\L ~ Vi i ~ NL ::; 1 (5.22a) NL ,::= 2 

(1+4.\L) 

- 1 
,xL ~ Vi - 1 (5.22b) Ncol=~ NL ::; "4 

2,xL 

5.3 Partial restraint 

Generalizing these equations for other boundary conditions is now very simple, using the results 
obtained for the bar on elastic foundations. We understand that in the definitions (5.15-5.16), I 
means the effective length. We have: 

(5.22c) 

(5.23a) 

(5.23b) 
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The limiting values >'T and NT can be taken from the solution for the BEF: 

the limiting values>. + and R+ can easily be calculated: 

>.+ = v'2 
(2JN;. - 1) 

- 1 
N+ = 2A+2 . 

5.4 Some notes on imperfection 
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(4.22) (5.24c) 

(4.23) (5.25a) 

(5.25b) 

(5.25c) 

"Imperfections" can be defined as the differences between the physical and mathematical models 
used [5]. We have now several possibilities of including various imperfections. 

Imperfections in the boundary conditions are best expressed throught he degree of restraint 
£, and consequently through the effective-length factor (3 and the new interaction factor O. The 
imperfection of the two Euler-loads N ES and NEL are usually well known, other effects, e.g. local 
buckling, generalized geometrical imperfections, etc., appear at the transition point, i.e. the region 
of highest imperfection-sensitivity, affect the classical (Lorenz) load Nc , and NT; and can be made 
to include boundary effects. These points will be discussed in a more general context elsewhere. 
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The procedures of Artificial Intelligence are examined in relation to the 
problem of the choice of structural type,material and the establisllment of 
basic dimensions in bridge structures 
Tile way by which the knowledge £Iase was built and the shell wllk17 was 
used are brief~v described 
The potential of these methods in the improvement of the structural design 
process is discussed 

Introduction 

Expert systems have been widely used in many fields of science to better 
organize and use the available knowledge in specific fields.As this 
knowledge increase rapidlY,the problem arises of a correct and efficient use 
of a great amount of data in the solution of a specific problem. 
In particular the kind of knowledge which can be called "pragmatic" that is 
the practical rules which permit to make good use of the extablished facts 
is particularly suited to be introduced in expert systems,while it is seldom 
found in textbooks,being this kind of knowledge to some extent subjective 
and difficult to express in a traditional way. 
The pragmatic knowledge is normally acquired by the expert by personal 
experience and by contact with other experts.This "practical" experience is 
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by its own nature limited by the environment in which the expert has been 
act ing in the past.One of the basic advantages of the use of an expert system 
is the possibility to use a data base which is the result of a much wider 
experience made by many experts in many circumstances. 
Thus there is nothing misterious and esoteric about the procedures of 
"Artificial intelligence" as such an ambitious definition could suggest:we 
are dealing simply with a more efficient procedure to organize the available 
knowledge in a specific field so that to solve a particular problem only the 
relevant facts are retrieved and used.Within this organization those parts of 
human reasoning which can be formalized,are mechanized. 
We may notice that the formalization of thought was the main purpose of 
logical philosophy since Aristotle and was cultivated among other in more 
recen times by Leibniz and Boole[ 15]. 
These formalization procedures can in the present time be automatized using 
computers. 
One may wonder whether the "heuristic" methods of artificial intelligence 
might be of use in structural design,which,at first sight,seems to be based 
mainly on structural analysis,which is decribed by algorithms and not by 
heuri st i c procedures. 
However the basiC choices of structural design are heuristiC in nature, while 
structural analysis is only a verification tool. 
In this paper the nature of the structural analysis process is analyzed first 
to individuate the steps wflere heuristic methods can be used to advantage. 
An expert system which is now being implemented,concerning the design of 
bridge structures,is briefly described,specifying the inference techniques 
used and,in general terms,the way by which the necessary database is being 
built 
At last basic considerations are made on the potential of these methods in 
structural design. 

The Structural design process 

Structural design is a complicated process which involves both heuristic 
chOices and verifications based on algorithms(structural analysis) which are 
used in an iterative way.The two processes interact in the sense that if the 
dimensions chosen heuristically are basically correct,few or no iterations 
of structural analysis are needed. They also interact in the sense that to 
perform the choice of a structural type,structural analyses of alternative 
types might be necessary.These interactions between algorithms of 
(simplified) structural analysis and heuristic procedures are maybe the main 
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characteristic to consider in structural design,and the main difficulty to 
overcome in the preparation of expert systems devoted to this field. 
The structural design process involves some basic steps which can be 
briefly summarized as follows: 

1) Choice of structural materials 
2) Choice of structural types 
3) Choice of loads and loading conditions 
4) Preliminary choice of basic cross section dimensions 
5) Structural analysis 
6)Cross section ver1f1cations. 
1)Modification of structural dimensions and repetition of the 
design steps from 4 to 6 if verifications are unsatisfactory. 

Usually the steps 1,2 and 4 of the process,which are crucial to the success 
of design,are performed according to the so called designer's 
"experience";this experience is by its own nature to some extent subjective 
and based on qualitative and often "fuzzy" decisions. 
In other words this is a classical example of logical process which can be 
described by the methods of artificial intelligence. 
To clarify how Artificial intelligence can be used in this field it seems 
useful to recall some basic concepts concerning expert systems and to 
specify in some detail which are the input data necessary to reach the 
specified objectives. 

Rule based Expert systems 

As known expert systems are programs whose structure can be 
schematically represented as in the upper left part of Fig. 1. 
In these programs the necessary knowledge is expressed in terms of 
axiomatic facts and rules which are determined by suitably organizing the 
knowledge of human experts and introduced in the data bases(fact base and 
rule base) through an interface called the knowledge acquiSition system.The 
organization of knowledge requires an accurate classification of the items 
the expert system will deal with. 
In the fact base also the facts concerning the specific problem under 
consideration are stored. 
These facts,often obtained in an interactive "question and answer" way are 
collected using an user's interface. 
Facts and rules are processed by an "inference engine" which performs all 
the heuristic logical operations leading to the required answers. 
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An explanation facility is also necessary to give a detailed description of 
the path followed in reaching the decisions. 
It is Interesting to compare Expert Systems with algorithmic programs such 
as those used in structural analysis to clarify the basic differences between 
these procedures. 
In an algorithmic program(using,as an example, the Fortran language) we may 
identify the following characteristics: 
-A sharp separation exists between problem data and program 
instructions,which means that there is separation between 
knowledge(whlch is built in in the instructions)and its use. 
Every modification in the structure of the data flle requires modifications In 
the program. 
-Instructions usual1y express quantitative relationships among 
numeric variables. 
-To understand the knowledge contained in the instructions we 
must examine the instruction file as a whole. 
-The performance of the program depends on how the knowledge is 
programmed.To increase this efficiency it Is necessary to modify the 
instruction file. 
It is not usually possible to -backtrack- the path followed by the 
program to reach the solution unless "debugging" program are used which 
slow down the execution enormously. 
On the other hand Expert Systems have the following characteristics: 
-there is no sharp distinction between data and instructions which 
are coded according to the same rules. 
-The instructions,which consist in the application of rules, are normally(but 
not necessarlly) of Qualitative kind. 
-The knowledge is a collection of facts and rules, self sufficient pieces of 
information which can be understood independently from the context In 
which they are included. 
As a cosequence the knowledge included in the program has a greater 
trasparency. 
-The preformance of the program can be increased by the addition 
of new facts and rules,without reprogramming. 
-To Justify the given solutions the path followed by the program can 
be easily shown. 
The basic difference between the two procedure are self eVident;as a 
consequence different programming languages are needed.ln the case of 
Expert Systems the PROLOG or LISP languages are often used. 
In this case the LISP language was used. 
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Expert system have been often very succesful when applied to very specific 
specialized and limited fields of knowledge. 
In fig. 1 the possible application fields are also summarized. 
Structural design is the field this paper deals with. 
A very specific design problem will be examined:structural design of bridge 
structures. 
The choice of bridges,among the many structural types which could have 
been considered,was dictated,besides the specific interest and knowledge of 
the authors, by some characteristics which seem to make this type of 
structure particularly suited to be designed using AI methods. 
These characteristics are: 
-Bridges are important structures and therefore design decisions have 
important economical consequences. 
-Interaction with non structural problems are relatively small because they 
influence(hydraul ic and traffic problems) the basic input data and not the 
design process. 
-bridges are constructions where the structure cost constitutes nearly the 
totality of the total cost. 
-Bridges are topologically simple structures and can be classified in a 
limited number of types. 
A similar situation exists in the case of tall buildings ,another fields where 
some effort has been made to implement expert systems [6][ 14] 
To faci litate the building of expert systems,expert system "shells" are often 
used,which permit to avoid most of the programming work leaving the user 
to concentrate on the collection of the fact and rule base[I]. 
In this case no available shell was suited adequately to handle the problem. 
Therefore a new shell was prepared by suitably modifying the shells 
described in ref[2] and [3]. 

Aim of an expert system in structural design 
Input data and obtained results 

With reference to the general problem of structural analysis and,more in 
detail,to the one of bridge design it is important to clarify first which are 
the basic objetlves to obtain and the specific input data to be inserted In the 
program. 
The process is represented schematically in the flow-chart in the lower part 
of fig. 1. 
The objectives are the following: 
- Advisable building material and structural type 
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the process must specify in some detail the structural scheme which fits in 
the best way the boundary conditions of the problem 
-Type and basic dimensions of critIcal cross sections 
According to the available data taken from an adequate number of projects 
,trial dimensions and type of section must be selected in the most rational 
way. 
-Advisable method of analysis 
The process should specify the degree of accuracy required in the modelling 
of the problem(type of analysis,linear or nonlinear,possible simplification in 
structural sCheme,type of mesh and finite element for two dimensional 
structures) 
-Advisable method of construction 
According to the general characteristics of the project and environmental 
conditions the most suitable construction method should be individuated. 
To obtain these results the needed input data concerning the specific 
problem under consideration must be given. 
In the case of bridges these data should be as follows: 
-Topological data derived from the orography of soil. 
To sImplify the problem five dlfferent types of geometries according to 
topology have been individuated as indicated in fig.2 and 9 
-Additional input data describing the remaining boundary 
conditions 
As already said this kind of informations can be given to the program using 
an interactive "human like" procedure in which a consistent set of Questions 
permits to orient the research in a proper way. 

The collection of data concerning brldges;def1n1tlon of rules 

The building of the knowledge base is of course the most important part in 
the preparation of an expert system. 
The knowledge base is organized in a way suitable to be processed by an 
inference engine and is composed of facts expressed in the form: 
A is B 
and of elementary rules of the type 
If A is B then C Is 0 
These facts and rules can be built in an orderly and consistent way only if 
the matter to be treated is suitably organized and classified. 
Some examples of classification and organization of relevant data 
concerning bridges are given in figg.2,3 and 4. 
In fig.2 the general structural schemes considered by the expert system 
"Exbridge" which is now being implemented are represented. 
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In the figure is also possible to see which structural scheme are considered 
consistent with a given topology. 
Fig.2 of course give only an overall view of the classification which is 
needed and permit to establish only very general rules.To each structural 
type which is represented on the scheme,a set of subtypes corresponds(ex:to 
the structural type "arch bridge "a subset of types corresponds describing 
all the types of arch bridges which can be encountered in practice). 
Therefore the structural types represented in fig.2 represent only a"first 
level" classification. 
If the objects to be treated are classified at different levels it becomes 
possible and it is extremely useful to introduce an hierarchical organization 
of facts and rules in the sense that facts and rules which apply to a superior 
level object automatically apply to all the objects in the lower levels.ln this 
way it is possible to reduce drastically the number of rules and clarify the 
knowledge base. 
In fig.3 the range of economical spans corresponding to structural types of 
the first level using a bar chart. 
In figA the ranges of spans corresponding to different construction methods 
are given in the same way. 
To determine the dimensions of the critical sections an inductive procedure 
can be used to determine the necessary rules in this methods the dimensions 
can be extrapolated from the data relative to existing bridges.These 
dimensions are plotted in function of the spans of the works to which they 
belong. 
As an example in Fig.S the height to span ratio in the main span is 
extrapolated from data extracted by examination of a considerable number 
of eXisting prestressed concrete bridges.These data are plotted in function 
of span.lf the girder has variable height the maximum and minimum height to 
span ratiOS are represented by the terminal pOints of a vertical 
segment.From the data reported on the diagram(segments for variable height 
girders and pOints for constant height girders)it is also possible to derive 
the fields of constant and variable section bridges. 
In fig.6 the following parameter is plotted versus span 

p/L 

where is: p prestreSSing steel ratiO in midspan section 
L girder span. 
By extrapolating these kind of data it is possible to extract 
(quantitative)rules which permit the "a priori" definition of crucial 
dimensions,thus permitting a quick approximate evaluation of costs and 



www.manaraa.com

466 

reducing the number of structural analyses needed to the final definition and 
verification of the design. 
Let us notice that this inductive procedure has nothing to do with 
optimization procedures ,which are algorithms permitting to establish 
dimensions minimising a given objective function(cost or weighnln this 
case dimension are chosen in analogy to existing structures,and therefore 
assuming a classic conservative attitude which is very frequent in 
structural design,being obviously the safest. 
Let us point out again that one of the advantages of expert systems is the 
fact that it is possible to exploit the collective "experience" derived from a 
great amount of data which could not be derived from personal experience 
only. 

Basic characteristics of the experimental expert system 
-EXBRIOGE-

An experimental expert system was prepared(EXBRIDGE),by suitably 
modifying an existing shel1[2] and preparing a preliminary set of general 
rules which apply to "first level"structural types In the sense that was 
previously specified. 
The "inferential engine" operates according the classic mechanisms of 
inference: 
-Forward chaining 
-Backward chaining 
As known in forward chaining premises of available rules are compared to 
known facts and,when a premise is coincident with a fact the conclusion of 
this premise is added to the fact base or,if this conclusion is coincident 
with an hypotesis,this hypotesis is considered verified.The process is 
continued until it is possible to add new facts or verify given hypoteses. 
In backward chaining hypoteses are compared with the conclusion of rules 
.If a given hypotesis is cOincident with a conclusion the premise of this 
conclusion,if not contained in the fact base and if it is coincident with the 
conclusion of a rule, is assumed as a new hypotesis.The process is repeated 
until new hypoteses can be ident1fied or until every hypotesis is verified. 
In forward chaining the process advances from premises to 
conclusions,while the OPPOSite happens In the case of backward chaining. 
On fig.8 the flow charts of the two inference mechanism are described.The 
main LISP instructions used in the process are also reported. 
it is interesting to note that the two procedures are complementary:in 
forward chaining the inference mechanism is driven by the available facts 
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and therefore this approach must be preferred when,from facts,all the 
possible conclusions need be derived. 
In backward chaining the inference mechanism is guided by the 
hypoteses,that is by the objective;as a consequence the method is to be 
preferred when it is only important to verify some "a priori" formulated 
hypoteses. 
In the design process the forward chaining process is the main inference 
mechanism to be used,while backward chaining is only useful in particular 
cases when the probable answers to the problem are known and need only be 
verified and fully justified. 
As already said the LISP language was used throughout for its 
characteristics which make it particularly suited for this kind of work and 
which can be summarized as the considerable capabi1ity to manipulate 
symbo11c structures. 
In fact the LISP programmer is driven to think in terms of symbols which 
are continuously transformed by predefined functions(system functions) or 
by functions which are defined by the user.ln other words it is not essential 
to distinguish betweeen data and program,having both the same syntax. 

Graphical presentation of results and input data 
Connection to hypermedia and CAD programs 

While the she 11 of the Expert System Exbridge was being prepared, it become 
apparent that it is essential for this kind of application ,to avoid lengthy and 
non univocal descriptions,the use of graphics to represent results and,if 
possible,also input data.lt also became apparent that it would be extremely 
useful to associate the expert system with a graphic data base containing 
examples of executed projects in a way that it would be possible to recall 
only those examples which are conSistent with the boundary conditions 
established for the design under consideration.To reach these goals it 
becomes necessary to operate in a graphic environment as flexible as 
possible.Two possible solutions were investigated and therefore two 
different version of EXBRIDGE were prepared to find advantages and 
drawback of both approaches. 
In the first approach an "Hypermedia" approach was adoped and the 
"Hypercard" program was used. 
In Hypercard data are organized in "sheets" on which every kind of 
information(alphanumeric or graphic) can be stored in whatever format one 
may 
wish(see fig.9).A programming language is built in the system which permits 
to shift from one sheet to the other according to given instructions.lt 
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becomes in this way possible to navigate inside a "stack" of sheets 
according to choices made by pushing "buttons" in the sheet under 
consideration and to programming instructions stored in the system. 
It is therefore possible to build an expert system inside hypercard using its 
programming language. 
The inference mechanism has however a different structure,from what has 
been previously described and must be organized in the form of a "binary 
decision tree" in the way which is represented in the upper part of fig.7.ln 
this approach facts,instructions and inference mechanism do not belong to 
separated parts of the program but are built in in the structure of the tree. 
In the lower part of fig.7 the tree structure adopted for EXBRIDGE 1s 
represented. 
The first basic choice concerns the structural geometry(see also fig.9),the 
second the range of span in which the bridge under consideration must be 
classifiedJrom each of the possible choices a binary decision tree departs 
which permits to perform the inference mechanism and reach the solution to 
the problem which can be expressed in the form of a simplified drawing of 
the structure. At this point a data base containing examples can be called and 
the examples which are more similar to the drawing previously obtained can 
be visualized so that the preliminary design can be performed with all the 
relevant data at hand. 
This approach is simple and can exploit the enormous flexibility of graphic 
representation which hypermedia such as hypercard permit. 
There are however drawbacks which are the consequence of the limited 
capabilities of the hypercard programming language(at least at the current 
stage). 
--The binary tree approach permits only a "forward .. process,while 
backward chaining is difficult to program. 
-It is difficult to backtrack the process and give explanations of the 
obtained results(which are essential for the acceptance of the Expert 
System. 
The inference mechanism is not separated from the rule base and therefore 
modifications to the latter require reprogramming of the tree. 
These drawback wi 11 probably be overcome in the future. At present stage 
this approach remains an Interesting solution with limited practical 
applications.lt could be used as a mean to speed up the consultation of a 
large data base containing example projects. 
A more sophisticated approach,using the inference engine in its complete 
form as previously described, is represented on Fig. 10 
Using this methods the results obtained from the expert system are given 
appropriate alphanumeric codes which permits to recall, in a graphic 
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environment such as Autocad the graphic representations of these 
results.Within Autocad databases of relevant examples could be examined 
and also the basic scheme can be modified using the powerful interactive 
instructions available,and transformed into the preliminary(and,in 
case,finaDdesign of the structure.This approach Is simplified by the happy 
coicidence that both Exbridge and Autocad are programmed in LISP and 
therefore "speak",so to say, the same language.An integrated system of 
structural design is in this way obtained. 

Potential of the method in structural design 

One may wonder whether the use of these procedures could lead to better 
projects or simply give results that a reasonably experienced designer could 
reach In any way. 
Of course no expert system can be better than the amount of experience built 
in the system. 
If the classification is not articulated enough and few rules are stored,the 
answers are likely to be fairly obvious and easily predictable. 
However with the increase of the amount of information,it becomes more 
and more difficult for the human brain to handle efficiently such 
information.The inference mechanism on the other hand keeps Its efficiency 
unchanged and beyond a given limit it must necessarily perform better. 
Therefore,provlded that the amount(and quality,of course) of information is 
adequate Expert Systems will necessarily suggest the best solutions on the 
basis of the accumulated experience. 

Conclusions 

The basic conclusions which can be drawn from the above discussion are the 
following: 
-Expert system can be profitably used In design work,especially If the field 
to be investigated is limited. 
-Expert systems are therefore useful in assisting the eng'ineer In the first 
phases of bridge structural design 
-The knowledge regarding bridge design can be collected with reasonable 
ease from both personal experience and data extracted from examination of 
existing works,suitably collected and organized. 
-The possibility of examining a great amount of data increase the 
probability of making the best decislons,while the designer not using AI 
tends to adopt a given solution on the basis of a limited experience. 
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Fig.5-Evaluation of critical section height(p.c. beam bridges) 
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Fig.6-Evaluation of reinforcing ratio(p.c. beam bridges) 

(Midspan section-prestressing steel) 
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Fig. 7 -Decision tree in hypercard approach to ES EXbridge 
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RELIABILITY OF FLEXIBLY-CONNECTED STEEL FRAMES IN SWAY 

DAN M. FRANGOPOL and KURT H. GERSTLE 
Department of Civil, Environmental and Architectural Engineering 
University of Colorado at Boulder 
Boulder, CO 80309-0428 
U.S.A 

ABSTRACT. An investigation of the influence of connection stiffness on the reliability of 
flexibly-connected steel frames in sway is carried out. The emphasis is on consideration of connection 
behavior and variability. Currently available reliability methods neglect these effects. First-order, 
second-moment probabilistic theozy is used in computing the frame reliability index. The results of 
analysis for a typical portal structure demonstrate that the inclusion of connection stiffness in 
linearly-elastic steel frame reliability analysis is conceptually and computationally simple. It is 
demonstrated that the frame reliability may be strongly affected by connection stiffness. The effects 
of beam-to-column stiffness ratio and beam-to-connection stiffness ratio on frame reliability are also 
investigated. 

1. Introduction 

In unbraced, field-bolted steel frames, special attention should be paid to the prevention of 
undue sway under lateral loads. This subject has been studied in a number of papers [1,2,3]. 

In Ref. 3, Galambos and Ellingwood have concluded on the basis of probabilistic analysis 
of flexibly-connected floor beams under gravity loads that the influence of connection stiffness 
variability is minor. Consequently, the effects of the variabilities of connection flexibility were 
ignored in their analysis of frame sway. Whereas in floor beams under gravity load the 
flexible connections are at a point of low moment (in fact, the structure would be stable with 
pinned connections), in pin-based frames under lateral load the beam-column connections are 
at a point of maximum moment, and connection stiffness is necessary for frame stability. 
Therefore, connection behavior and variability is bound to be more important in frames in 
sway than in beams. It might therefore be useful to quantify the effects of connection 
flexibility on the reliability of steel frames in sway. This is the purpose of this paper. 

Accordingly, we include the effects of connection flexibility on the sway of unbraced 
frames in order to assess its importance for the prediction of sway, the degree of precision 
required by the designer for its specification, and to determine the degree of quality control 
necessary in fabrication for assured structural performance. 

To do this, we present in the next section the analytical bases for our analysis, including 
definition of terms used in deterministic and probabilistic methods. Following this, we 
analyze a simple structure under wind load for likelihood of satisfying sway criteria and use 
the results to arrive at the conclusions of the last section. 

481 
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2. Analytical Approach 

2.1 STRUCTURE 

We consider the single-bay, single-story, pin-based, flexibly-connected frame of Fig. 1(a) under 
lateral load H. The beam-column connections are of linear rotational stiffness M / 9 = k , in 

which the applied connection moment M and the resulting connection rotation (Le., angular 

distortion) e are defined in Fig. 1(b). The linearization of connection behavior can capture the 

structure behavior under service loads with reasonable accuracy [4]. The sway;;'" is calculated 

as 

in which the structure flexibility F is 

IE [ I YJ F = --- 2+-+6-
12EIe a a 

with the beam-to-column stiffness ratio 

Ka EI a Le a = - = _.-
K, La EIe 

and the beam-to-connection stiffness ratio 

EI a 
Y = -. 

kLa 

(1) 
H·F, 

(2) 

(3) 

(4) 

In Eq. 2, the first two terms represent the contribution of the elastic members to sway, and 
the last term is due to the elastic connection rotation; in this last term, the value of the 
beam-to-connection stiffness ratio y , according to Ref. 4, which is based on a survey of actual 
unbraced bolted frames, might range from .05 to .50. 

2.2 LOADS 

The statistical parameters of the wind load H given in Table 1 are specified in Ref. 3 for one­
and eight-year reference periods. 

Table 1. - Wind Load Statistics (from Ref. 3) 

Period Mean Wind Load H 
(Years) = - Coefficient of Variation V H Nominal Wind Load Hn 

1 .33 .60 

8 .55 .50 
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Figure 1. (a) Example frame with flexible connections; and (b) Angular distortion of a 
beam-to-column connection due to applied moment. 
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2.3 UNCERTAINTIES IN STRUCTURE FLEXIBILTIY 

2.3.1 Connection properties. Little information is available on scatter of connection behavior. 
Ref. 5 contains results of a series of tests of bolted beam-to-column web angle connections 
carried out in order to determine the statistical variation of their resistance to rotation under 
applied moment. (It should be noted that these connections would ordinarily be considered 
"simple" or "shear" connections.) Connections of three different mean stiffnesses were tested 
in the program of Ref. 5. The mean stiffness values and coefficients of variation are shown 
in Table 2. 

We note that the stiffer connections have less scatter. On this basis we might assume 
that connections designed to resist moment, as would be the case for unbraced frames, would 
have lower coefficients of variation (i.e., C.O.V.) V k than those shown in Table 2. In our 

calculations, we assumed a range of V k between 0.10 and 0.30. 

Table 2. - Connection Behavior Statistics (from Ref. 5) 

Series Mean Stiffness -
K Coefficient of Variation V K 

(kip - inlrad.) 

1 37,000 .234 

2 67,000 .189 

3 107,000 .142 

2.3.2 Geometric and material properties. Of the parameters of Eq. 2, the frame dimensions 
L Band Lemay well be considered deterministic. The drift limit t. a imposed to control the 

displacement under wind load is also assumed deterministic, usually Cl a = Lc/300. The 

modulus of elasticity E and the moments of inertia lB' I c are considered as random variables 

with coefficients of variation V E = 0.06 and V I B = V Ie = V I = 0.05. respectively. 

Consequently, the beam and column stiffnesses, K Band K c • are also random variables with 

coefficients of variation V K = V K = (V ~ + V 1) 0.5 = 0.08. 
• c 

2.3.3 Total uncertainty in structure flexibility. Based on the above assumptions and 
considering independence among all random variables contributing to the total uncertainty in 

structure flexibility, the coefficient of variation of the structure flexibility is obtained as 

[ 4 V L + (J( elK B) 2 V ~. + ( 6 K elK) 2 V ~ rs 

2+KcIK8+6KcIK 

(5) 

where K. K 8 and K c are the mean values of the connection stiffness, beam stiffness, and 

column stiffness, respectively. 
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2.4 RELIABILlTY ANALYSIS 

The reliability analysis format used to develop the LRFD criteria for steel structures [6] is 
used herein. The probability of unserviceability of a flexibly-connected steel frame in sway 
(see Fig. 1) is equal to 

(6) 

in which pun. = probability of unserviceability, ~a = allowable sway, ~ computed 

sway under wind load (see Eq. 1), P(·) = probability of occurrence of the event (-), and 

M = ~ a - ~ = safety margin. Incomplete information on the density distributions of the 

random variables H , K, K Band K e restricts us to dealing with mean values and coefficients 

of variation only. On this basis, in place of calculating P un. the reliability index 13 is calculated 

as follows: 

13 = Ml<r(M) (~a - ~)/If{~) (7) 

where M = mean value of M , If (M) = standard deviation of M ,~= mean value of ~, 

and cr (~) = standard deviation of ~. Using Eq. 1, the reliability index of a 
flexibly-connected steel frame in sway may be written as 

13 = (~a-H·F)/cr(H·F) = [(~a/HF)-l]/VHF (8) 

where If (H F) = If (~) , H F = ~, and VHF = If (H F) / H F = V I!. = coefficient of 

variation of the sway ~. With additional assumptions, the reliability index 13 may be related 

to the level of risk of unserviceability P J : 

13 = cp-l(l-P uns ) (9) 

where cp ( .) = the standard normal probability distribution function. The determination of 

the reliability index 13 in the following example is made by using first-order, second-moment 
probabilistic theory implemented in the computer program for probabilistic analysis PROBAN 
[7]. 

3. Reliability of a Field-Bolted Frame in Sway 

Figure 2 depicts a pin-based, field-bolted portal frame with dimensions L B = 300 in. and 

Le = 240 in. designed according to LRFD strength requirements for gravity and lateral (i.e., 

wind) loads. Assuming rigid connections (i.e., K = co) and F y = 36 ksi, the design resulted 
in a W18 x 35 beam and a WIO x 49 column. Based on the value of the joint moment 
computed during preliminary design and using the relationship between strength and 
stiffness, as inferred from available experimental results [8] for several connection types, 
including end plates-bolts within beam flange lines, allows estimation of connection stiffness 
k = 4.5· 10 5 kip-in/rad. The frame under study is characterized by a beam-to-column 
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Figure 2. Pin-based, field-bolted portal frame. 
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Figure 3. Frame reliability index versus mean connection stiffness. Effects of return 
period and C.O.V. of connection stiffness. 
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stiffness ratio (see Eq. 3) a = K BI K c = 1.5, a beam-to-connection stiffness ratio (see Eq. 

4) Y = K BI K = 0.11, and a structure flexibility (see Eq. 2) F = 0.453 inJkip. The 

nominal wind load satisfying the serviceability requirement (Le., fla = Lcl300 = 0.8 in) is 

determined from Eq. 1 as follows: H N = flal F = 1.77 kips. According to Table 1, the 

mean wind loads are H = 0.58 kips and Ii = 0.97 kips for a reference period of one and 
eight years, respectively. 

The independent random variables considered in the evaluation of the reliability of the 
flexibly-connected steel frame in sway are as follows: (a) wind load H • with the above means 

and the coefficients of variation V H = 0.60 and V H = 0.50 for one- and eight-year 

reference periods, respectively; (b) beam moment of inertia I B' with I B = 51 a in 4 and 

V I B = 0.05; (c) column moment of inertia I c' with I c = 272 in 4 and V I C = 0.05; (d) 

modulus of elasticity E • with Ii = 29.000 ksi and V E = 0.06. The reliability index of the 
frame in Figure 2 with respect to sway is shown in Table 3 for two different reference periods 
and two different coefficients of variation of the connection stiffness. 

Table 3. - Reliability Index of the Frame in Figure 2 

Period 
(Years) Coefficient of Variation of Connection Stiffness, V K 

0.10 0.30 

1 3.327 3.284 

8 1.633 1.620 

The sensitivity of the reliability index of the frame to changes in the mean connection 
stiffness K for the two reference periods and the two coefficients of variation V K in Table 3, 
is shown in Figure 3. It is interesting to note that the reliability index (a) is larger for a 
period of reference of one rather than eight years, (b) is increasing with the mean connection 
stiffness, (c) is relatively insensitive to the coefficient of variation (C.O.V.) of connection 
stiffness, and (d) is more sensitive to low values of the mean connection stiffness (say, 
K ~ 3· 10 5 kip-in/rad). 

For one- and eight-year reference periods Figures 4(a) and 4(b) show, respectively, the 
effects of the mean beam-to-mean column stiffness ratio, a = K slK c (see Eq. 3), and the 

coefficient of variation of the connection stiffness, V K' on the relationship between the 

reliability index of the frame, f3 • and the mean connection stiffness, K. These figures indicate 
that the above effects are not significant. The relationships between the reliability index of 
the frame in Figure 2 and the mean beam-to-mean connection stiffness ratio, V = K slK (see 

Eq. 4) for different values of both a and V K' are presented in Figures 5(a) and 5(b) for one­

and eight-year reference periods, respectively. It is interesting to note that the reliability of 
the flexibly-connected frame in sway depends highly on the mean beam-to-mean connection 
stiffness ratio, especially in the low range of reliability (say, ~ ~ 2.0 and ~ ~ 1.0 for one- and 
eight-year reference periods, respectively). 
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Figure 4. Frame reliability index versus mean connection stiffness. Effects of mean 
beam-to-mean column stiffness ratio and C.O.V. of connection stiffness: (a) one-year 
return period; (b) eight-year return period. 
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Figure 5. Frame reliability index versus mean beam-to-mean connection stiffness ratio. 
Effects of mean beam-to-mean column stiffness ratio and C.O.V. of connection stiffness: 
(a) one-year return period; and (b) eight-year return period. 
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The information presented in Figures 3 to 5 enables the designer to (a) evaluate the 
importance of connection stiffness in the design of flexibly-connected steel frames in sway, (b) 
assess the effect of the degree of precision required for the specification of connection stiffness 
on the frame reliability, (c) evaluate the importance of both the beam-to-column stiffness ratio 
and the beam-to-connection stiffness ratio in the design of flexibly-connected steel frames, and 
(d) determine the effect of the degree of quality control in fabrication of beam-to-column 
connections on the frame reliability. 

4. Conclusions 

An investigation of the influence of connection stiffness on the reliability of unbraced, 
flexibly-connected steel frames in sway is carried out. The emphasis is on consideration of 
connection behavior and variability. Currently available reliability methods neglect these 
effects. Results of a simple unbraced, field-bolted, pin-based steel frame show that: 

1. Inclusion of connection stiffness in linearly-elastic steel frame reliability analysis with 
respect to sway is conceptually and computationally simple. 

2. Reliability of flexibly-connected steel frames in sway may be strongly affected by 
connection stiffness. 

3. Neglect of connection stiffness may lead to serious underestimation of frame reliability 
with respect to sway. 

4. The ratio of beam-to-connection stiffness offers a useful criterion for assessing the effect 
of connection flexibility on frame reliability. Also, the ratio of beam-to-column stiffness 
may be important in frame reliability analysis with respect to sway. 

5. Steel designers can use sensitivity analyses of the type presented in this paper to 
identify the important parameters in the reliability of flexibly-connected steel frames in 
sway. This will help them to assess the degree of quality control necessary in steel 
connection fabrication for assured structural performance. 
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SAFElY LEVEL SELECTION USING SOCIAL INDICATORS 
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ABSTRACT 

Safety factors govern the design of all structures and are the parameter settings 
of structural design codes. The risk of failure and the comprehensive cost of 
structures should be moderate. Safety factors should be selected such that the 
structures give optimal service to the user, owner and society in general. A 
measure of this service is the contribution to social progress - the extent to which 
society serves the members - reflected in suitable social indicators. Such indicators 
are measurable, aggregated statistical quantities that permit public decisions to 
be based on fact rather than belief. Examples are: Gross national product, life 
expectancy at birth, adult literacy, and the number of physicians and nurses per 
capita. A change in safety factors affects the productivity of the building sector 
and the safety of the product, and may thus affect GNP, life expectancy and other 
social indicators. 

The paper identifies and describes some compound social indicators that 
reflect aspects of the "public interest" that have a bearing on safety. It shows how 
structural safety factors can be derived for maximum progress of these indicators. 
Maximizing the expected total net benefit (the classical utilitarian objective), 
expressed in terms of a well-chosen measure, can serve as the goal of regulation 
of the hazards of technology in the public interest. Structural safety becomes an 
integral part of the quest for long life in good health. The paper studies four 
different approaches to the assessment of the net benefit of a project or a 
proposed regulation, such as introducing a new set of safety factors in a code: (1) 
the GDP limit, (2) the life time efficiency, (3) the HDI criterion, and (4) the LPI 
criterion, derived from first principles in this paper. The application is illustrated 
by examples relating to structural practice. 
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1. INTRODUCTION 

Advanced structural design has progressed markedly during the last 30 years. 
Before, the main effort was expended in manual solution of problems involving 
equilibrium and compatibility, whether elastic or plastic. Now the solution of such 
problems is simpler, and the engineer's attention has moved to the more 
important questions of optimality in the use of material or of arrangement 
(design). 

While structural reliability analysis has changed from an arcane and abstract 
theory into an active engineering discipline, the idealized notion (or myth) of 
absolute structural safety has been recognized as false and is being replaced by 
the goal of meeting a target reliability. Codified design has evolved from a 
primitive application of pooled judgment encoding past experience to a collective 
real-time process of purposeful trials, followed by adaptation if error occurs. 

So, structures can be analyzed routinely for given loads; the reliability of a 
given structure can be calculated if the distributions of the basic random variables 
are given; and the design of a structure can be optimized for a given target 
reliability. But one question remains: What should the target reliability be? 

Expenditures on health and safety in the western world are close to one eighth 
of the GDP. We could certainly spend more - and perhaps we should - but, if we 
do, we must forego other benefits. Public funds allocated to safety are currently 
distributed among many useful options: health care, fire protection, product safety, 
food inspection and so on. The allocation is presumably done according to what 
government judges best in the public interest. Unfortunately, if there is not a clear 
quantitative measure of the public interest, there is a tendency to allocate the 
funds to those undertakings that have the greatest sensational or emotional 
appeal, to the neglect of many factors that significantly shorten people's lives. 

Effective government thus requires valid quantitative measures of the state of 
the nation, called social indices. The use of such indices is now widespread, but 
only recently has there been some success in producing aggregate measures of the 
public good. Two cnadidates, the "(Human) Development Index" (HDI) and the 
''Life Product Index" (LPI) are described in Sections 3.3 and 3.4. To the extent that 
these reflect the public good, they should be maximized, subject to the principle 
of equal marginal returns on a measure of the resources used. 

One way to judge an undertaking - a project, prospect, regulation, scheme or 
policy - is to see if its implementation is likely to advance or reduce the index. 
Public undertakings should, in the words of the famous U. S. Flood Control Act 
(1936), maximize "the net benefits to whomsoever they may accrue". The net 
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benefit is here identified with the chosen social index. A private undertaking 
would only need to demonstrate that it is unlikely to reduce the index. Section 4 
gives some illustrations of practical application of these criteria. Conversely any 
undertaking, public or private, that is likely to decrease an index of the public 
interest, should be viewed with suspicion and be required to present adequate 
reasons why it nevertheless ought to be approved. 

In Western culture it is taboo to "put a price on human life". Still, any life­
saving measure adopted, and any dangerous activity that is rejected, places an 
implicit lower bound on the ''value of a life". Conversely, any time a life-saving 
measure is rejected or a life-threatening activity is adopted, an upper bound is 
placed on the "value of a life". In matters of safety the issue is therefore not 
whether a price may be placed on human life, but whether lifesaving funds are 
allocated wisely, i.e. to save most lives. 

The principle of equal marginal returns, or more generally the Kuhn-Tucker 
conditions, govern in all economic activity. When an overall allocation has been 
budgeted to life-saving, then this principle suffices to establish how much should 
be allocated to any individual factor, such as structural safety. However, the 
principle is unable to say how much should be bugdeted overall to safety. This is 
where social indicators are powerful; any social indicator of the public interest 
implicitly defines the optimal overall allocation to safety. 

Many structures serve in such a way that failure would not cause loss of life or 
injury; for such structures it is permissible to choose the safety margins by 
economic considerations. Conversely, there are many structures whose failure pose 
significant risk to life; for these, also the life loss and injury should be drawn into 
account, and as accurately as possible. Often the safety margins should be wider 
for such structures, and the engineer is morally obliged to ascertain by how much. 
Examples are: Concert halls, theatres, sport spectator facilities, dams or aircraft 
structures. This problem is addressed in the following. 

2. SOCIAL INDICATORS AS TIME SERIES 

Social indicators are statistics that represent significant information about the 
quality of life and can be accumulated into time series. Appropriate social 
indicators are necessary if public decisions are to be based on fact rather than 
belief. Examples of social indicators are: Gross national product, life expectancy 
at birth, adult literacy, and the number of physicians and nurses per capita. 

Social indicators are functions of time. Whether in the planning of policy or 
projects, it is necessary to forecast and compare social indicators for a group of 
people at different times. Social indices differ in the way this can be done. Strictly 
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economic indices, for example the GDP, must be compared at different times 
using compound interest. Other indices may be compared at various times without 
conversion, for example literacy. The conversion factors for a compound index 
must be derived from the conversion factors of its components. 

3. SOME SOCIAL INDICATORS 

3.1 THE GNP LIMIT 

An upper limit on the amount that a society can spend on life saving and safety 
was established by Schwing (1988), who wrote: "Suppose ... we should spend as 
much to prevent a death in one category as any other. Suppose we also had the 
whole gross national product to prevent death in the United States .... [then,] if you 
can ignore the fact that we also value education, our homes, ... each life could claim 
nearly $2 million." This upper limit on the total cost of preventing deaths, per life 
"saved" is called the GNP Limit. Corresponding there is a lower limit on life 
saving efficiency of about 1 life per $ 2 million. These values apply to the USA, 
and are expressed in 1988 U.S. Dollars. The values for other developed nations 
are quite similar. 

Lives cannot really be saved. Deaths can be postponed - not indefinitely, and 
only statistically, but if mortality is reduced then life is "saved" so to speak. If the 
crude mortality is reduced by 1/100,000 in a population of 100,000 then 1 
statistical life is extended by one year. Another way to express the GNP limit is 
by time rate; the GDP per person is an upper limit on the amount a society can 
afford to spend to extend a statistical life by one year. For the USA in 1987 the 
GDP limit was $17,615 per life-year. For Canada in the same year it was $16,375, 
expressed in terms of purchasing power parity in the same units. 

Purchasing-power correction is important if an index is used to compare two 
different nations' performance; it can be neglected if an index is used to compare 
two alternatives in the same nation within a short time span. For long term 
comparisons, some purchasing-power correction is desirable. This is done by 
taking inflation into account; when the rate of inflation is small in comparison 
with unity, the forecast rate of inflation is simply subtracted from the forecast rate 
of interest. 

3.2. LIFE TIME EFFICIENCY 

Life itself is the ultimate, limiting resource. The life time efficiency was 
proposed (Lind 1989) to compare the total amount of life saved by some 
undertaking with the amount of time consumed in work on its implementation 
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(including the time consumed to produce the materials used, and so on). This life 
time efficiency is a crude measure that cannot reflect all the complex aspects of 
a managed risk, but it is a revealing, dimensionless indicator of efficiency useful 
for many proposed applications. Time alive is used as the numeraire, comparable 
for rich and poor people, in rich and poor countries, independent of race and 
culture. 

Funds are scarce because they are produced by human labour, directly or 
indirectly. If the average person through labour converts one hour of life into $ 
m, then $ m represents a sizeable proportion q of the value placed on an hour 
spent at work. The remainder, 1 - q, is "work satisfaction", an elusive privilege 
available to only few people in too small measure. Leisure time has the same 
value as work, because if it were worth less, it would be better to "moonlight" -
and if it were worth more, why work so much? By this reasoning one dollar is 
exchanged for 11m of q hours of life, making it worth q/m hours. One hour is 
then worth $ m/q. This argument was presented with more rigor by Lind 
(1989). 

Calculations based on $ m = $ 25 and q = 80% gives $ ml q = $ 25 and yield a 
life time efficiency of 1.00 if the expenditure equals $2.1 million per life saved 
(Lind 1991). This life-time efficiency limit is in agreement with Schwing's GNP 
limit. 

Some safety schemes involve large expenditures to save a life. They would 
seem to place a high value on human life but, paradoxically, the opposite is the 
case. If a high monetary "value" is put on life in a costly scheme that yield little 
return in terms of hours saved per hour spent, then the value placed on life by the 
scheme is actually small. Such a scheme puts little value on life, namely on the life 
time that is consumed in its implementation but could have been applied to more 
efficient safety schemes (Lind 1989). 

3.3. THE HUMAN DEVELOPMENT INDEX 

The United Nations Development Programme has produced an index of 
national development, called the (Human) Development Index (HDI), used to 
rank the nations of the world (UNDP 1990). The HDI is intended to reflect the 
view that development enlarges people's choices. As a compromise between a 
comprehensive account of such opportunities of choice and a summary indicator, 
the HDI is composed of just three basic indicators reflecting longevity, knowledge, 
and purchasing power. Life expectancy at birth, e, quantifies longevity. Literacy 
is quantified in terms of estimated adult literacy, a. Command over resources 
needed for a decent living is expressed in Purchasing Power Parity of Real GDP 
per capita, adjusted to account for national differences in exchange rates, tariffs 
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and tradeable goods; the common (base 10) logarithm of this quantity is denoted 
by g. 

The three basic indicators a, e and g are compounded into the HDI in a simple 
way. First, the range of a, e and g for all nations is calculated, and the relative 
position of the country in each range is scored. The HDI of the country is the 
average of these three scores. For example, e ranges from 41.8 to 78.4 years for 
the 130 nations of the UNDP study (UNDP 1990), while the adult literacy a 
ranges from 12.3 % to 99 % and g ranges from 2.34 to 4.25. Thus, Kenya with 
e=59.4 years, a=60 % and g=2.90 has the HDI given by 

HDIKenya = 

[1] 1 [59.4 - 41.8 + 60 - 12.3. + 2.90 - 2.34 ] 
3 78.4 - 41.8 99 - 12.3 4.25 - 2.34 

(0.481 + 0.550 + 0.293)/3 = 0.441. 

Table 1 lists the HDI and basic indicators for a few nations (UNDP 1990). The 
discrepancy with the entry for Kenya in Table 1 is probably due to numerical 
inaccuracy. The HDI is a number between zero and unity. 

The HDI is a powerful idea. Not only can it set a goal for the long range 
planning to develop a nation, but it also can serve as a means of international 
influence. If the HDI is accepted as an indicator of a nation's desirable 
development, then its authors will greatly have influenced the life prospects of 
future generations everywhere. 

The HDI is not a flawless indicator of the interest of a nation. A critical 
evaluation has been presented by Lind (1991). However when, as in the following, 
the HDI is used for comparisons within one nation over moderate time intervals, 
and when the adult literacy does not enter the picture, the HDI gives a useable 
first approximation to a measure of the "public interest". 

Tolerable levels of risk and, in particular, optimal safety factors "on level 4" 
via structural reliability theory, follow from the wayan index is compounded from 
the basic indices. The compounding function implies a relative valuation between 
the component basic indices. This, in turn places a relative valuation on the basic 
indices and on any undertaking that influences these variables. 

A differential relationship arising from the HDI is derived as follows to yield an 
HDI criterion of net benefit. Let h = h(e,g,a) denote the human development 
index, expressed as a differentiable function h(.,.,.) of the life expectancy e, the 
gross domestic product g, and the adult literacy rate a. Small increments in the 
indices (denoted by prefix d) are related by 
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[2] 

in which partial derivatives are denoted by subscript. This gives three indifference 
relations stating that, as far as the HDI is concerned, an increased life expectancy 
by one unit (a year) is equivalent to h,,/he units of increased GDP, or to ha/he 
units (per cent) increase in literacy and so on. 

Table 1 Human Development Index 1990 and 
Life Product Index 1987 

LE AL GDPP HDI LPI 
(1) (2) (3) (4) (5) (6) 

Australia 76 99* 11.8 0.978 0.94 
Denmark 76 99* 15.1 0.971 0.97 
Canada 77 99* 16.4 0.983 1.00* 
USA 76 96 17.6* 0.961 1.00* 
Romania 71 96 3.0 0.863 0.70 
France 76 99* 14.0 0.974 0.96 
Italy 76 97 10.7 0.966 0.92 
Kenya 59 60 0.8 0.481 0.46 
Japan 78* 99* 13.1 0.996*0.98 
USSR 70 99* 6.0 0.920 0.77 
Portugal 74 85 5.6 0.899 0.80 
Israel 76 95 9.2 0.957 0.90 
SierraLeone 42* 30 0.5 0.150 0.31 
Niger 45 14 0.5 0.116*0.33 
Somalia 46 12* 1.0 0.200 0.38 
Switzerland 77 99 15.4 0.986 0.99 
Sweden 77 99 13.8 0.987 0.97 
Zaire 53 62 0.2* 0.294 0.33 

Sources: Cols.(I)-(5):UNDP (1990); Co1.(6):This Study 
Notes: 
LE = 1987 Life expectancy at birth, yr. 
AL = 1985 Adult Literacy, % 
GDPP = 1987 Real GDP per person, PPP$ 
HDI = 1990 Human Development Index, UNDP Calculations 
LPI = Life Product Index, based on cols. (2) and (4) 
* = 130 nation extreme high or low. 
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Suppose that a nation seeks to increase its HDI, and that the cost of unit 
increases of life expectancy, GDP and literacy over one year are known. Then, 
given a time horizon and an interest rate, it is a fairly simple optimization 
problem to find the best allocations as functions of time subject to the constraint 
of available funds. 

If the HDI is used to set priorities for expenditure, there is an implied value 
of human life that can easily be calculated in each case. Lind, Nathwani and 
Siddall (1991) in this way calculated the break-even value, called the HDI Limit 
of $ 4.2 million per life saved. Any public or private undertaking that consumes 
more, or yields less, than this value detracts from human development in the sense 
of reducing the HDI. Further, they used an empirical relation, due to Schwing 
(1979), between the impact of hazards on crude mortality and on life expectancy, 
to establish a condition that the project contributes positively to the HDI in the 
form 

[3] db/b - dM/M* > 0 

in which b is the GDP, M is the mortality, and M* = 0.0042 deaths/person/a is a 
constant reflected in the HDI formula. Section 4 illustrates how inequality [3] may 
be used. 

3.4. THE LIFE PRODUcr INDICATOR 

The life product indicator (LPI) is derived from two simple aggregated 
indicators that are widely available and accurate. The LPI aims to represent a 
quality-adjusted life expectancy. It is a function bqe of (1) GDP, the real gross 
domestic product per person per year, denoted by b, and (2) LE, the life 
expectancy at birth, denoted bye. The parameter q is a reflection of the value 
placed on a reduction of mortality in terms of economic expenditure; its value is 
reflected in the time budget of a nation. 

Like the HDI, the life product may serve as a measure of benefit to the public. 
Consider the real gross domestic product per person, b, as a measure of the 
average share of the production of wealth available to persons to spend on 
whatever they find will add most to the enjoyment of life. The life expectancy of 
those persons at birth, e, or rather some function h( e), is then an appropriate 
factor to apply to b to account for the duration of that enjoyment. Conversely, the 
enjoyment of life may be considered as having two dimensions, duration and 
intensity. If the duration is measured bye, then a function f(b) can serve as 
weighting factor to express the enjoyment an average person can expect from a 
life spent in that society. A product of the form 
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[4] P = f(b) h(e) 

thus is a possible compound social indicator. The factor f(b) represents the 
intensity and the factor h( e) the duration of the enjoyment of the average life. 

A project or a policy will have an expected infinitesimal impact dP on P. 
Differentiation and some algebra give 

[5] dP/P =(bfb/f) db/b + (ehe/h) dele, 

in which partial derivatives are shown by subscript. The ratio of the two 
coefficients in parentheses in [5] may be interpreted as the economic equivalent 
of a small relative increase in life expectancy, or as the life equivalent of a unit 
of relative increase of b, depending on which of the two is taken as the 
denominator. If this ratio is to be a constant - which is a sensible constraint to 
impose on the compound indicator P - each factor in parentheses in [5] must be 
constant: 

[6] bfb/f = const.; ehe/h = const. 

The solution of [6] yields P = bq eP, in which p and q are constants. Without loss 
of generality p may be taken as unity, giving 

[7] 

and correspondingly 

[8] dP/P = q db/b + de/e. 

Equation [8] may be rewritten as 

[9] dP/(P/e) = de + qe db/b. 

Parameter q may be calibrated such that the life product reflects the relative 
value of time and wealth; q is estimated from the average time budget in a society 
in the following manner. In North America the "average person" works about 50 
years out of 80 years of life; works some 48 weeks per year out of 52; and works 
about 42 hours per week (including time spent travelling to and from work) out 
of 168. Work thus consumes roughly the proportion w = (50/80)(48/52) 
(42/168)(100 %) = 14.4 % of the average person's life nowadays in North 
America. The balance, 1 - w = 85.6 %, is discretionary time. 
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Consider a less fortunate society in which the average person must work for 
40 out of an expected 50 years of life, must work 51 out of 52 weeks when 
employed (but is unemployed or severely underemployed 30 % of the time), works 
60 hours a week including travel time, and receives no satisfaction from work. For 
such a society similar calculations give w = (40/50)(51/52)(70 %)(60/168) = 20 
%.Thus, w is not very sensitive to the degree of development of a society. 
Moreover, the life product is very insensitive to the value of w when it is 
normalized with respect to a particular country. 

The time spent at work produces (together with invested capital) the average 
person's share of the GDP. In addition, it produces some work satisfaction, which 
is difficult to define in comparable terms. Most work in this world is hard, 
repetitive, dull, dangerous or otherwise uncomfortable, and little work would get 
done if it were not for pay. As a first approximation the non-financial returns of 
work may be ignored. The 'average person' largely works for economic benefit; 
the gross pay represents a quantifiable fraction, perhaps 75 % ± 20 %, of the 
total benefit; the remainder we can call "satisfaction". Now, since the average 
person converts roughly 14 % of a year of life into b/0.75, one small amount of 
time dt years is worth (at most) b dt/0.75/0.14 = b dt/O.l. On the other hand, if 
time on the average were worth much less than the yearly rate of b/0.1, people 
would willingly spend it doing overtime work. Thus, in this case w = (75%)(14.4 
%) = 10 %. If a person derives some satisfaction from work, then the fraction w 
of the life spent in economic production is correspondingly reduced in the 
proportion (economic benefit)/(economic benefit + satisfaction from work). 
Taking work satisfaction into account, w would range roughly from about 1/10 to 
1/4. The value 1/6 is a reasonable average. 

These reflections allow the following simple analysis to find an approximation 
for q. A person can add to the expected amount of discretionary time in the future 
in two different ways. One is to improve the life expectancy; adding a proportion 
dele = p % to the life expectancy increases the discretionary time by p/(l-w) %. 
The other way is to work less; increasing life expectancy by p/(l-w) % in this way 
requires that work time be reduced by p /w %. The marginal value of time is of 
interest here, so it is necessary to consider what fraction of b would be produced 
by decreasing the time allocated to work by a small amount eSt. The simplest 
assumption is that the lost production is proportional to the time of production, 
equal to beSt. However, there is a reason that the lost production would be 
somewhat higher: it would be produced with the same capital except to 
compensate for decreased wear. On the other hand, diminishing returns would 
offset the difference; it is therefore concluded that the relative reduction in the 
GDP is db/b = p/w %. Equation [9] then gives break-even, dP = 0, when q = 
w = 1/6 approx. This yields the Life Product Index (LPI) 

[10] P = b1/ 6e. 
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Column 6 in Table 1 gives the value of the life product index LPI for a selection 
of countries. 

Equation [8] may be used to assess whether a project, policy, regulation, rule 
or practice confers a positive net benefit in comparison with an alternative. If 
benefit is defined as an increase in the Life Product P = bqe over status quo, then 
the net benefit will be positive if and only if dP > O. In [8] at least one of the 
terms on the left hand side would be positive, but either term may be negative. 

Difficulties in application are mainly connected with the first term de. If the 
crude mortality rate, M, is increased by the factor dM/M, then the average life 
expectancy eave increases in proportion, adding (dM/M)eave years to the life 
expectancy at birth, which therefore increases by the proportion (dM/M)( eave/e), 
which is approximately equal to (1/2)(dM/M). Thus 

[11] de = - dM/(2M/e) = - dM/k* 

holds as an approximation. In [11] dM is the net increase in mortality (units: 
deaths/person/yr) associated with the undertaking and k*, analogous to Schwing's 
constant, equals about 2(0.01 /yr)/(75 yr) = 0.00027 deaths/yr/person/yr. 
Equation [8] yields a criterion for positive net benefit that may be written in the 
form 

[12] db/b - dM/M' > 0, 

where M' is a constant, specific for each nation and time. For Canada 1986 M' = 
0.0033 deaths/person/yr (Lind, Nathwani and Siddall 1991). 

The LPI criterion [12] rests on a relationship between four seemingly unrelated 
entities: the public good, the time budget of the public, the acceptable risk, and 
project optimality. In application to structural design criteria, for example, 
optimality is thus linked to the goal of serving the public good. 

4. EXAMPLES 

4.1. SELECTION OF WIND LOAD FACTOR ON GLASS 

Suppose that a committee, responsible for a national standard for the design 
of glass in buildings, has had a standard in service for some years. The committee 
is now preparing a new edition and, because of the growing use of glass as 
cladding for tall buildings in dense city areas, is contemplating a change of the 
load factor applied to wind pressure for such applications. Most failures in the 
past have been ascribed to thermal stress, faulty installation and handling, or 
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wind-borne missiles. These modes are not sensitive to the wind load factor and 
are left out of the analysis. 

Assume that a forecast of future applications and a risk analysis have been 
made. Table 2 lists the resulting data for the case that the wind load factor 
remains the same as in the old code (the null option). The buildings are 
categorized into dwellings, industrial and office buildings (including commercial). 
Since the initial costs and consequences of failure vary with type and height, the 
categories are subdivided further (lines 2, 5-7). Distribution over categories, initial 
costs and failure data are listed per 100,000 lights. The failure data is normalized 
for one year. 

Table 2. Example 4.1 - Analysis of Benefit and Risk 
for a Design Standard for Structural Glass in Buildings 
(hypothetical - for illustration only - see text). 

(a) (b) (c) (d) (e) (f) 

Building Type Lights Cost No. ECF Fatalities. 

1 Dwelling, low 1 300 3 9 
2 ibid., high 20 6000 60 180 
3 Industrial 5 1500 15 45 
4 Offices, low 10 3000 30 90 
5 ibid., high 50 15000 150 450 
6 ibid., injuries 10 3000 30 90 3 
7 ibid., deaths 4 1200 12 36 12 

8 Total 100 30000 300 900 15 
9 Units 000 $000 /yr $000 /yr 

Notes: 
a1-f9: All entries are fictitious, for illustration of method only. 

Analysis is for 100,000 lights, serving a population of 5000 approx .. 
c1-c7: $ 300 per light initial cost 
d1-f8: All entries are per 300 failures per yr. 

f6: Injuries weighted as 0.1 fatalities 
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Since the fatality rate appears to be high, the committee wants to know how 
much the load factor can be increased without detriment to the public interest as 
reflected in the HDI and the LPI. Table 3 gives the calculations for various levels 
of the failure probability. Initial cost and Net Present Value (NPV) of the failure 
costs, established in the usual manner, are added to yield the total cost. The total 
cost, net of the null option and normalized for the population is listed as db/b. 
The expected number of fatalities, extended over the 40-year design life, and 
normalized with respect to the HOI-constant M*, is shown as dM/M*. The last 
two lines in Table 3 gives the left hand sides of Inequalities [3] and [12] 
respectively. They show that the two criteria essentially agree that the design load 
factor for wind should be increased over the present value, and that the 
probability of failure can be lowered from the present value of 0.003 per year to 
about one hundredths of this value. Decreasing the probability of failure to 1e-5 
per year or less would be detrimental according to both criteria. 

Table 3. Example 4.1: Increments to HDI and LPI vs. Failure Probability 

Failure Probability 1000 300 100 30 10 3 1 1e-5/y 
Initial Cost 28037 30000 32100 34347 36751 39324 42077 $000 
NPV Ifailure cost 30000 9000 3000 900 300 90 30 $000 

Total Cost 58037 39000 35100 35247 37051 39414 42107 $000 
Fatalities 2000 600 200 60 20 6 2 /4Oyr 
Incr.Mortality 6667 2000 667 200 67 20 7 1e-5/y 

dblb -37.3 0.000 7.647 7.359 3.821 -0.81 -6.09 1e6 
dM/M* 11.11 0.000 -3.17 -4.28 -4.60 -4.71 -4.74 1e6 

dP/P (by HOI) -48.4 -0.00 10.82 11.64 8.423 3.902 -1.34 1e6 
dP IP (by LPI) -51.4 -0.00 11.68 12.81 9.678 5.187 -0.05 1e6 

4.2 IMPORTANCE FACTOR FOR A CONCERT HALL 

Suppose that a 4000-seat concert hall is being designed to comply with a 
building code, and that the question is raised what importance factor should be 
applied to the design loads in order to account for the possibility of catastrophic 
failure of the roof structure. The mean occupancy is estimated at 7 per cent; i.e. 
a seat drawn at random in time and location is occupied 7 per cent of the time. 
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Any cost of increased safety must be paid for by the users of the concert hall 
(through increased ticket prices). Assume that the structure has been analysed 
with respect to structural reliability and net present cost for various values of the 
importance factor. The results of this analysis is shown in Table 4, columns (c) 
and (b) respectively. 

The cost in column (b) is the annualized amount in units of $CDN[1990], 
considering amortization over the target service life. In column (d) each design 
is compared with the preceding row. 

Table 4. Selection of Importance Factor for the Structure of a 
Concert Hall (hypothetical) 

(a) (b) (c) (d) (e) (f) (g) (h) 
Importance Net Failure db M dM dM HDI LEr 
Factor Cost Rate 1e-6 1e-6 db Criterion 

$/yr 1e-5/yr $/yr /yr /yr /$mill Sign 

1.00 198.00 100 70 
1.02 210.00 40 12 28 42 3.5 + + 
1.05 218.00 20 8 14 14 1.7 + + 
1.10 225.00 10 7 7 7 1.0 + + 
1.15 231.00 5 6 3.5 3.5 0.6 + + 
1.20 237.00 2 6 1.4 1.6 0.27 + + 
1.22 239.00 1.6 2 1.0 0.4 0.20 + + 
1.25 242.00 1 4 0.7 0.3 0.07 

1.30 250.00 0.5 8 0.3 0.4 0.05 

The failure rate in (c) refers to collapse without a warning adequate to cancel 
performance. For the sake of illustration this rate is rather high when compared 
to typical results of conventional analysis. It assumes a high rate of catastrophic 
loading, such as earthquake, or human error, that could be due to cultural factors 
or novelty of the design. Column (e) gives the associated increase in mortality 
over ambient mortality for a person who sits in a seat at random 7 per cent of the 
time. In column (f) the improvement in this quantity for each design is compared 
with the design in the row directly above. 
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The reduction in mortality per unit increase of annualized cost, dM/ db, is 
shown in column (g). By Eqs. [3] or [12] or both this should be greater than M* /b 
or M'/b. For the group of people that pay for the safety, these values are taken 
as 

M* /b = (0.0042 deaths/person/yr)/($21,OOO/yr) = 0.188 

and, correspondingly, M' /b = 0.143 deaths per person per $mill. Columns (h) and 
(i) indicate with a (+ )-sign that the importance factor is better than its 
predecessor with respect to the respective criterion. The result is that the 
importance factor of 1.22 is best in the interest of the users according to the two 
criteria. 

5. CONCLUSIONS 

Accountability in the professional management of the life risk of other persons 
is supported by the development of valid quantitative social indicators. The 
UNDP's Human Development Index (HDI) is relevant to the social well-being of 
a nation or other group. The Life Product Indicator (LPI) is particularly relevant 
to developed nations or social groups in such countries. It is accurate, 
reproducible, available, and robust. 

The HDI and the LPI are both compound indicators and both purport to 
reflect desirable development of a nation. As such, they reflect a relative value 
placed upon the component indicators: Life expectancy and gross domestic 
product and, in the case of the HDI,adult literacy as well. Differential 
relationships arise from these relative valuations that reflect how a prospect (i.e. 
a project, programme, regulation, rule or code or other undertaking that 
marginally can influence the component indicators) contributes or detracts from 
the national interest according to the indicator. Although they arise from very 
different origins by very different processes, the HDI and the LPI are in 
surprisingly good agreement, within about 20-25 %, on the relative valuation of 
marginal changes to risk and economic benefit. 

Reliable structural reliability analysis makes it possible, as it has been shown 
by examples, to determine the safety factors in structural design that are best from 
the viewpoint of the public interest as reflected in accepted social indicators. 
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Summary 

The work deals with some diagnostic problems which arised during some phases of the 
restoration and adaption project of the structures of the ancient building which is the 
former convent of S. Faustino in Brescia, now destined to become the center of the 
University representative offices. 
In particular, the study is presented for the interpretation of the static behaviour of a 
main masonry wall with great dimensions, which was originally "wrongly" built from 
the static point of view. 
We are dealing with a main bearing wall which does not reach the ground but stops at 
the level of the first floor and is supported just by arches and transversal walls situated 
below. 
Two principal phases of the diagnostic interpretation are described: the survey and the 
static interpretation of the exiting cracks, and the numerical analysis done to support and 
confirm the static hypotheses derived from the cracked picture. 

Introduction 
The masonry wall which is examined in the article is the main wall of the entire south 
oriental side of the convent of S. Faustino in Brescia. 
The complex of S. Faustino is made of many different buildings, cloisters and courts (see 
fig. 1) /1/ which now have been donated from the municipality of Brescia to the 
University with the purpose of reusing it for administrative offices. The general 
restoration project has the aim of bringing the entire complex back to its original aspects 
by means of a formal restoration and a structural consolidation which makes use, as 
much as possible, of the original design, materials and structural schemes. 
In a previous work presented at STREMA 89 held in Florence, the authors presented 
some problems which arised from this cultural approach to the structural consolidation 
project /2/. 
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Fig. 1: The general planimetry 
of the complex of S. Faustino. 

Fig. 2a: The wing of the 
"monk' cell ". 
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Fig 2b : Section of the wing of 
the "monks' cells" 
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Fig. 3: The south-east side of the "cypress cloister" 

In this work, attention is given to the static problems presented by the main wall which 
runs along the entire south oriental wing of the convent (87 meter in length) where the 
monk's cells were originally situated. 
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In underlining the static anomaly of this wall, the survey at the site of the cracked 
picture and the numerical analyses are illustrated. This methodology is presented as a 
necessary step for the deduction of the real static sources under actual loads and for the 
subsequent choices for the structural consolidation project. The peculiarity of this wall 
consists in the fact that it does not reach the ground as we expected, but it stops at the 
fIrst floor supported by very lowered arches, vaults and transversal walls. 
The purpose of this paper is to underline the importance of the diagnostic interpretation 
phases, regarding the problem of the adaption and structural strengthening of ancient 
buildings. 
In the fIrst paragraph, the geometric and static particularities of the part of the building 
which is supported by the wall in consideration is described. 
In the next paragraph the whole picture of the surveyed cracks is presented, and an 
interpretation of the wall's static behavior is given. In the last paragraph, the structural 
schemes chosen for the numerical analyses are presented and discussed. Particular 
attention is given to the problem of the local interaction between the wall and the bearing 
structures below. 
In the same paragraph, the most interesting numerical results are discussed, underlining 
their essencial aspect in helping the survey at site and as a ratifIcation of the static 
behavior interpretations. 
It's also necessary to underline that the structural problem of this wall is emphasized by 
the architectural restoration project which plans for a library on the fIrst floor of the "cell 
wing", with very important permanent loads (4-5 times larger than the maximum loads 
given by the standards for common buildings). 

Description of the building and the static characteristic. 
The building of the monk s' cells is the south oriental side of the "cypress cloister". 
It's dimensions are very large; about 87 meters in length and 16 meters in width. The 
longitudinal section remains constant for the whole length of the building and is made up 
of two lateral elements 8 meters high and of a higher central body where the highest 
point is equal to 9 meters. The building is built with stone walls up to the fIrst floor and 
with bricks in the upper part (fig. 2 a, 2 b). 
The central body on the first floor, with a width equal to 4.75 meters makes up the 
entrance hall to the cells which cover the two lateral bodies. 
Originally there were entrance opening in both walls which lead to the single cells, with 
dimensions of lx2 meters. 
On the ground floor, the body on the left (CoDoClDI) makes up one side of the cloister 

with small paired columns in botticino marble. (fig. 3) The central and right bodies on 
the ground floor, are no longer separated and form large halls (CoAoA I Cl) of different 

lengths with ceilings formed by crossed vaults. The B 1 B4 wall (87 meters in length, 8 

meters in height, 30 centimeters in width) seems to be sustained by the longitudinal ribs 
(B 1) of the vaults which seem to function as arches. It is neccesary to observe that these 

arches are very "lowered" with maximum lengths of 12 meters (fig. 4), without chain. 
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Fig 4: The longitudinal view of the wall and its supports 

Fig. 5: The wooden ceiling of the cell wing. 

The original wooden ceilings of the two cell wings are made with primary beams placed 
every 4 meters and secondary beam placed every 50 cm. (fig. 5). 
The roof of the two cell wings is built with wooden beams and bent tiles. The primary 
beams are inclined and lean on the hall walls (B3) and the peripheral wall (A2). The roof 
of the main hall is made of king post trusses about every 4 meters which hold the ridge 
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beam. The trusses are built with a double pitch wedged into the wooden chain. The ridge 
beam holds the transverse secondary beams placed about every 50 cm. 
These secondary beams lean on walls (Cl C4 Bl B4) and therefore push the part of the 

walls between the trusses as a results of the bending of the ridge beam (Fig. 6). 
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Fig. 6: Out-of-plane of the walls due to 
the pushing roof 

Static situation and existing damage 

Fig. 7: Survey ofthe main 
cracks 

The overwiew of the static situation of the cell wing does not show great signs of 
degradation or damage. 
There are however some justified daubts which rise in regard to the unusual behavior of 
the B 1 B2 wall (Fig. 2), which apparently leans on vaults which are too low and 

without chains, as previously mentioned. 
In addition, the good static condition and the solidity of the vaults below did not require 
any kind of on-site monitoring. Instead, scrupolous attention was given to the survey of 
the existing cracks in the entire wall and in particular in the zones where the arches 
below have the maximum length. 
An over all scheme of this cracked picture is shown in fig. 7. A careful analysis was 
able to deduce the static behavior of this wall, which furthermore is subjected to its own 
great weight (height 8 meters) and to that transmitted by the two roofs which lean on it. 
The photographes of fig. 8 show the most evident cracks on both faces of the wall and 
in the area included between the above mentioned supports. 
The development and the direction of the major cracks allow for the interpretation of the 
static feature of the set longitudinal wall-supports below, by means of the formation of 
the upper arching effect (1), most of all in the areas characterized by the transversal 
walls A, B, C (fig. 9). 
The superior arches (1) hold the weight of most of the wall and the roof, while the first 
floor and the weight of the wall under these arches weighs down on the arches (2) of the 
vaults below. 
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Fig. 8: Photographs of some "in situ" surveied cracks. 
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Fig. 9: Arching effect (1) 

(2) 

One observes that the reaction of the supports ABC is transferred through compressions 
localized in an area of about 30x60 cm., where 60 and 30 cm are respectively the width 
of the support and the wall. In reality the reaction is divided in the component R 1 

resulting from the compression on this nominal surface and in the component R2 which 

is the shear force in the bricks along the lateral faces of the main wall (fig. 10). This 
contribution is effective if the bricks of the two consecutive layers are not lined up 
evenly and if their shear resistence is adeguate. 
In the case of the maximum length span, the total reaction R is estimated as 80 tons plus 
an increase due to new dead and live loads. Supposing a uniform distribution on the 
nominal section and on the sides would result as: 

R = Rj+R2 = a (30 x 60) + 2't (200 x 60) 

R = 't (30 X 60 + 2 X 200 X 60) 

30 
H 

Nominal surface 
30x50 cm 

R2 

~ 
[lR: 

A 
1---1 
50 

Fig. 10: Components R 1 and R2 of the reaction R of the supporting zone. 
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supposing 't = cr, and therefore 

't = 80000/(30 x 60 + 2 x 200 x 60) = 3.1 kg/cm2 

The value of't seems to be at failure for a wall, furthermore not new, due to the shear 
rupture of the brick (point R in the limit surface of Fig. lla) which corresponds to the 
situation of the schemes in fig. 11 b /3/. 
The contribution R2 cannot therefore be considered because the failure of the bricks 

would eliminate the lateral collaboration of wall A (Fig. 10). In this conservative 
hypothesis the tension on the nominal surface reaction would be: cr = 80000/30x60=45 

kg/cm2 which seems to be too high for old walls, even if they are in good condition. 
As a matter of fact this scheme is too conservative because the support zone is not so 
directly localised on the transverse wall below. 
More realistically, the main wall load spreads through the interaction of the three 
elements main wall, transverse wall and arches; so that the effective value of the tension 
in the support area should result considerably decreased. This is described in detail in the 
following paragraph. ~ 
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Fig. 11 a: Failure surface under biaxial tension in the plane of principal stresses. 
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With regard to some damages to the wall, a few years after the final construction, 
historical documents demonstrate some settling and damage to the wall which at that 
time also created some problems. In 1534 a commission of experts was formed and 
opinions were expressed on the stability of this wall. As a result, the vault was locally 
strengthened directly under the wall (support E Fig. 2b) in order to absorb the pushes of 
the arches. 

Numerical analyses of the static behavior of the wall. 

One of the most interesting problems, at least for the dimensions involved, in the 
consolidation and static adaptation project of S. Faustino is, as already mentioned, that 
which is relative to the comprehension of the static behavior of the central wall of the 
cell wing. 
This wall whose great dimensions have already been described, weighs down on the 
arches below and on the transverse walls where the longitudinal arches also weigh. 
The structural model results therefore made by a longitudinal wall which rests on 
transverse walls either directly or due to the push of the longitudinal arches which form 
the supporting skeleton of the hall vaults on the ground floor. 
This model is given by the axonometric drawing in Fig. 12. 
The structure is three dimensional and could be simulated by a numerical model with 
plane elements in "three dimensional geometry". In this way every element is subjected 
to a plane state of stress but the orientation of the plane varies. 
The model would present great numerical difficulties with tens of thousands of degrees 
of freedom and more over with a rigidity matrix caracterized by a very large band 
width. 
On the other hand the contact between the longitudinal wall and the transverse wall 
results along a very narrow area, therefore it seems plausible to reduce the three 
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dimensional problem to the plane problem through the following engineering 
considerations shown in Fig. 13 a,b,c. 
The contact between the transverse wall is thought to be punctual at the first floor level 
where the longitudinal wall is directly supported by the transversal one. 
The resulting contact force is only represented by the vertical componet XI. 

The displacement of the application point of the XI force is called 0ILW• The contact 

between the transverse wall and the longitudinal arches is thought as an exchange of two 
equal vertical forces X2t2. 

The displacement of the resultant X2 application point is indicated by 02LW• 

The forces Xl and X2 and displacements 01 LW and 02LW are indicated in Fig. 13b. The 

forces XI and X2 and the displacements 01 lW and 02lW relative to the transverse wall are 

indicated in Fig. 13c. The medium plane of the transverse wall is represented in Fig. 14. 
To determine the forces X 1 and X 2 and the displacements 01 and O2 equations are written 

using the force method by imposing the compatibility of the displacements between the 
longitudinal wall and the transverse wall as: 

where: 

o LW = 0 LW + 0 LW Xl + 0 LW X 2 1 10 11 12 
01 lW = 010lW + 011lW Xl + ()12lW X 2 

o LW = 0 LW + 0 LW Xl + 0 LW X 2 
2 ZO ZI 22 

OZlW = OZolW + 0ZllW Xl + 022lW X 2 

E 
N 

E 

Longitudinal wall 9 p= own weight 

(0) 
transversal 
wall 

0ILW - 01 lW = 0 

ozLW - OZlW = 0 

(b) (c) 
Fig. 13 a,b,c : The idealized behaviour of the supporting zone 

OTW 
1 

(1) 

(2) 
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and the coefficients 0lOLW and 020LW are calculated by a numerical analysis supposing the 

wall is alone and subjected only to dead loads. Similarly, O,0TW and 020TW are calculated 

through a numerical analysis of the transverse wall alone subjected to its own weight. 

0llLW and 021LW are calculated in the same way loading the wall by the force XI = 1, while 

0llTW and 021TW are calculated on the transversal wall subjected to the same force. 

O,2LW and 022LW as well as 012TW and 022TW are calculated by loading with the force 

X2=1 alternately the main wall and the transverse wall. 

longitudinal wall 

width, T 
h,2m 

Jsm width 2 

1 
K-~ ,- h, 

K2- E.d· t2 
- h2 

K,=~ 
15, 

K2= X,+X2 
152 

(3) 

(4) 

(5) 

(6) 

E 
N 

E 

Fig. 14: Medium plane of the 
transverse wall. 

Fig. 15. Procedure adopted for the determination of widths q 1 t2. 
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Known the forces XI an X2 and therefore the displacements ()1 and ()2, it is possible 

to avaluate the thicknesses of the elements wich describe the behavior of the transversal 
wall. 
In fig. 15 a width t2 is given to the elements of the transverse wall below the arch for a 

height equal to h2, while for those over the arch the width 1I for a height hI is given. 

The widths 1I and t2 are determined through the equations (3), (4), (5) and (6) shown in 

the same figure. 

Comments of the numerical results. 

The numerical analyses were done through the SUPERSAP program and the results are 
illustrated by photographs of the output displays. 
The first, Fig. 16, provides the principal compression stresses which vary from zero to a 

maximum of about 8 kg/cm2. At the extreme right of the full wall it is possible to see 
the diffusion of the principal stress of compression through out the height from zero 

value in the upper part to the maximum at the base equal to 3 kg/cm2. 
In the part of the wall where the arches and transverse walls are placed in a sequencial 
series, two observations can be made; (i) the principal stress grows towards the support 
of the transverse walls evidencing an arching effect. Such an effect is also shown by low 
or niH stresses in the central immediate upper zones of the arches. 
(ii) the concentration of the compression stress occurs as foreseen in the contact zones 
between the longitudinal and transverse walls. 
Fig. 17 shows the diffusion of the principal stress of traction which varies from zero to a 

maximum of 4 kg/cm2. 
The global behavior tends to show a wall support in correspondence to the smaller arches 
with a tension zone in the upper part of the wall, while on the greater arches stress zones 
are near to the arches themselves. 
With the purpose of a more detailed investigation of the interaction between the wall and 
the transverse walls below and of the influence of the openings of the cells, the part of 
the wall itself over the arch with a greater span has been studied by means of plane stress 
finite elements. 
With the purpose of reproducing the actual conditions of the wall, the calculated 
displacement (in the previous analysis of the wall as a whole), are imposed in the nodal 
point along the right and left vertical boundary line. 

The principal stress of compression reaches lOkg/cm2 and is located at the joint between 
the arch and the transverse wall (fig. 18). 
The arching effect seems to be evident where the central zone of the wall just over the 
arch is practically free of compressions. Fig. 19 shows the principal tensile stresses: the 
maximum values are reached near the two lateral openings. Fig. 20 shows the overview 
of the deformed configuration. The results seems to suggest a particular attention to the 
contact zone, wall-transverse wall, over the arch because the maximum compression 
zone seems to be quite spread out. 
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Fig. 20: The deformed configuration 
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THE MESH DESCRIPTION FOR STRUCfURAL ANALYSIS 
BY MATHEMATICAL PROORAMMING 

ABSTRACT 

DAVID LLOYD SMITH 
Systems and Mechanics Section 

Department of Civil Engineering 
Imperial College of Science, Technology and Medicine 

London SW7 2BU, United Kingdom 

The paper reviews the nature of the mesh description of the structural laws of statics 
and kinematics and its relation to the more commonly employed nodal description. A 
wider scope for application of the mesh description is suggested through two 
non-standard structural mechanics problems, each of which can be represented by a 
linear complementarity problem. The first is that of a beam on a two-parameter 
elastic foundation, while the second is that of the dynamic response of a rigid plastic 
framed structure to pulse loading. 

INTRODUCTION 

In the computer analysis of elastic structures, the force method is not considered 
competitive with the displacement method. The latter advertises an almost universal 
utility in virtue of its straightforward application to a wide range of structural types 
and the ease of automatic data generation. Non-standard problems are often 
coercively modelled to fit the specification of the (possibly nonlinear) elastic 
displacement method, so as to benefit from the ready availability of solution apparatus. 

For a framed structure, considered as a network, the displacement method derives from 
a nodal description of the structural laws of statics and kinematics, and the force 
method from a mesh description of these same laws. They are examples of the mesh 
and node laws of Kirchhoff (Kirchhoff, 1847). It is possible to transform a given 
nodal description into a mesh description, and vice versa, by simple equation solving 
algorithms. This may be of some advantage if, for example, a nodal description 
would offer easier data generation and a mesh description would provide a more 
compact problem formulation. 

Two problems of structural mechanics are considered: the static behaviour of a beam 
on a unilateral, two-parameter elastic foundation; and the dynamic response of a 
rigid-plastic frame subjected to a high intensity load pulse. They are treated as 
vehicles for widening the scope for the application of the mesh description and of 
mathematical programming methods. Both problems are represented in the discrete 
mathematical form known as a linear complementarity problem. 
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THE NETWORK REPRESENTATION OF A FRAME 

A frame structure can be envisaged as a network of assembled elements which 
interconnect at points called nodes. Closed circuits formed by the interconnection of 
elements are called meshes. Physical actions within the structural network may be 
described by variables which obey the laws of combination of real matrix algebra 
(MacFarlane, 1970). 

THE FRAME AS A COLLECTION OF UNASSEMBLED ELEMENTS 

The systematic approach to describing the physical actions treats the structure initially 
as a collection of unassembled elements. There are three basic systems of reference 
which are depicted in Figures 1,2 and 3 for the mth element of a plane frame. 

In the first, all elements are referred to common or global coordinates with member 
end forces and displacements aMi and qMi (i = 1,2, ... ,S). In the second, each 
element is referred to its own local coordinates, the corresponding forces and 
displacements being aMi and qMi. The third system of reference is that of the 
independent forces and deformations aIj and qlj (j = 1,2, .. ,s), and one of several 
possible choices for member m is suggested in Figure 3. 

qM6·0M6 

QM3,OM3 (2) 0_ 
3~1 QM4,OM4 

QM1,OMl t QM5,OM5 

QM2,OM2 

Figure I 

Figure 3(a) 

Figure 2 

Figure 3(b) 

For a collection of M unassembled elements in which the displacements and 
deformations are assumed small, the transformations between the fundamental reference 
systems have the following form: 

LCIM 

DCJM 

(1 ,2) 

(3,4) 

Matrices Land D are block diagonal, representing the (as yet) unconnected nature of 
the elements in the structure, and superscript T denotes the transpose operation. 
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THE NODAL DESCRIPTION 

In the analysis of framed structures by computer methods, the nodal description of the 
statics and kinematics of the fully assembled structure is almost universally (and usually 
tacitly) employed. All foundation supports are removed, and each element is assigned 
its full complement of deformations qIj - that is, sm = 3 for the mth planar element. 
As a result, every node has three degrees of freedom for planar motion, the totality 
of these being the kinematic indeterminacy number (3 of the structure. The planar 
frame of Figure 4, for example, then has (3 = 12 degrees of freedom represented by 
the independent nodal displacements u = [u l' U 2' .... ' U 1 2]T , referred to global or 

, x 

Figure 4 

system coordinates Oxy. The nodal description of statics and kinematics for the 
whole structure in system coordinates has the form 

'IM=Cu (5,6) 

where Uo are the applied nodal loads in the same coordinates. The nodal 
connectivity matrix C in (6) has the simple form of a Boolean matrix - each row 
being null, except for a single coefficient of unity. 

Then (1,2), (3,4) and (5,6) give the following static and kinematic laws for the 
assembled structure: 

~ = [LCl u (7,8) 

(9,10) 

The matrix products [Le] and [OLe] are symbolic: if needed, they can be directly 
assembled for the whole connected structure without formal matrix multiplication due to 
the Boolean nature of the nodal connectivity matrix C. For linear elasticity 

Uo = [LClT I(' [LCl u = [DLClT k [DLCl u, (11,12) 

where K' and It are respectively singular and non-singular block diagonal stiffness 
matrices of the unassembled elements. Again, the system stiffness matrix, given 
alternatively in (11) or (12), may be assembled directly on an element-by-element 
basis without recourse to matrix multiplication. 
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After assembly, the description is completed by imposing the foundation constraints. 
Each condition uk=O' accompanied by deletion of the corresponding column of the 
matrix [DLC] in (10), reduces the kinematic indeterminacy number (3 by one. The 
nodal form of statics and kinematics then becomes: 

(13,14) 

where the nodal matrix A is of order sx(3 and of full rank (3. 

THE MESH DESCRIPTION 

The alternative network description of statics and kinematics, the mesh description, has 
the general form: 

(15,16) 

The mesh matrix B is of order sxo' and of full rank 0', where 0' = s - (3 is the static 
indeterminacy number of the structure, and p is an arbitrary O'-vector which may be 
thought to represent the hyperstatic or redundant internal forces. 

This description can be obtained in a number of ways. Firstly, it may be constructed 
from any nodal description by an equation solving routine, an idea put forward by 
Denke (Denke, 1954). The stress resultants OL of (15) constitute the solution set of 
linear equations (13). It is necessary that AlB = 0 and ATBo = I; whence B 
forms a basis matrix for the nullspace of AT, which is populated by the 
self-equilibrating vectors OIs satisfying AT01s = 0, and Bo is a right inverse of AT. 

In particular, since AT is of full rank, a particular right inverse is A(AT A)-I, where 
matrix AT A is {3x{3 and nonsingular. A general solution of (13) is then given by 

(17) 

where z is an arbitrary s-vector and the matrix by which it is remultiplied is of rank 
0'. A mesh description is then given by (17) directly from A , the first term being 
the load equilibrating vector or particular solution, while the self-equilibrating stress 
resultant vectors or complementary solution is constituted from the second term. 
Other right inverses may be constructed in the form VA(ATVA)-I (Rao and Mitra, 
1971), where V is an arbitrary sxs matrix which leaves ATVA with full rank (3. 

A discussion of other automatic numerical routines for constructing suitable Band B 0 

from a given matrix AT has been presented (Kaneko, Lawo and Thierauf, 1982) in 
the context of linear elastic structural analysis. 

A second approach, initiated by Henderson (Cassell, Henderson and Kaveh, 1974), is 
the direct, automatic construction of a mesh description by topological methods founded 
on the graph representation of the structure. With the aim of generating the sparsest 
flexibility matrix for linearly elastic analysis, the algorithm identifies an appropriate set 
of independent meshes or cycles upon which to found the static description. 
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As a special case, for simple planar framed structures in which the cells have the 
same regular - for instance, rectangular - shape, the mesh description of equilibrium 
may be constructed automatically. Consider a single rectangular mesh: three 
hyperstatic forces p may be associated with such a mesh, and a possible set of 
corresponding bending moment diagrams is suggested in Figure 5. These diagrams are 
both self-equilibrating and linearly independent, and the ordinates have been scaled to 

-1 

~~+1 +1 ~ ~tl1 ~ 5+1 +1 ~ + I I J. I 

.. I" 'I I" I" ""; -1 -1 -1 I I + 1 + 1 + 1 
Figure 5 

convenient values. The axial and shear forces related to these bending moment 
functions may easily be established, but they will, in general, depend on the 
dimensions of the mesh. Naturally, the same three diagrams (but with generally 
different hyperstatic forces) may be applied to each of the C rectangular meshes on 
the planar frame, giving 0' = 3C independent, self-equilibrating bending moment 
functions to form a vector basis for the bending moment distribution of the entire 
structure. 

The load equilibrating vector or particular solution may be obtained by equilibrating 
each load separately in the most convenient manner, as suggested in Figure 6. 
Structural releases or articulations, if present, may be accommodated indirectly, so as 
not to destroy the simple data assembly, by algebraicly constraining the associated 
stress resultant to be zero (Lloyd Smith, 1990). 

• + 

Figure 6 

ST ATIC-KINEMATIC DUALITY 

The adjoint (or transpose) relationship between (13) and (14), or between (15) and 
(16), may be called static-kinematic duality (SKD) (Munro and Smith, 1972). It is 
not dependent upon any material constitutive law. Its physical manifestation was 
accorded the status of a theorem by Maxwell (Maxwell, 1864) and contrasted with his 
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(now celebrated) reciprocal theorem which is dependent upon linear elasticity. After 
eighty years of apparent neglect, it was subsequently rediscovered by Jenkins 
(Jenkins,1947) who referred to the relationship as contragredient trans/orTNltions, the 
name given by Sylvester (Sylvester, 1852), one of the originators of the algebra of 
matrices and determinants. In electrical networks, similar contragredient (or dual) 
transformations exist, and through this medium Kron (Kron, 1944) has exerted a 
powerful influence upon the computer analysis of structural networks. 

Together with the symmetry or reciprocity which is often exhibited by material 
constitutive laws, static-kinematic duality confers an important and useful symmetry on 
the governing equations of structural mechanics. The symmetric or self-adjoint nature 
of the governing system allows complementary minimum principles to be constructed. 

BEAM ON A UNll.ATERAL TWO PARAMETER ELASTIC FOUNDATION 

As a first example of the use of a mesh description in a mathematical programming 
setting, the behaviour under loading will be considered of a linearly elastic straight 
beam of finite length resting unilaterally upon a linearly elastic foundation. It is 
supposed that the constitutive law of the foundation can be described by two elastic 
constants and that the displacements of the beam and foundation are small. 

Let x be the positional coordinate along the horizontal foundation surface. Let the 
transverse displacement of the beam be vex) and that of the foundation be w(x), both 
measured positively in the downward direction. Then, for the interval 0 of the 
foundation surface within which the beam lies, the relative displacement is given by 
the function rex) = vex) - w(x). Let the contact pressure between the beam and its 
foundation be R(x), and suppose that the constitutive law of the foundation is 

d 2w(x) 
R(x) = kw(x) - kl ~ ( 18) 

where k and k 1 are elastic constants. Such a two parameter model, which attempts 
to account for the shear rigidity of the foundation, has been employed by a number 
of earlier research workers, notably Filonenko-Borodich, Pasternak and V1asov. A 
useful review is provided by Zhaohua and Cook (Zhaohua and Cook, 1983). Withi'l 
the interval 0, the constitutive law of the beam is 

d 2 [ d 2 v(x) 
dx 2 EI ~ U(x) - R(x) (19) 

where EI is the flexural rigidity and U(x) is the intensity of loading. 

It is clear that, within 0, the field equations (18) and (19) must be satisfied, together 
with the following conditions of complementarity 

R(x) > 0, R(x)r(x) = 0, rex) " O. (20,21,22) 

Outside 0, the field equation (18) must be satisfied with the contact pressure 
R(x) = O. Furthermore, at the points where the beam loses contact with the 
foundation, some appropriate conditions of liaison must be upheld. 
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Static-kinematic Mesh Description 

A discrete formulation of this problem may be set up in the following manner. 
Figure 7 suggests a discretisation into Mb two-node beam elements and Mf three-node 
foundation elements. In this example, Mb = 16 and Mf = 14. The independent 
element forces 01 comprise 2Mb = 32 beam moments m and 3Mf = 42 foundation 
forces F, as indicated in Figure 8. The independent element deformations en consist 

Figure 7 

Figure 8 

of 32 beam rotations 8 and 42 foundation displacements w. In addition, between the 
R = Mb+1 = 17 beam nodes and the corresponding foundation nodes there are 17 
contact forces Rand 17 relative displacements r. The static indeterminacy number 0 

for the discrete model is given by 0 = Mb + Mf - 2 = 28, if the forces F 1 and 
F 42 at the foundation ends are assigned zero values. The corresponding kinematic 
indeterminacy number (3 is 63. 

The mesh description can be written in the following partitioned form 

m 

F 

R 

Equations (23) 

[ :. l' [ : 1 - [ 

Equations (24) 

8 

\II 

r 

Equations (23) may be constructed from a nodal description. However, beacause of 
the linked chain topology of the system, they may easily be obtained directly. For 
instance, the 28 hyperstatic forces p may be taken as the bending moments at the 15 
central beam nodes, together with the 13 interactive nodal forces between the 14 
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foundation elements. In any case, the nodal forces R and the relative nodal 
displacements r at the 17 potential contact nodes must obey the requirements of 
complementarity 

R :> 0, r .. 0. (25,26,27) 

Constitutive Laws for Unassembled Beam and Foundation Elements 

The unassembled linearly elastic beam elements should satisfy a law of the type 

(28) 

where 'b 0 accounts for the deformations due to loading not applied at the beam 
nodes, and matrix fb is block diagonal. For the unassembled foundation elements, a 
similar flexibility form of constitutive law should be satisfied 

VI - fr F . (29) 

Element flexibility submatrices for a two-node uniform beam element and a two-node 
foundation element (linear displacement approximation), are 

fbi - .1:b 6EI 

2 

1 : 1 

[2,1] 
TT:!T 
[-1,1] 
TT:!T 

[-1,1] 
TT:!T 
[2,1] 
TT:!T 

(30,31) 

while for the three-node foundation element (quadratic displacement approximation) 

4[9,52,20] 2[-3,18,40] [3,-8,20] 
[1,12,20] [1,12,20] [1,12,20] 

fri 
1 2[ -3,18,40] [9,58,80] 2[-3,18,40] 

(32) - 4kLr [1,12,20] [1,12,20] [1,12,20] 

[3,-8,20] 2[-3,18,40] 4[9,52,80] 
[1,12,20] [1,12,20] [1,12,20] 

In these submatrices, Lb and 4 denote the lengths of the beam and foundation 
element respectively. Also, the bracket notation should be interpreted as 

[1,2] • 1 + 2", [1,12,20]. 1 + 12,,+ 20,,2, ,,- 6k1/kLr2 

Governing Relations for the Discrete Model 

It should be noted that relations (23) and (24) exhibit static-kinematic duality and that 
the dual variables Rand r must be non-negative and non-positive respectively. In a 
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mathematical programming context, it is usual to work with non-negative variables, so 
a replacement of r by -p is called for. 

The combination of the static, kinematic and constitutive relations given above then 
allows the following governing mathematical system to be set out 

[ 
(BTbfbBb+BTfffBTf) 

-~ 

R :> 0 

in which 

(33) 

p :> 0 

(34) 

The governing system (33) is a linear complementarity problem (LCP) which exhibits 
o+R main linear constraints in O! unrestricted variables p and R pairs of 
complementary non-negative variables (R,p). It is also a symmetric LCP which 
reflects the self adjoint nature of the continuum representation of the problem. Upon 
solution of LCP(33), the foundation displacements are given by (23) and (29) as 

(35) 

Example 

A first step in the development of this formulation was provided by the work of 
Paniaras (Paniaras, 1988) who solved the problem of a central point load U 0 on a 
uniform weightless beam of length L. The LCP solver was a simple Wolfe type 

Distance Foundation Relative 
from Load (m) Displacement (mm) Displacement (mm) 

0.00 25.21 0 
1.25 23.70 0 
2.50 20.22 0 
3.75 15.78 0 
5.00 11.03 0 
6.25 6.12 0 
7.50 3.34 1. 98 
8.75 1. 76 5.23 

10.00 0.94 9.24 
11.25 0.50 
12.50 0.26 
13.75 0.14 
15.00 0.07 
16.25 0.03 
17.50 0.00 

Table 1 Displacements for Uniform Beam with Central Point Load 
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algorithm, developed by the writer. The modelling was that shown in Figure 7 and 
the system data was as follows 

Beam: U a = 2MN, L = 20m, EI = 1000 MNm2, two-node beam element Lb = l.25m 
Foundation: k = 8.29 MN/m2, kl = 31.865 MN, three-node element 4 = 2.5m 

The system displacements wand p were as reported in Table 1, the solution 
identifying a loss of contact or "lift-off" between the nodes at distances of 6.25m and 
7.5m from the load. 

RIGID PLASTIC FRAME SUBJECT TO HIGH INTENSITY LOAD PULSE 

In the second example of the use of a mesh description for structural analysis in the 
context of mathematical programming, attention will be turned to a problem of 
dynamics. It is desired to establish the diffuse (non-local) dynamic response of a 
rigid, perfectly plastic framed structure subjected to short duration concentrated loads 
of general pulse shape. A first step in establishing a mesh formulation of this 
problem was taken by AI-Samara (AI-Samara, 1986). The development of the 
present, more general, formulation owes much to the work of Sahlit (Lloyd Smith and 
Sahlit, 1991; Sahlit, 1991). 

Kinetic-Kinematic Mesh Description 

For an elementary dynamic modelling, assume that the system is formed of discrete 
masses and that deformation is localised at simple plastic hinges. The gravity centres 
of the masses can be assigned a number d of permissible and independent 
displacements or degrees of freedom, collected for the complete set of masses into the 
d-vector u of inertia coordinates and associated with which are the d inertia forces 

po - -at ti, (36) 

where M is a diagonal matrix of masses and mass moments of inertia, and ti denotes 
the second derivative of u with respect to time t. 

The mesh description of kinetics and kinematics for the problem is of the form 
suggested in (37) and (38) respectively. 

p 

po 

F 

o 

(37) (38) 

In the kinetic relations (37), met) are bending moments at s potential plastic hinge 
stations, pet) are the current values of the 0' hyperstatic forces, and d'Alembert's 
principle is followed in that the current applied loads F(t} are supplemented by the 
current values of the inertia forces p.(t}, treated as additional applied loads. In the 
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kinematic relations (38), the components of ;(t) are the angular velocities at the 
plastic hinges, and det) are the velocities (of the chords of the members) which are 
dual to the applied loads F(t). Relations (37) and (38) display an adjoint form that 
may be referred to as kinetic-kinematic duality (Uoyd Smith, 1974). 

CoDStitutive Law for the Plastic Hinges 

The constitutive law of a linear viscoplastic, or Bingham, material is obtained from the 
parallel coupling of a linear viscous component with a perfectly plastic component. 
For the s potential plastic hinges of the structure, this law may be written 

y) 0 

(41) 

:1 ][: ] + [:] [-:] 

yT ). _ 0 

(42) 

). ) 0 

(43) 

(39) 

(40) 

Here, yet) and ).(t) are respectively vectors of 2s plastic potentials and 2s plastic 
multiplier rates, and Mp is the non-negative and constant 2s-vector which defines the 
static plastic moment capacity, for bending of both senses, of all s potential plastic 
hinge stations. Matrix N = [I, -I], where I is an sxs identity matrix. 

In (39), H is a non-negative diagonal matrix of order 2sx2s which provides a linear 
approximation to the effect of strain rate upon the plastic moment capacity. For 
H = 0, rigid, perfectly plastic behaviour is recovered. The complementarity conditions 
(41) to (43) automatically allow for the unstressing of any active plastic hinge. 

Governing Relations for the Discrete Model 

If the kinetic, kinematic and constitutive laws are combined, and letting 

(44) 

denote the mass matrix referred to the plastic hinge angular accelerations B, the 
following governing relations are obtained 

: ] :t [ : ] + [ ::. 

y) 0 yT ). _ 0 ). ) 0 

Relations (45) 
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This mathematical form comprises a symmetric system of linear, first order ordinary 
differential equations with constant coefficients and complementary variables. Since 
closed form solutions are not generally available, a numerical solution of this 
formulation must be contemplated. 

Numerical Solution by Newmark Integration 

Suppose that an approximate solution [~n' Pn] is available at t = tn and it is required 
to advance the solution to t = tn+,· Let.1t = tn+, - tn, then 

11n+, - iIo + [(1 - -y)t1n + -yt1n+, ].1t 

11n+, - Un + ilrPt + [0 - ~)t1n + ~t1n+, ].1t 2 

(46) 

(47) 

constitute Newmark's relations for the approximate temporal integration of the 
equations of motion of a mechanical system. With b 0 = lI(-Y.1t) and b, = (1 - -y)/-y, 
one may easily obtain from (38), (40), (44) and (46) 

-NTBoMBDTN~n+'- -boNTBoMBDTN~n+'+ NTBoM[boilo + b,t1n] (48) 

Introduction of this expression into (45) reduces the set of governing relations to the 
approximating form 

)'n+, ) 0 )'n+,T ~n+' ~ 0 
(49) 

In these relations, the right-hand side subvector Yn is given by 

(50) 

The approximating governing system (49) is an LCP containing 2s+0' main constraints 
in 0' unr~tricted variables Pn+, and 2s pairs of complementary and non-negative 
variables [An+, , Yn+,]. It is also symmetric. Its recursive solution allows the 
evolution of the dynamic response to be traced. 

Although LCP(49) appears similar to LCP(33), the former has a null submatrix 
associated with its unrestricted variables. A double pivotting scheme has therefore 
been worked out (Sahlit, 1991) to enable the Wolfe type solver to deal with this 
problem. 

To initiate the next recursion, and in the interest of maintaining an appropriate level 
of accuracy, it would be necessary to determine tin + 1 through the satisfaction of the 
kinetic equations, Le. the first of equations (45), at t = tn+ 1 • Premultiplication of 
these by BD TN gives 
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[BnTNNTBnlMUn+l - BnTN[-Hin+l + NTBPn+l + Yn+l + NTBOFn+l - Npl (51) 

from which t1n+l may be established. The displacements Un+l may then be updated 
from relations (47). 

Initiation 

The initial conditions on the solution of equations (45) are usually given as 

(52, 53) 

To initiate the solution sequence at t = to from LCP(49), equations (50) indicate that 
the accelerations U(t = 0) = Uo are also required. They cannot be established directly 
from the kinetic equations alone, i.e. equations (51), because the initial values of the 
bending moments met = 0) = mo are generally indeterminate in a rigid-plastic framed 
structure. 

For a structure subjected to a load pulse, the initial conditions are usually taken as 
stationary, uo = 0 and 00 = O. It follows from the second of these that ).0 = O. 
From this, by time differentiation of the constitutive law, it may be shown that 

r Yo ~o - 0, ~o ;) O. (54, 55) 

With the deduction of these results, valid only for t = to' the exact governing system, 
relations (45), may be adapted specifically for t = to in the following manner. 

Yo ;) 0 ~o ;) 0 

(56) 

System (56) is a symmetric LCP which should be solved for >: 0' Yo and po' It gives 
an exact representation of the initial state. The approximating solution sequence to 
be obtained from (49) can then be inititated with 00 = 0 and 

Eumple 

(57) 

(58) 

The dynamic response of a single storey portal frame with hinged bases, has been 
calculated for applied pulse loads of triangular form, as shown in Figure 9. The 
frame, which is fabricated from uniform and inextensible rigid plastic members having 
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identical plastic moments of resistance Mp supports a discrete mass m for which the 
rotational inertia is considered negligible. • There are thus two inertia coordinates u 1 

and u 2 • identified in Figure 9. and the static indeterminacy number Q is unity. The 
same figure also shows the location of the three critical sections where discrete plastic 
hinges may develop. 

F .. 

1.5 L 

(3) 

./ 
Figure 9 

FlIMp 

4·8 

Stationary initial conditions are assumed. and the static bending moments 

Ms(I) = Ms(3) = -o.281Mp• Ms(2) = 0.469Mp• 

assumed to be caused by the dead weight mg of the mass. are incorporated by 
adjusting Mp in (49) and (56) to take the values Mp - NTMs. The rigid-plastic 
dynamic response is governed by the non-dimensional mass parameter I' = mgUMp 
which is set at the specific value p. = 2 for this example. Furthermore, to preserve 
non-dimensionality throughout the calculation. the time parameter t = t I j(Ug) is 
employed. For this calculation. the Newmark parameters are taken as t3 = i. :y = !. 
The impressed motion of the frame comprises two distinct phases for which the 
respective velocity fields are those shown in Figure 10. Characteristic acceleration 
"jumps" are seen in Figure 11 at t 1 = 0.2742 as the structure switches mechanisms of 
motion from that of Phase 1 to that of Phase 2, and again at t 2 = 0.7265 when 
Phase 2 motion terminates at standstill with permanent displacements u 1/L = 0.1253 
and u /L = 0.0857. The evolution of the plastic hinge rotational velocities is shown 
in Figure 12. 

Figure lO(a): Phase 1 Figure lO(b): Phase 2 
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Figure 12 

For some problems of structural mechanics, a mesh description can be obtained easily 
and automatically. Moreover, a mesh description often leads to a more compact 
mathematical representation of a problem, possibly with an attendant gain in accuracy 
of numerical solution. For non-standard problems, where there is not a ready fund of 
"off-the-shelf" software, formulations based upon a mesh description merit 
consideration. 
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ABSTRACT 

The introduction of new construction materials, or the use of traditional materials in new 
conditions, demands a more detailed investigation of partial reliability factors related to 
materials. Principles on which the partial reliability factors are specified and two 
methods of decomposition of the actual values are suggested. The analysis is demon­
strated by establishment of partial reliability factors for laminated glass. 

INTRODUCTION 

We now may accept as granted that the semi-probabilistic code format, based on certain 
probabilistically established values of random variables and on partial reliability fac­
tors, Y, determined by decision of code makers, will be used in Europe and elsewhere for 
the next twenty years. The system of Eurocodes, which has now come into operation in 
the EC and some EFT A countries, is a general legal basis for a wider development of the 
design methods based on the semi-probabilistic code format. There is nothing particu­
larly new in its idea; its early theoretical beginnings date back to the late twenties, and 
practical applications started in the late forties. Nevertheless, many problems remain 
open, some being of theoretical, others of practical nature. 

RELIABILITY FACTORS 

The problem of probabilistical/y defined proportioning parameters, such as the charac­
teristic values of material strengths, representative values of structural actions, action 
combination factors and others, has been satisfactorily solved. No major problems arise 
when we want to find values of these parameters for new types of structures arriving with 
developments of material technologies and construction procedures. However, the struc­
ture of reliability factors for materials, Ym' and reliability factors for structural actions, 
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"ff' has not yet been well explored. In a way, the "f factors govern the consumption of 

materials and the level of overall reliability of the constructed facilities, influencing 
thereby the level of risk and other economic variables. In the early days of limit states 
design, various safety factors were fixed by using only engineering judgment; at that 
respective time, sufficient statistical information had not yet been collected. However, 
the general situation at that time was conceptually different from that of today. Values of 
proportioning parameters for known and well established materials had been looked for, 
to enable writing of new codes. Any reasonable values had been happily accepted. 

Attention is now newly beginning to be paid to "f factors, particularly to the material 
factors, 'Ym. The reasons for discussing them are different and more varied than years 

before. Two groups of issues can be distinguished. 

First, we now frequently want to find "fm's for new materials, for materials which 

have not previously been used in construction, or for traditional materials employed 
under new environmental conditions. There is no "deterministic theory" of material fac­
tors. Yet reliability engineers are obliged to offer some solution whenever a new 
material appears. For it is hardly possible to design structures based on new materials by 
methods which do not fit into the general scheme, that is, by methods which are now 
almost entirely abandoned. 

Second, it is often being felt that, when new knowledge of the physical and random 
behavior of existing materials has been collected, it may be used as a basis for improving 
the values of the proportioning factors, particularly "fm. 

These two main problem areas lead to the following principal concepts. 

The concept of probablization of the "fm factors is based on the assumption that sta­

tistical knowledge about the behavior of materials will increase with time. It is also anti­
cipated that the level of human errors will decrease owing to better technological equip­
ment, surveillance of workmanship, and other measures. Interesting studies have been 
already put forward for discussion (Ostlund 1990, Mathieu 1990) and important results 
can be expected soon. 

Another approach to the 'Ym problem is founded on the analysis of the actual 'Ym 

values with subsequent extrapolation of the results to other materials or adjustment to 
other conditions. In a way, this concept is turning back to the earliest efforts to formulate 
the limit states design format, and to derive the necessary proportioning parameters. Let 
us study this concept in more detail. 
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In general, the 'Ym factor is defined as a parameter which should cover possible 

adverse deviations of the material strength from its expected value. Other definitions 
exist, but their essence is practically always the same. For a given material, values of 'Ym 
may differ according to limit states investigated, and according to design situations. Life 
expectancy of the constructed facility should also be taken into consideration whenever a 
time sensitive material is dealt with. The definition shows that 'Ym factors depend, in a 

way, on the general defmition of the characteristic value. 

The investigations of 'Ym factors should rely on the following principles: 

'Ym factors are "probability-free", that is, no statistical data is used in their establish­

ment; if such data were available, they should be employed in the probabilistic com­
ponent of the proportioning parameters, that is, in the characteristic strength; 

all 'Ym factors in a reliability requirement are mutually independent; 

'Ym factors reflect the amount of non-statistical information available in the case of a 

particular material; 

'Ym factors cover uncertainty that cannot be encompassed by statistical models, that 

is, that lies beyond the "statistical field"; 

'Ym factors express engineering judgment and experience existing in a certain period 

of development, or in a certain economic climate. 

Thus, when statistical data abound, we may redefine the characteristic value in gen­
eral, establishing it as, e.g., 0.01 fractile of the probability distribution (instead of 0.05 
fractile), and dismantling those components of the respective 'Ym referring to items on 

which statistical information has been enriched. Of course, the 0.05 fractile can be kept 
and 'Ym can be diminished anyway. 

No manipulation with the material factor is possible, however, without understand­
ing its structure. To create some idea on this, we must indentify the principal influences 
which are expressed by the factor. As far as concrete is concerned, the following "uncer­
tainty items" are met: 

1 - the imperfect, or even defective description of random properties of concrete (it may 
be argued that this item is not non-probabilistic; we may view it in both ways, proba­
bilistic or non-probabilistic): 

2 - danger that during the production of concrete a gross error undiscovered by inspec­
tions has taken place; 
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3 - undiscovered flaws occurring during casting of concrete; even when they are 
discovered, and corrective measures are taken, the local quality of the structure is 
impaired; 

4 - deterioration of concrete because of aging, corrosion, abrasion, or other effects; 

5 - unfavorable ratio between tension and compression properties of concrete; 

6 - danger of sudden rupture without advanced warning. 

Let us assume that the list is complete; further items could be added. Thus we have 
n = 6, or rather n > 6, uncertainty items to be comprised by the "1m for concrete. 

For compression properties only items 1 through 4 are important, whereas item 5 
and 6 must always be included when we discuss tension concrete. Knowing the particu­
lar items that compose "1m' we must find the composition scheme. Let us assume that all 

items are uniformly important, then, two ways of decomposition of "1m are possible: 

(a) additive decomposition: "1m is expressed by 

n 
"fm = 1 + Ldi 

i=l 

where tli = a supplement to "1m due to item i, and n = the number of relevant items. 

(b) multiplicative decomposition: 

n 
* "1m = i~"Imi 

(a) 

(b) 

where "I:U = a partial "fm due to item i, and n = number of relevant items; clearly "1;0 = 1. 

For concrete under compression values of "Imc from 1.3 to 1.5 are fixed in various 

codes, for concrete under tension, "Imt are 1.5 to 1.7. Using the formulas shown, we can 

calculate "Imc from "Imt, or vice versa. Taking "Imc = 1.3 and "Imt = 1.5, we arrive at the fol-

lowing values: 

Formula: (a) (b) 

"fmc derived from "Imt 1.45 1.48 

"Imt derived from "fmc 1.33 1.31 
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As there are no great differences between the respective cross-results, we may con­
clude that the two tentative types of decomposition can be considered satisfactory. 

Let us now show how this approach has been used in establishing 1m factors for 

laminated glass employed as carrying material for claddings, roofings and other struc­
tural purpose.-First of all, it was necessary to identify the uncertainties of the laminated 
glass that was subjected to investigation: 

1 - imperfect description of the random behavior of strength; some information must be 
available, otherwise the problem could not be solved at all; 

2 - mechanical flaws, flaws in connecting the glass layers; 

3 - flaws created during cutting and further treatment of glass panels (notches, etc.); 

4 - imperfect setting and assembly; 

5 - temperature effects which cannot be expressed in the analysis; 

6 - unexpected damage caused by hard flying objects; 

7 - danger of sudden failure; 

8 - size effects. 

Some of these items can be eliminated or neglected owing to their minor impor­
tance: 

2: glass with mechanical flaws, delaminated or damaged during transport, etc., is never 
fixed in a structure; 

3: flaws produced by cutting have been already expressed in the results of tests; 

4: and 8: these items can be combined; the greater the glass panel the more care is 
needed in its installation; 

6: winds carrying hard flying objects are extremely rare in Central Europe; 

7: though sudden failure is typical for glass, the interlayers provide some protection for 
people nearby. 

Thus, only items 1,4,5 and 8 must be considered, and items 4 and 8 can be com­
bined. Thus, three items affect the 1m of laminated glass. The partial 1:U has been taken 
equal to that obtained for concrete, that is, equal to 1.070, which gives 1m = 1.225, after 
rounding up, 1m = 1.25. 

It must be emphasized that proportioning parameters for laminated glass suggested 
to producers for inclusion in catalogs did not rely only on theforegoing way of thinking. 
We performed thorough analysis of the problem, taking into account experience of 
designers and of mounting crews, so that we could obtain a detailed picture of the 
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possible situations that can occur during the life of buildings. It is one of the golden 
rules of reliability engineering that when there is insufficient theroetical and practical 
experience relating to a problem we must use several approaches in arriving at a 'solu­
tion'. 
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INTRODUCTION 

The static behaviour of a cable-stayed bridge is the result of a complex interaction 
between several parameters. 

Under permanent loads the cable forces must be adjusted in order to obtain the 
required bridge profile and the optimum distribution of the internal forces. 

The bending moments in the deck are similar to those of a continuous beam sup­
ported at the anchorage points. The adjustment of the back-stay cables makes it possible 
to position the pylons such that they are not subjected to significant bending moments 
when all the permanent loads are applied. 

Under traffic loadings, the deck distributes the loads between the stays which work 
as elastic supports. The internal forces distribution is dictated mainly by the relative 
stiffness of the several elements. 

The aim of this paper is to show the influences of the cable arrangement, the inertia 
of the deck and the pylons, and the type of connection between them, on the statical 
behaviour of these structures. 

PARAMETRIC STUDY 

The study is based on a symmetrical structure with main span of about 200 m (Fig. 1). 

In addition to the permanent loads we consider the live load cases represented in Figure 
2. 

547 

D. E. Grierson et al. (eds.), Progress in Structural Engineering, 547-566. 
© 1991 Kluwer Academic Publishers. 



www.manaraa.com

548 

I ,. 620 ,. 620 

9920 20< 60 , 99 20 

'OJ 00 ,I 

.• 620 ~ '. 620 . ' 
99 20 204 60 99 20 

.0300 

I~ ~10 t 11 610 

g]OO . 11100 9300 

Fig. 1 -Static systems 

Fig. 2 - Live load cases 

3000 
.J 



www.manaraa.com

549 

Influence of the cable arrangement 

For the study of the influence of the cable arrangement, the following parameters are 
imposed: 

the pylons are composed of two legs (4.5 x 3.0 m) with an average inertia of 48 m4 

(Fig. 3) 

the deck has an equivalent thickness of 0.4 m with a width of 13 m and an inertia of 
0.07 m4 (Fig. 4) 

the deck is hinged with the pylons. 

The three characteristic cable arrangements shown in Figure 1 are considered. To 
avoid an important reduction in stiffness of the back-stay cables, a larger main span is 
adopted for the fan-shaped configuration. 

r- r-
I I 
i I 
\ I 
\ i 

5'.00 

SECTION/4.-A 

A 

BUX) 

100 
30.00 

.100 3.00 

~~~ ~ ~ ~ 

Fig. 3 - Elevation and section of a pylon 



www.manaraa.com

550 

~ 
t1.10J4 ~~:: ~1.10~ 

Fig. 4 - Cross section (I = 0.07 m4) 

PYLON 
DEAD LOAD SERVICE LOADS 

, ..... 

~OOQL-____________________________________________ ~ 

N (kN( <D HARP ~ SEMI· HARP @ FAN 

DeCK (lIrVice loads) 

<D HARP a> SEMI· HARP ()l FAN 

Fig. 5 - Normal forces 



www.manaraa.com

551 

(a) Normal Forces 

Normal forces in the deck and in the pylon are shown in Figure 5. The deck of the 
harp-shaped bridge is appreciably more stressed than the fan one. In this particular case, 
the difference is about 70% under dead load and 80% under the total service load. As a 
result, the harp configuration appears to be less suitable for large span bridges, since the 
increase of normal force requires considerable strengthening of the cross-section. In 
addition, the harp configuration requires a larger total weight of the cables. 

(b) Bending moments 

Due to the relatively small spacing of the cables, properly adjusted, the dead load 
bending moments in the deck are small (Fig. 6). The moment at the location of the pylon 
depends only on its distance from the first stay. The choice of this distance is dictated 
mainly by aesthetic considerations and constructional procedures, and is very little influ­
enced by the cable arrangement. 

The moment envelopes in the deck have three distinct zones (near the abutments, in 
the vicinity of the pylons, and at the center of the main span) where the maximum posi­
tive and negative moments appear. Since the cables have comparable slopes in these 
zones, the differences between the three cable arrangements are not significant. 

The maximum moments in the pylons appear at the deck level (Fig. 7). These values are 
almost the same for the different cable arrangements. 

(c) Deformations 

Figure 8 illustrates the small variation in the deformation values for the three cable 
arrangements under the various load cases. However, the short span of the fan shaped 
bridge undergoes smaller deflections than do the other configurations for an unsymmetri­
cal load. This phenomenon is accentuated by the fact that this span is shorter than that of 
the other cable arrangements. 

Influence of the inertia of the deck 
(a) Range of variation 

The inertia of the pylon was kept constant at its assumed value of 48 m4, and that of 
the deck was varied between 0.07 and 10.5 m4 while keeping its dead weight constant. 
Figure 9 shows some cross-sections corresponding to these values. The normal force 
variation is not represented, because the inertia of the deck has only a small influence on 
its maximum value. 
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(b) First order analysis 

The variation of maximum positive and negative moments in the center span is 
shown in Figure 10. They increase considerably with the inertia of the deck, and the 
influence of the cable configuration is relatively unimportant. The moment envelopes in 
the deck for three values of the inertia (0.07, 1.05 and 3.50 m4) are shown in Figure 11. 
The increase in the moments is accompanied by an extension in the length of the stressed 
zone of the deck, which calls for a corresponding increase in reinforcement. 

The foregoing indicates that a deck with a high inertia in the longitudinal direction 
is not favourable a priori. It attracts considerable bending moments without appreciably 
reducing the internal forces in the pylons and the cables. However, this conclusion must 
be considered with reservation, since a high inertia may be necessary for large span 
bridges where dynamic problems become important. 

Figure 12 illustrates the reduction of the maximum moments in the pylons due to an 
increase in the inertia of the deck. This fact is particularly noticeable for decks with 
small inertia. Comparison of Figures 10 and 12 reveals that the moment variation in the 
deck is greater than that in the pylons. 

Figure 13 presents the maximum deformations as a function of the inertia of the 
deck. With increasing inertia, the displacements decrease, but only to a limited extent. 
In fact, the increase of the deck inertia from 0.07 to 10.5 m4 reduces the deflection at 
mid-span by only 30%. This underlines the importance of the role played by the stays. 

(c) Second order effects 

The normal forces introduced by the stays in the deck can reach relatively high 
values. Hence, depending on the deformability of the structure, it may be necessary to 
consider the second order effects. The aim of this section is to give some estimation of 
the second order internal forces and deformations and to shown their variation as a func­
tion of the deck inertia. Figure 14 shows the variation of the ratio MII/MI, where Mil 
represents the second order moment and M' represents the first order moment. This ratio 
decreases with increasing inertia of the deck because of a decrease in deformations and 
an increase in the bending moments. However, in bridge design this fact should not be 
regarded as decisive when considering the choice of the deck inertia. 

The same remarks outlined in the previous paragraph apply to the second order dis­
placements of the deck (Fig. 15). They represent, at most, 10% of the first order dis­
placements. 
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Influence of the inertia of the pylon 

(a) Range of variation 

555 

The inertia of the deck was kept constant at its initial value of 0.07 m4 and that of 
the pylon was varied from 12 to 300 m4. The higher values are useful for multiple span 
bridges where overall stability is ensured by the stiffness of the pylons. 

(b) Moments and deformations 

The influence of the inertia on the moments and on the deformations is significant 
only between 12 and 150 m4 (Figs. 16, 17, 18). Beyond this, the curves become asymp­
totic. In addition, the extent of the stressed zones of the deck is hardly affected (Fig. 19). 

If only three-span bridges are considered, it appears that the choice of a very stiff 
pylon is not advisable. In fact, the increase in inertia results in an increase in the max­
imum moments in the pylons (Fig. 20). Economically, it is perhaps more efficient to 
make fuller use of the stays. Because of their large lever arms, the cables can efficiently 
relieve the superstructure without requiring increased pylon strength. 

Influence of the connection between the pylon and the deck 

(a) Range of variation 

In the design of cable-stayed bridges, the type of connections between pylons and 
deck can play a dominant role. Among the several possible solutions, only the two 
extreme cases will be considered: 

The deck is rigidly connected with the pylon 

The deck is floating, so that relative displacement between the deck and the pylon 
can occur. 

The relative advantages of these two solutions arise from opposing conditions. As it 
will be seen later, considerable bending moments arise under live loads. These are lower 
when the two elements are connected. However, the floating deck has decisive advan­
tages, primarily concerning the influences of creep, shrinkage, temperature variations and 
seismic behaviour. The optimum solution may be found in a hybrid system (fixation to 
only one pylon or use of elastic or hydraulic dampers). 
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(b) Moments and deformations 

Relaxing the deck-to-pylon connection produces greater flexibility of the static sys­
tem and increased deformations (Fig. 21). This effect is accentuated when there are 
asymetric loads which cause longitudinal displacements of the deck. The vertical dis­
placements can be three times greater than those of the connected system (Fig. 22). The 
increase in deformations is accompanied by an increase in moments (Figs. 23,24), partic­
ularly for harp and semi-harp configurations. 

In this respect, the fan configuration appears most favourable. 

FINAL REMARKS 

This study examines the influence of the principal parameters on the statical 
behaviour of cable-stayed bridges. As shown, particular attention must be given in a 
design problem to the stiffness distribution adopted for the structural elements. 
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Fig. 11 - Moment envelopes in the deck (semi-harp configuration) 
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role. As well as the more traditional applications of aeronautics, hydraulics, heat and mass transfer 
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